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Abstract. Based on facts of time delay will influence dynamical behavior and control theory is more 

appropriate to reflect the natural rule, constructed a predator-prey control model with two delays,choose the 

two delays as the bifurcation parameter,according to the Routh-Hurwize discriminant method,we studied the 

local stability and Hopf branch of the control system.The sufficient conditions for the local stability and the 

existence of Hopf bifurcation are established.Finally,the effectiveness of the controller is verified by 

numerical simulation. 
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1. Introduction  

Time delay is often appear in biological activity,the fