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Abstract. In this paper we have considered simple linear and quadratic equations in Intuitionistic Fuzzy
Environment. Here coefficients of the equations are taken as Generalized Triangular Intuitionistic Fuzzy
Numbers. We have used the strong and weak solution concept to solve these Intuitionistic Fuzzy Equations.
Solution procedures have shown in details.
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1. Introduction

Atanassov[1] introduced the concept of Intuitionistic Fuzzy Sets (IFS), which is a generalization of the
concept of fuzzy set. In uncertain environments, the modeled equation can be an Intuitionistic Fuzzy
Equation. The solution for Intuitionistic Fuzzy Equations plays an important role in uncertain decision
making.

In literature, standard analytical techniques are proposed by Buckley and Qu [7,8,11]. Buckley [6,7]
considered the solution of linear fuzzy equations using Classical methods, Zadeh’s extension principle and
the concept of fuzzy numbers and arithmetic operations on it introduced by Zadeh [14,15]. But we see that
the solutions of Zadeh’s extension principle method and interval arithmetic methods do not satisfy the given
fuzzy equations always. In our previous paper [19] we have used another approach (strong and weak solution
concept) to solve fuzzy linear and quadratic equations.

In this paper we have solved Intuitionistic Fuzzy Linear and Quadratic Equations by using the concept
of strong and weak solution and coefficients are taken as a Generalized Triangular Intuitionistic Fuzzy
Numbers. We have also solved two problems following Buckley,Qu[7] using this concept in this paper.

2. Preliminary concepts

Definition-2.1: Intuitionistic Fuzzy Sets: Let U = {x, x,, ..., X, } be a finite universal set. An Intuitionistic Fuzzy
Set A' in a given universal set U is an object having the form
At = {(xi: /lgi(xi), Ugi(xi»:xi € U}
Where the functions
puziU—[01];ie. ,x; €U - pg(x;) € [0,1]
and vgz:U - [0,1];ie.,x; € U = vz(x;) € [0,1]
define the degree of membership and the degree of non-membership of an element x; € U, such that they satisfy the
following conditions:
0< ,Ugi(xl‘) +Uji(xi) < 1,in evu
which is known as Intuitionistic Condition. The degree of acceptance p ;i (x;)and of non-acceptance v;i(x;) can be
arbitrary.
Definition-2.2: (a, B)-cuts: A set of (a, 8)-cut, generated by IFS A!, where a, 8 € [0,1] are fixed numbers such that
a + B < 1isdefined as

(x,,ugz(x),vgi(x)); x€eU
' pzi(x) = a,v5(x) < B; a,p €[0,1] '
where (a, B)-cut, denoted by Ala‘ﬁ, is defined as the crisp set of elements x which belong to A at least to the degree a
and which does belong to A* at most to the degree S.

Aia'ﬁ =

Definition-2.3: Intuitionistic Fuzzy Number: An Intuitionistic Fuuzy Number A’ is
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i An Intuitionistic Fuuzy Subset on the real line
ii. Normal i.e. there exists x, € R such that p ;i (x¢) = 1( S0 v5:(x,) = 0)
iii.  Convex for the membership function iz i.e.
,llgi(/lxl + (1 - sz)) > min{,ugz(xl),ugi(xz)}; Vx,x, ER,1€[0,1]
v. Concave for the non-membership function v i.e.
vi(Axg + (1 — 2x3)) < max{vzi(xy), v (x2)}; ¥V x1, %, € R, A € [0,1]

Definition-2.4: Generalized Triangular Intuitionistic Fuzzy Number: A Generalized Triangular Intuitionistic Fuzzy
Number (GTIFN) is denoted by A* = (a,, a,, as; w, u) is a special Intuitionistic Fuzzy Set on a real number set R,
whose membership function and non-membership functions are defined as

0 x<a 1 x<aq
( % a; <x<a, [1—(1—u)%, a;, <x<a,
Ilgi(x)z{ wo, X=0; ,vz(x) = u X =a
|w;3_"‘ , ay<x<a, [1-1-w=2, a,<x<a;
3—az az—az
k 0, a; <x t 1, a; <x

1 4

W

o]

Fig-2.1: Rough sketch of membership and non-membership functions of the above GTFN
where w and u represent the maximum degree of membership and minimum degree of non-membership respectively
such that they satisfy the condition

0<w<l0<su<land0<w+4+u<li
=1-— =1, u=0
Note: GTIFN (ay, ay, as; w, &) ————s GTFN (ay, @y, az; W) ———— TFN (ay, ay, a3)

Definition 2.5: Equality of two GTIFNs: Two GTIFNs A! = (ay, a,, as;w;,u;) and B* = (by, b,, b3;w,,u,) are equal
When a, = bl' a, = bz,,a3 = b3 and Wi = Wy, Up = Uy,

Definition2.6: Let A' =(a,, a,, as; w,, ug) and B! =(by, b,, bs; wy,, u;) be two positive GTIFNS.
Let w = min(w,, wy,) and u = max(u,, u,?)\ivhere O<w,u<land0O<w+u<1
(i The addition of two GTIFNs A, Bt is another GTIFN
C' = (a; + by, a, + by, az + bg; w,u)
(i)  The subtraction of two GTIFNs A%, B'is another GTIFN
C' = (a; — b3, a, — by, az — by; w,u)
(iii)  The multiplication of two GTIFNs A%, B is a Generalized Triangular Shaped
Intuitionistic Fuzzy Number (GTsIFN) €t = (a, by, a,b,, asbs; w,u)
(iv)  The division of two GTIFNs 4%, B is a GTSIFN ¢! ~ (Z—:Z—Z% w,u)
Definition 2.7: A Generalized Intuitionistic Fuzzy Number is completely determined by the pair
([Xu (@), X (@], [X0, (B), X, (B)] ) Of functions X, (@), X, (@), X, (B), Xy, (),
0<a<w,us<f <1land0<a+ < 1which satisfy the following requirements:

1. X, (a) is a bounded monotonic increasing left continuous function over [0, w].
. d
ie.—[X,, (@] >0
2. X, (a) is abounded monotonic decreasing left continuous function over [0, w].

ie. j—a [X,,. (@] <0
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3. X,,(B) is a bounded monotonic decreasing left continuous function over [u, 1].
d
e E[XUL(ﬁ)] <0
4. X,,(B) is a bounded monotonic increasing left continuous function over [u, 1].

e %[XUR(B)] >0
5. X, (w) <X,,(w) and X, (u) < X, (u)

Definition 2.8: Intuitionistic Fuzzy Linear Equation (IFLE):

These are the equations in which coefficients and unknowns are Intuitionistic Fuzzy Numbers, and formulas are
constructed by operations of Intuitionistic Fuzzy Arithmetic. These equations are of three very simple types: A:X! = B,
Xt + At = Bt and A'X'+ B! = C' where A',B},C' are Intuitionistic Fuzzy Numbers, and X’ is an unknown
Intuitionistic Fuzzy Number for which either of the equations is to be satisfied.

Definition 2.9: Intuitionistic Fuzzy Quadratic Equation (IFQE):

Intuitionistic Fuzzy Quadratic Equations are of three very simple types: AiXi* = Bi, Xi° + A = Bi and AIXY +
BiXt = C* where A, B, C* are Intuitionistic Fuzzy Numbers, and X’ is an unknown Intuitionistic Fuzzy Number for
which either of the equations is to be satisfied.

Definition 2.10: Strong and Weak solution of an Intuitionistic Fuzzy Equation:

Let the solution of any Intuitionistic Fuzzy Equation be X' and its (a,f) -cut be
p = (X, (@), X, (@), [X,,(B), Xy (B)] ) I X, (@) < Xup(@) and X,, (B) < X,,(8) then X' is called strong
solution of the given Intuitionistic Fuzzy Equation otherwise X is called weak solution.

3. Solution methods for Intuitionistic Fuzzy Equations

In this section we have discussed the solution method of Intuitionistic Fuzzy Linear and Quadratic Equations by
considering coefficients as GTIFNS.
3.1 Solution procedure of A:X! = B!
Consider the equation A'X'= B! ............ (3.1.1)

where A' = (ay, a,, as; wg, ug), B = (by, by, bs; wy, up) are GTIFNS.
Also the (a, B)-cuts of A%, B! are

Al = (Al AL ) = (4, (0), Ay (@], [Ay, (B, A (D))

Bl g = (B, Bg ) = ([By, (@), Bup (@], [By, (B), By (B)])

where [A#L(a),AHR(a)] = [al + Wl(at2 —a),as — Wi(a3 — az)]

(B, (), B @] = by + (b = ) by = (b = bo)|
b

40,82, )] = e + T (0, = ) - ((1 2 (- o)
[Bo, (8), B (B)] = [ ((1 : ))(z—bl),bg ((1 ; ) bz)]
Let w = min(w,, wp) and u = max(ug, u,)
Let X; 5 = ([X,, (@), Xp (@], [Xy, (B), X, (B)] ) be the (a, B)-cut of the strong solution.
= The equation (3.1.1) becomes Al z XL 5 = B 5 (3.1.2)

or,
([A, (@), A (@], [A0, (B), Ay g BIIN[Xu, (@), Xy (@], [Xo, (B), X (B)] ) =
([Buy (@), Bug (@], [B,, (B), Bu (]

or,
[AuL (@), Ay (“)] [XuL (@), Xyp (0‘)] = [BuL (@), By (“)] (3.1.3)
and [4,,(B), Avy (B)][ X0, (B), Xur (B)] = [Bu,(B), B (B] (3.1.4)

Now if Af, B! are both positive GTIFNSs, then X' is positive and (3.1.3) becomes
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[‘11 +%(az —ap),a; — % (as — az)] [XML(‘Z);XMR(‘Z)] = [b1 +%(b2 —by), b3 _%(ba - bz)]

= {ay + = (a, — )} Xy (@) = by +— (b, — by)
1 w 2 1 153 1 w 2 1
and,

a a
{5 = (a3 = a2)} X, (@) = by = — (b3 ~ )
or,
{b1+5(b2-bp)}

b3—Z(b3-by)
{a1+S(az—ap}’ Xup(@) = amitaba)
w

X#L (@) = {ag—%(a3—a2)}

and from (3.1.4) we get,
1- 1-
[ El A) (a, —ay), a3 — El_—i;(as - az)] [XuL(B),XuR(,B)]
1-B) 1-p)
= [b1 + G2 (b = b), by — 575 (b — by)]

=>{ ( _B)( a1)}XuL(ﬂ)=b1+(1_—ﬂ)(bz_b1)

1- (1-w)
and,
(1-p) (1-p)
{a3 (1 ) (a3 aZ) XUR (ﬁ) = b3 - m(b3 - bz)
or,
X, (8) = {b1+3=Bb, b)) X, (8) = {b3-2=Bb3-b,)}
v {+3Bay-ap}” VR {a3-3Baz-ay)}
Now — [ (@] = %> 0= a.b, > a,b; ,
w{a1+w(a2—a1)}
d by—azb
— Xy (@] = W{:(—a“a)} < 0= azb, < ayb; and X,,(w) = X, (W)
S_W 3~ U2
d bi—a.b
E[XUL(ﬁ)] = = (11_‘;)1 2 > < 0=ab, >a,b; |,
(1—u){a1+(1_u)(a2—a1)}
da bz—asb
@[XUR([;)] = 2223785%2 > 0= azh, < ayb; and X,, (w) = X, (W)

(1—u){a3—%(a3—az)}
Hence in this case strong solution exists if a; b, > a,b, , azb, < a,bs.
=~ The solution of the equation A'X* = B* is given by X* with its (a, )-cut
Xip =[x, (a) 1 (@], [Xu, (B), Xy, (B)])

byt (bz b1} {ps—(b3-b2)}
— < <L — W - 7 A
where [X [ (@), Xy, (@)] = { P (az_al)} = {a3—%(a3—a2)}} (3.15)
Xy, (0) =7 X W) = 2, Xyp (W )— ) uR(O)——
[ fo+e=h u)(”z"’l)} {bs-Gmip s b2}
and [XUL(ﬁ),XuR(ﬁ)] = { I ﬁﬁ(az ) S <x< PR T— (3.1.6)

by _ b2 — b2
Xy (1) =2, X, @) = 2, X, () = 2, X, (1) = 2
Now from (3.1.5) we get
{b1+5(b2-b1)} <y o Gxh >aforxe [
[a1+%(az—a1)} - (bz=b1)=(az=a)x —
=S upi(0) > a

ar L — aibz—azb, ..
o [,u}?l(x)] R " >0 [vab, > azb]

by bz]

Again,
X< {bs‘%(bs—bz)} b3—aszx > aforx € [bz bz ]
{a3—w(a3—a2)} (bz—bz)-(az—az)x —
> ugi(x) = a
azb, — a;b;

d R e
e 15 ) = ) g — a0 [ 9ale < il

(2= w2 o () =0t 2=

by bz bz b2
L [a1 a wa, w R [a3 a was w
Ugi <4 =2)=—< - and Usi B 2)=—=>=
X 2 ai+ay 2 X 2 az+a, 2

and from (3.1.6) we get,
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a-pg)
{b1+(1 u)(b2 bl)} <x>1-— (a1x—b1)(1-w)
{a1+g ﬁ)(az a} = (bz—by)—(az-a)x

= U;i(X) < ﬁ
) azbi—aq1b,
{(b2—-b1)—x(az—a,)}?

:—x[v)%,-(x)] =(1-u
Again,
1-p)

{b3 =) (b3—b2)}

bz—aszx
x < 4

<0

295
<pBforxe ["1 bz]

[+ ayb, > ayb,]

[a3——8:ﬁ;(a3—az)}
> v5(x) <P
abs — asb,

- (b3—bz)-(az—az)x

_[3forxe[b2 "3]

d
a [Ugi(x)] =(1-

{(b —by) — (a3 — az)x}z

0 [+ ash, < azbs]

0 (2) = = vh(5) b () =1t () -1

waq

by by
L [a1 az ) _
Vil —— | = ——
X 2 ai+ay

b3+b2
1+u R [a3 ay was 1+u
>—and v |22 )| =——<—
2 X 2 az+a, 2

~The solution X! =~ (b1 b2 b5 u ) is a GTsIFN with membership function
a; ap as
0
alx - bl
W )
(b —by) — (a; —ay)x
llgi(x) = wo,
b3 - a3x
W )
(b3 — by) — (a3 —az)x
0 )
and non membership function
1 ’

_ (a;x —by)(1 —u)
(b —by) — (az —a)x’

vgi(x) = u

(b3 —azx)(1 —u)

1

1-—

(b3 —b,y) — (az —a)x ’

b
xS—l
a
b b
Teox<2
a; az
b,
x=—
a;
b b
a; as
b
= <x
as
b
xS—l
a;
b b
—<x<-2
a a;
b,
X =—
a;
b, bs
Laox< 2
a; as
b
=<y
as

14

w

o

Fig3.1-:-Rough sketch of membership and non-membership function of X

We have solved the equation A' X"

Table-3.1:-Strong solution of A*X* = B! for different A!, B

= B! for all other cases and the results are given in table-3.1.

Nature | Conditions Membership function pgi(x) Rough sketch of membership and
of At for non-membership function of X
and B! | existence of and
strong non-membership function vg:(x)
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solution Xt
At >0, ﬁ<b—2< ll;zi(x)
i a;  az b
B*>0 bs 0 x<—+
as al
-b b b
ar , —<x<-=
(b, —by) — (az —a)x’ a; a;
b,
= w o, x=—
a;
b3 - a3x bz b3
w ,— <—
(b3 — by) — (a3 —ax)x "a, as
bs
0, — <x
as
vgi(x)
b,
1, x < —
aq
_ 1—
_ (a;x — by)( u) , ﬁSxSﬁ
(b, —by) —(az —ax’ a; az
b,
= u =—
a;
o BimanO-w b b
(b3 — by) — (a3 — ax)x az as
bs
1, — <x
as
it > 0, bs < #xi(x)
_ ar b
Bl<o| 2o _h 0, x<—=
az as al
b b b
w 3+ a1 x ’ 3 <x< by
(b3 — by) — (ap —ay)x a; a;
b,
=3 wo, X=-—
a;
—asx — by b, b,
T S Xs——
(by — by) — (a3 — ay)x a; as
b,
0, -——=<x 1
as
vgi(x) N
1 < b, , ; e
’ X = a ) “by/an -bofaz  -bi/a:
b 1- b b
1— (b3 + a,x)(1 —w) LB
(b3 —by) — (a; — ay)x a; a;
b,
= u , X =——
a;
o Cax-b)-w bk
(b, = by) — (az — az)x a; as
by
1, ——=<x
as
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AL < _b_l ,U.)?i(x)
0 % 0 x < _b
< —b—z ' a3
Bi>o0 a, —asx — b, ﬁ< <_b_2
_% (b, =b)—(az—ax))x’ a3~~~ a
a, b,
= w, x=—-——
a;
w bz +a;x _ by <x< _ by
(b3 — by) — (ay — a;)x a; a;
bs
0, - —<x
a,
vgi(x)
b,
1, X< ——
as
| Cax—b)a-w b b
(by — by) — (az — az)x as a;
b,
= u, X =—-—
a;
b 1- b b
1— (b3 + a;x)( u) ,——ZSXS——S
(b3 — by) — (ap —ay)x a; a;
bs
1, - —<x
a;
At <0, bs b, pgi(x)
az a; ( 0 r<B
Bi<o0 < by T as
al a3x_ b3 b3 bz
w , —<x<—
(az — az)x — (b; — by) as a;
b,
= w ) X =—
a;
w b~ i C b
(az —a)x — (b, — by) a; a
b,
0, —<x
a;
vgi(x)
by
1, X < —
as
_ 1—
1— (azx — b3)( u) , biSXSﬁ
(az — az)x — (bs — by) as a;
b,
= < u , X =—
a;
1— (by —a;x)(1 —u) , b—ZSxSﬁ
(a; —ay)x — (b, — by) a; a;
b,
0, —<x
a;

From the above table we see that in each case if the given conditions are satisfied then we get the strong solution
otherwise we get the weak solution.

3.2 Solution procedure of X! + 4° = B!
Consider the equation

' _ Xi4+ Al =R (3.2.1)
where A' = (ay, ay, as; Wa, ug), BY = (by, by, bs; wy, u,,) are positive GTIFNS.
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We have
Afx,ﬁ = ([al + Wia (az —ay),a3 — Wia(a3 - az)] , [al + ((11:5:) (az —ay), a3 — ((11__5(3) (as — az)])
. 1-— 1-—
e R O N e L A e IO

Let w = min(w,, wp,) and u = max(ug, up)
Let X} 5 = ([X,, (@), Xp (@], [Xy, (B), X, (B)] ) be the (a, B)-cut of the strong solution.
= The equation (3.2.1) becomes X/, ; + AL s = Bl 5 (3.2.2)

Casel:- when A' > B' then X! is negative.
The strong solution X! isa GTIFN (b; — a;, b, — a,, bs — as; w, u) whose membership function is

( O ] X S bl - al
x—(by —ay)
w , bj—a, <x<b,—a
(by = by) — (a; — ay) ! ! 2 2
[l)?i(x) = w , X = bz - a2
(b3 —az) —x
w s b,—a, <x<by—a
(b3 — by) — (a3 — ay) 2 2 3 3
0 ) b3 - a3 S X
and non-membership function is
1 y X S bl - a1

(b — a1~ W)

(b — b)) —(az—ay) '
vzi(x) = u, x=b;—a,
_ {(b; —az) —x}(1 —u)

(bs — b)) — (a3 —ay) '
1, b3_a3Sx

bl_alngbz_az

1

bz_az Sbe3_a3

b1

W

u

x

Y
ral
0

Fig-3.2:-Rough sketch of membership and non-membership function of X¢
Case2:- when At < Bt then X' is positive.
The strong solution X isa GTIFN (b, — ay, b, — a,, b; — a3; w,u) whose membership function is

0 ] X S b1 - a1
x—(by —ay)
w , by—a; <x<b,—a
(by — by) — (a; — ay) ! ! g 2
pgi(x) = w, x=b;,—a
(b; —az) —x
w , b,—a, <x<by—a
(b3 — by) — (az — ay) ? ? : :
0 ) b3 - a3 S X
and non-membership function
1 x<b —a

_ {x = (by —a))}(1 —uw)
(b —=by) —(az—ay)

vgi(x) = u ., x=b,—a,

_ {(b; —az) —x}(1 —w)

(bs —by) —(as —ay) '
11 b3—a3Sx

bl—alﬁbez—az

1

bz_az stb3_a3
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0 b1- a1 bs-a:z bi-a,

Fig-3.3:- Rough sketch of membership non-membership function of X*
3.3 Solution procedure of AiX! + B! = (!
Consider the equation
AXt+ B =t (3.3.1)
We can solve this equation in two steps:
In the first step we solve the equation ¥ + B = C? and in the second step we solve the equation A'X? = Y.

Here we discuss a problem following Buckley,Qu[7] using the strong and weak solution concept. Here datas are taken
as GTIFNs.

Problem-3.1 (following [7]):- Suppose a cattle dealer has bought 1000 cows with price rupees Rs.5000/- for each cow.
He decides to sell the around 25%(Ai = (0.15,0.25,0.35; 0.8,0.1)) of total cows with the profit about Rs.ZO%(Ei =

(0.15,0.20,0.25; 0.7,0.2)) for each cow. Then he decides to sell the rest part of total cows. So, what would be the
approximate selling price for each cow such that his average profit would become around
Rs.30% (€' = (0.25,0.30,0.35; 0.8,0.1)) for each cow?

Solution:- Let P* > 0 be the unknown price of the remaining cows.
Then we have to solve

(10004%)(50005¢) + (1000 — 10004%) (P — 5000) = (1000)(5000)C* (@)
Now

3_([015+010—035 010—] [015+010(1 £ 035 — 0107

Bl = ([015+005%,025-005%], [0.15 + 0.05 5= ’”025 005(1 2,
(—ﬁ) ( ﬁ)]>

a- ﬂ)] ),

T 035~ 005 s

i = [025+005—035 005—] [025+005

Where.w = min(0.7,0.8,0.8) = 0.7 and u = max(0.1,0.2,0.1) = 0.2
Set Py g = ([P, (@), Pp(@)], [P, (B), P, (B)])

We 1st look at the strong solution.
Then the equation (a) becomes

a a a a
5000 [0.15 +0.10—,0.35 — 0.10—] [0.15 +0.05—,0.25 — 0.05 —]
Y ¢ w w
+([11] - 015 +0.10—,035 — 0.10%1) ([P#L(a),PuRCEa)] — [5000,5000])
= 5000 [0.25 +0.05—,0.35 — 0.05—]
w w

and

a-pm -B) 1-p 1-p

5000 [0.15 +010 55,035 —0.10(1 - Ho 15+ 0,05 15— 3,025 ~ 005 — =

+ ([ 1] - [0 15 + 0. 10§ :ﬂ; 0.35 — 0. 10( ([B, (@), Py (@)] — [5000,5000])
) a-p 1-p)
= 5000 [0.25 + 0.05 A=) ,0.35 - 0.05 A=

B 0.8775+0.1275%—0.005(%)2 B 1.1125—0.1075%—0.005(%)Z
=B (@) = 5000{ (0.65+0.105) } + Bup(@) = 5000{ (085-0.10%) }

B 0.8775+0. 1275( ‘8) 0005(1 B)
R, (B) = 5000 { (0.65+0. 10—5)

ow,%[ ,(@] <0 and— [ L.B)]>0

1.1125— 01075(1 ﬁ) 0005( B)z
(0.85 0.10%)

}and P, (B) = sooo[
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Hence the strong solution does not exist here. Now we will find the weak solution.

- - 2 _ 2
Set PP_L((Z) = 5000 (1.1125 0.153571@—0.0102041a )and P#R(a) = 5000 (0.8775+0.182143(x 0.0102041«a )

(0.85-0.142857a) (0.65+0.142857a)
1.1125- 0.134375(1—8)— 0.0078125(1—)? 0.8775+ 0.159375(1—8)— 0.0078125(1—)>
P, (B) = 5000 }. Bn(8) = 5000 }
=~ The (a, #)- cut of the weak solution is

0.85—0.125(1—{5’) 0.65+0.125(1—ﬁ)

PL g = ([P, (@), By (@], [P, (B), Pr (B)])
— — 2
Where [PML(Q), P#R ((X)] — {x: 5000 (1.1125 0.153571a2-0.0102041a

(0.85-0.142857a)
and
1.1125- 0.134375(1—8)— 0.0078125(1—)? 1.1125- 0.134375(1-8)— 0.0078125(1—,8)2}}

0.8775+0.182143(1—0.010204—10(2
) < x <5000 ( )}

(0.65+0.142857a)

[PUL(ﬂ)' PUR(ﬂ)] = {x: 5000{ 0.85-0.125(1-) } Sxs 5000{ 0.85-0.125(1-f3)

= The solution is a GTsIFN P! ~ (6544.12,6666.67,6750; 0.7,0.2) and the rough sketch of the membership and non-
membership function is given below

1

07 f-—--—--—--

02f------------

0 654412 6666.67 6750

Fig-3.4:- Rough sketch of membership and non-membership function of P

3.4 Solution of Quadratic equation AiX?* = B
Consider the equation
Aigi? = pi (3.4.1)
where A' = (ay, a,, as; wy, uy), BY = (by, by, bs; wy, uy,) are positive GTIFNS.
We have

i a a (1-8) (1-p)
Aix,ﬁ = ([a1 + W_a(az —a;),a;3 — W_a(as - az)] ) [‘11 + (a; —ay),a3 — (as — az)])

(1-ug) (1-ugq)
i a ¢
Blop = (b (oo = b by = (g = b [y +

1-5 (1-p5)
=) (by = by), b3 — ——— (b3 — bz)])
Let w = min(w,, w;,) and u = max(u,, u;)

1 -up)

Let X} 5 = ([X,, (@), X (@], [Xy, (B), X, (B)] ) be the (a, B)-cut of the strong solution.
Here we only consider the positive solution.

~ The equation (3.4.1) becomes
1- 1-
= ([a1 +%(a2 —ay),az — %(% - az)] y|lag + El_ifg(az —ap),az — %(‘13 - az)])

([Xu,” (@), X, 2 (@], [X0,2(B), Xu 2 (B)])

B a a 1-5) 1-h
= ([b1 + o (bp = by), by —— (b — bz)],[fh + m(bz —by),bs — a=u
a a ) )

= [a+— (@, = ), a5 = — (a3 = @)] [X, (@), X, *(@)]

= (b + (b, — by), by — — (b — by)]
- 1 w 2 1/, Y3 w 3 2

(bs — bz)])

and,
[al + (1 — u) (aZ - al)l as — (1 — u) (a3 - aZ)] [XUL (ﬁ)fXUR (ﬁ)]
a-p (1-p)
- [bl + (1 _ u) (bZ - bl)l b3 - (1 _ u) (b3 - bz)]

=>{a1 +%(a2 - al)}X”LZ(a) =b, +%(b2 —by)
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(@ == (@ - @)} X, (@) = by = = (b = by)
(1 - B) 2oy ( - p)
{ (1 a1)} v (B)=b; + (1 0 (b, — by)
(1- ﬁ) 1-p)
{a3 (11— (a3 az)} uRZ(ﬂ) bs m(bs — by)
or,
_ {b1+%(b2—b1)} _ {b3—%(b3—b2)}
e R e
|+ GG -] b, - T8 5 - 1))
XUL(B) - ( ﬁ) XUR(B) (1 _ ﬁ)
{a1 + (1= (az - a1)} {as BRGEESN) (az — az)}
Now
a1+a(az as) aijby—azb,q
dd_a[ (a)] [[b +i(ba— bﬂ% [a1+§(az—z1)}2 > 0= @by > by
a
d 1 {a3 ——(as — az)} asb, —a,b;
— X (@] = = w < 0= azb, <ayb
da ™" 2 {bs - %(bs - bz)} {a3 — %(a3 - az)}z o o
And
b,
X, W) =X, (w) = ja:z
again
d [a g_u)(a2 al)} azbi—a;b;
ﬁ[ (ﬁ)] 2(1 w { 8 g(bZ bl)} [a1+( u)(az a1)}2 = 0 - a1b2 g aZbl l
1 —
’ (X, (B)] = - {a3_gl_ﬁg (aS_aZ)} @2bs — a5b, > 0= azb, < a,b
ap et T 2w =5 1- ? fab2 = @b
{bs “a-w (b3 — bz)} {a3 - El — ﬁg (as — az)}
And
b,
Xy, (W) =X, (W) = ja:z
Hence in this case strong solution exists if Z—i < Z—z < Z—Z

= The positive solution of the equation _Ai)?iz = B! isgiven by X with its (a, §)-cut
Xlll,ﬁ = <[X[lL(a)! X[I.R (a)]l [XUL (ﬁ)) XUR (B)] )

Where
B [ TS B [ TORr)
[XHL(a)’XHR(a)]_ {a1+ (az—al)}< Y= { _%(as_az)}
X, (0) = f #L(W)—f. Xy (W) = f Xup(0) = f
And
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[ X0, (B), Xu (B)] =! { (bz bl)} <x< {b3 8 B) y (bs = by) 1
L R Ik {a (az - al)} {ag El - ﬁg (a5 — az)}J

1 bz b3
X‘UL(l) - | X !X‘UR(u) = | JX'UR(l) = |-
a; a, a, as
[orvigteabn) <xow—9h ~>a forx € [ 2, b_z]
{a1+w(az 0-1)} (b2-b1)-(az—a1)x a;’+lay
= /J)L?i(x) >a

2xw(aiby—azbq)

ar,L. _
dx [ X‘(x)] T {(bz-by)-x%(az—ay)}?

>0 [vab,>ayb]

Again,
x< {”3‘5(”3"’2)} w37 S o e
{a3_W(a3—az)} (b3—bz)—(az—az)x?
R
= .u)?i(x) =za
2xw(azb, — aybs)
. <0 [+ a:b, <a,b
dx [llX (x)] {(bs — by) — (a5 — ay)x2}? [ azh, < a,bs]
L by by L bi\ _ b3\ _
)= ) )0 ([
b, [B R —
uk; a; 4| _ Wal( ab; +3 azbl) W
% 2 a,(\Jaib, + 3\/ayby) + a,(3/ash, + \/azbl)
and
i ———
X _ was(+/asb, + 3\/aybs) .
a2(3 a3b2 + a2b3) + a3( a3b2 + 3 a2b3)
a-p)
b1+(1 (b2 b1)} a;x? bz
— < —
{a1+8:53(a2—a1)} x=1-0- )(b —b1)- (az-a1)x2 < B forx E
= U;i(X) < ,8
dr L _ —2x(1-w)(aibz—azby) .
dx [U)?i(x)] - {(b2—b1)—x?(az-a4)}? <0 [ a1b2 > aZbl]
Again,

a-p)
{b3 (1 u)(b3 bZ)} bz-azx?
= =>1-(1- for E
r= {‘13 (a3—a2)} ( ) Gambp) (s —a) ¥ (b3—by)—(az—az)x? — <P x

(1-u)

=>v5i(x) < B
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d
2 o] =

The solution is a GTsIFN X! ~ (\/7

Pgi(x) = 1

L

Vg
by

-
az

ence, Vol. 10(2015) No. 4, pp 291-310 303

—2x(1 —u)(aszb, — a,bs)
{(b; — by) — (az — ay)x?}?

) oke(J2) =1 v

>0 ['-' a3b2 < a2b3]

(B

b3

as

R .

by
22 2

az

by
az

i = > 1 and UISi s N9z < v
2 2 X 2 2
b, |[bs I . .
—=, [=;w,u ) with its membership function
az as
.
b,
0 x< [—
a,
2
a;x“—Db b b
w . — —<x< |2
(b, — by) — (a; —ay)x a, a
b,
w , x= |—
a
b3 - a3x2

w )
(b3 — by) — (az — az)x?

0, <x
and non-membership function
1 , x < ﬁ
a,
Z—p b b
1-(1-w) M T Pexc |2
(by — by) — (a; —apx a, a
b,
VUgi(X) = = |-=
X ( ) u , X \/a:
b; — azx? b b
1-(1-w) B , | Zsx< |2
(b3 — by) — (az — ay)x? a as

o]

bsfaz

— fbifar-

Fig-3.5:-Rough

sketch of membership and non-membership function of X!
We have solved the equation ALXi* = Bt for all other cases and the results are given in table-3.2
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Table-3.2:-Strong solution of A'Xi* = Bt for different A’ B

Nature | Condition Type of solutions Rough sketch of membership and non-
of . . . membership function of X¢
i i for Membership function and non-membership P
! existence function of
of strong <i
solution X
1{11 >0, by < b2 < i}?l ,u,?i(x) =
Bi>o0 | ;1 o b
L where X! ~ 0 x< =
as a
2_
b, |b, |bs U ) S , L P
—, =, [=iw,u (by=by)—(az—a,)x? ag az
a; (a2 /a3 b
_ 2
w o, X = u_
2
bz—azx? by X< by
(b3-bz)—(az—az)x? ' AJa, = 7 T 4as
b
0, = <x
asz
vzi(x) =
b
1, x < a—1
1
__(1-w(ax*-by) b1 x< b2
(b-b)—(az—a)x? " \Jay — = T A|az
b,
u ., x = a—z
1-— (1-u)(b3—azx?) ﬂ <x< ﬁ
(b3—b)—-(az—az)x? 'AJaz = 7 T 4|as
b.
1, = <x
as
Ai 0, by < b < il}?l [l)?i(x) =
a az b
Bi < b X~ 0, x< |2
az a1
bz+a,x? b3 by
by |b, |b £ b Boy< |22
_3' _2' _1; w,u (b3—by)—(az—a)x?’ 1 az
a; (a2 /a3
by
w o, X = a_
2
2
—azx%-by by by
wW————————— , [=<x< |—
(bz=by)—(az—az)x? a asz
b
0, < <x
as
vzi(x) =
b
1, x < a3
1
__(-w(bstasx?) , bs <x< by
(b3—bz)—(az—a,)x? ay az
b
u , x = u—z
1 _ GmwCaxi-by by (b
(b2—-b1)—(az—az)x? "\laz = T /a3
b
1, — <x
as
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At < 0, ﬁ<2< il)?l [,l}?i(x) =
as az ) b
L) where X! =~ 0, x < \/Z
Bi>o | ™ “
—azx?-by by b,
w—————, —<x< |—=
ﬁ' E' E;w,u (by—b1)-(az—az)x? az a;
az |z &
by
w, x= |=
2
_ bstanx? b o< |B2
(b3—bp)-(az—apx? "Jaz = 7 T q|ay
0, bs <x
a
Uxi(x) = P
1, x< =2 L
as W
_ _(-wagx?-by by o |b2
(bz—by)-(az—az)x? "AJaz — ~ T q|az [ A . ‘
b e : Sl )
u x= [> ‘ x
’ az o Afbjas fbfam fbsfa
_ (1-w)(b3+a,x?) by <x< b3
(b3—bz)—(az—a)x? "\Jaz = 7 T 4|ay
1, el <x
a
A<, | bs P2 +X ugi(x) =
as a; Y
LA where X ~ 0, x< |2
Bi<o | ™ ®
azx%-bs b3 by
— , |- =<x< [
b_3' E' E;w,u W(ag—az)xz—(bg—bz) asz a;
az |z |4
by
w, x= |=
az
by—a,x? by <x< by
(az—a)x2—(bz—-by) "|az TAa
0, L <x
a
vzi(x) =
0, x < s
as
1— (1-u)(azx?-b3) b3 <x< by
(az—az)x%—(b3—b3) ’ az — TN
b
u, x= |2
az
1-— A-w)(b1-a;x%) , ES x < by
(az—a1)x?=(b2=b1) az ay
0, b <x
1
. . . 2 o~ —
3.5 Solution of Quadratic equation X'~ + A' = B!
Consider the equation
~:2 pop ~
X+ Al =B (3.5.1)

where A = (ay, a,, ag; Wy, ug), Bt = (by, by, by; wy, uy,) are positive GTIFNs and A < B¢ .
We have

i a a (1-p) (1-8)
AZ{,B = ([a1 + W_a(az —a),a3 — W_a(a3 - az)] ) [a1 + (az —ay) a3 — (as — az)])

(1-ugq) (1-uq)
. a a
Blis = <[b1 + oy (b2 = bu) by == (b bz)] : [b1 + (bs — bz>]>

1-5 (1-p5)
Ay 2P Ty
Let w = min(w,, w;,) and u = max(u,, u)

Let X} 5 = ([X,, (@), Xup (@], [Xy, (B), X, (B)] ) be the (a, B)-cut of the strong solution.
Here we only consider the positive solution.
-~ The equation (3.5.1) becomes
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X(L’Z'ﬁz + AEZ,,B = B(LX,B

([Xu,* (@), X, * (@], [X,,2(B), Xup 2 (B)])

1- 1-
+ ([a1 + %(az —ap),a; — E((13 - az)] ’ [a1 + %(az —a),a3 — El '8) az)])
= I+ b= by = 5 (= B [+ G B = b By~ ) (5,52

[XULZ(B)'XURZ(ﬁ)] + [al +

a
[ ur (), MRZ(‘X)] [a1 + W(az —a),a3 — W(as - az)]
= b+ = (B2 = b, by = o (b = )]

1-5 (1- ﬁ)

(1—w) (az —ay), a3 — (1 az)]
= [b1 + 5B (b, = b)), by — - 0 (bg - bz)]

=>X#L2(a) tat+o (‘12 —a)) =b += ” (bz - b1)

5 a a
X (@) +as _W(% —ay) = bs _W(b3 —b,)

(1-p) _ 1-p)

Xy, 2(B) + a, +m(az —a;)) =b, + m(bz —b,y)
1-p) _ (1-p)

Xoe2(B) + az — m(as —ap) = b; —m(bs —by)

a
X (@) = [y = @)+ (b, = by — 2y + @),
X#R(a) = \/(bs —asz) _%(ba: — by, —az +a,),

a-p
1-w)

Xy, (B) = \/(b1_a1)+ (b — by —a; +ay) ,

1-p)
Xp(B) = |(bs —a3) _m(lh — by, —az +a,)
L [Xyy ()] = 2Lt 5 gif (b, — b)) > (@, — @)
da J(b1 a)+y, % (by~b1—az+ay)
X @] = (st Catel < 0if (bs — by) > (a3 — ay)
“ ZW\/(b3 az)— (1 u)(bs by-az+az)
XyL(W) = X#R(W) = b2 —a
—{(bz-b1)-(az-a1)} .
B) <0if(b,—by) > (a, —ay)
[ o 4 ] 2(1 w \/(b1 ai)+— (bz by-az+aq) ? ! ? !
- b3—b .
[XvR (ﬂ)] {(a3 aZ) (bs—b2)) < 0if (b — by) > (a3 — ay)

e 309885 -p,-a5+az)

XUL(u) = XuR(u) =b;—a,

Hence in this case strong solution exists if \/b; — a; < /b, — a, < /b3 — as
« The positive solution of the equation X¢* + At = Bt is given by X! with its (a, §)-cut

Xlix”g = ([X ((l), uR(a)]l[Xv
Where

(X,

and

(@), X (@] =

LB, Xy (B])
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[XUL(B)'XUR(ﬁ)] = x5\/(b1 —a) + %(bz —b —a,+a) <x

1—
Sj(bs_as)_%(bs_bz_as‘*az)

~The solution X is a GTSIFN (\/b; — ay, /b, — az, /b3 — as; w,u) whose membership function

0 ’ xSﬂbl_al
x% — (by — ay)

w , by —a; <x<,b,—a
(b, = by) — (az —ay) ! ! 2 2

#Xl(x) = w , X = bz —ay
(b3 —as) — x?
w ) Vb, —a, <x <. b;—a
(b3 — by) — (az — ay) 2 z 3 :
0 ) b3—a3Sx

and non-membership function

1 ’ xSﬂbl_al
x* = (by — ay)

1_(1_u)(b2—b1)—(a2—a1) , Jbi—a <x<{b,—a,

Vgi(X) = 1 u, x =./b, —a,
(b3 — az) — x?
1-(1—-u , Vb, —a, <x<.,b;—a
( )(b3—b2)—(a3—a2) 2 2 : 3
1 ) b3_a3Sx
14

W

0

Fig-3.6:- Rough sketch of membership and non-membership function of X!
3.6 Solution of Quadratic Equation A:X?* + BiX! = C!
Consider the equation
AR 4 BiXl = Ct (36.1)
We can solve this equation in two steps:
In the first step we solve the equation BiXt = 7¢ and in the second step we solve the equation AiX* + 7i = ¢t

Here we have solved another problem following Buckley,Qu[7] using strong and weak solution concept.

Problem-3.2 (following [7]):- Suppose an investment firm wishes to set aside around A4(0.8, 1.0, 1.2; 0.8,0.1) dollars to
be invested at interest rate R so that after one year they may withdraw approximately B (0.15,0.20,0.25;0.7,0.2) dollars.
And then after two years the amount that is left will accumulate to about € (0.60, 0.90, 1.2; 0.8, 0.1) dollars. Find R.
Solution:- Let RY > 0 be the unknown interest rate.

Then we have to solve

[(4" - BY) + A'R'] + [(A' — BY) + A'R]R! = C*

or,
AR + (241 = BY)R + (A1 - BY) = (b)
Now
b= % 12-02% a-p —028=A
g =(o8+02%,12-025] [08+0255,1.2-02523)),
i 2 _ a a-p) _ 1-8)
Bl = (|015+005%,025 - 0.05 %], [0.15 +0.05 52, 0.25 — 005 T2 ),
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CLB—([O6+03— 12—03—] [06+03

where w = min(0.7,0.8,0.8) = 0.7 and u = max(0.1,0.2,0.1) = 0.2
Set Rl = ([Ry, (@), Ry (@], [Ry, (B), Ry (B)])

We 1st look at the strong solution.
Then the equation (b) becomes

1-p 12_03(1 ﬁ)])
1-w

1-p)
([08+02— 12—02—] [08+02(1_ 1.2 -0.2 1_u)])
([Ry, 2 (@), Ry % (@], [Ry, 2 (B, RuRZ(ﬁ)])
a-p a-pm
(2([08+02— 12—02—] [08+02(1_ o 12_0'2ﬁ])
a-p
1-w’

) [Ry, (@), Rup (@), [Ro, (8), Ro, ()]
1= (1—[3)])

—([015+005—025 005—] [o15+005 ,0.25

—005 ﬁ)

(([08+02—12—02—] [08+02(1_ o 120250

a-p (1—[?)
_([0'15+0'05W’0'25_0'05 ][015+005(1 )025 005 u)])>

-5 a —ﬁ)])

oo 203y

= ([0.6 +03% 12— 0.31] , [0.6 +0.3
w w
or,
[0.8 +0.22,12-02 %] [R,2(@), Ry 2 (@)] +
(2[08+02%,1.2-0.22] - [0.15 + 0.05%,0.25 — 0.05 2]) [R,, (@), Ryp(@)] + ([0.8+0.2%,1.2 — 0.22] -
[0.15+0.052,0.25 - 0.05%]) = 0.6+ 0.3%,1.2 - 0.3%]

and
[08+028_ﬂ§ 1.2—02&1 ][RULZ(B) Ry2(B)]
+(2[0.8+0.2§1:ﬁ;,1.2—0.2§1:ﬁ§]—[0.15+0.05E1_B3 0.25—0.058:%)
+([0.8+0.28:ﬁ;,1.2—0.28:[;;] [o15+005§1_§; 0.25—0.058:ﬁ§>
:[0.6+0.38:i;,1.2—0.38:5;

or,
(08+02 %) Ry(@ +{2(08+02 %) (025 - 0.05%)}1?“(0() +{(08+02 %) — (025 - 0.05 %)}
= 0.6+03
(12-022) R, (@ + {2 (zz 022 = (015 +0.05 - )} Ry (@) + {(1.2 - 0.2) = (015 + 0.05 )}
=12-03-

1-p) 2 a-p a-p
(08+02(1 )> oL (B)+{ <08+02(1_ )) <025 005(1 )>}RUL(,6’)

a-p) a-5) a-p)
+{<0.8+0.2(1_u)> <025 0.05. 73 u))} 06 +0.377—3

1-p\. , o a-p 1-p
(12—02(1 u)> o (/3)+{2<1.2 0.2 (1_u)) <0 154005 — )>}RUR(,8)
+{<1.2—0.2(1_B)>—<0.15+0.05( _ﬁ))}=1.2—0.3(1_3)

and

1-w 1-w (1-w)
—(1.35+0.45%)+J(1.35+0.45 ) +4(0 80+0.20% )(0 05+0.05%)

2(0.80+0.205)

=R, (a) =
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- (2.25 —0.45 %) + J(z.zs — 045 %)2 +4 (1.20 ~0.20 %) (0.15 —0.05 %)

Fua() = 2(1.20- 0202

= (1.35 10454 — ﬂ)) + J(1.35 +0454 — 5))2 +4 (0.80 +0204= ﬁ)) (0.05 +0054= ﬁ))

(1-u) 1-w) (1-u) (1-u)
RUL(ﬁ) =
2 (0.80 +0.20 8 — 5)>
and
- (2.25 —0.45 8 — 53) + \/(2.25 —-0.45 8 — 53)2 +4 (1.20 —-0.20 8 — ﬁ%) (0.15 —0.05 8 — ﬁ%)
RUR(B) =

2 (1.20 -0.20 8 — 53)

Now, %[R#L(a)] >0, %[R#R(a)] < o,% [R,, ()] < 0and % [R,(8)] >0
and R, (0) = 0.036258 = R,, (1), R,,(0) = 0.0644512 = R, (1)

~ R, (0.7) =R, (0.7) = 0.0539392 =R, (0.2) = R,,(0.2)

Hence the strong solution exists here and the (a, 8)- cut of the strong solution is

Rl g = ([Ruy (@), Ryp(@)], [Ry, (B), Ry (B)] )

where

[RuL (@), Ryp (@)] =

_ —(1.35+0.4—5%)+\/(1.35+0.4—5%)2+4(0.80+0.20%)(0.05+0.05%)

- <—(2.25—0.45%)+\/(2.25—0.45%)2+4(1.2o—0.20%)(0.15—0.05%)
<x<

2(0.80+0.20%) 2(1.20—0.20%)

and

[RUL(ﬁ)' R‘UR (ﬁ)] =

{ —(1.35+0.45825§)+](1.3 5+0.458:ﬁ§)2+4(o.80+0.2ogizﬁ;)(o.osw.osg:ﬁ;)
x: =)
\

(1-u)
—(2_25—0.4521:5§)+j(2.2 5—0.458:5;)2+4(1.20—0.208:53)(0.15—0.058:ﬁ§)l

2(1.20—0.20(1_5)) }

(1-u)
= The solution R* is a GTsIFN (0.036258, 0.0539392, 0.0644512;0.7,0.2) and the rough sketch of the membership
and non-membership function of R* is given below :

<x<

2(0.80+0.20

[} 0.036258 0.0539392 00644512

Fig-3.7: Rough sketch of membership and non-membership function of R!
4. Conclusion
In this paper, we have solved Intuitionistic Fuzzy Linear and Quadratic Equations using the concept of
strong and weak solution taking coefficients as GTIFNs. Further we have discussed two problems following

Buckley in Intuitionistic fuzzy environment. For future work, these Intuitionistic fuzzy equations can be
solved by taking the coefficients as Intuitionistic L-R Fuzzy Numbers. In Engineering, Physical and
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Mathematical Sciences there are so many problems involving linear and quadratic equations which can be
solved in Intuitionistic fuzzy environment.
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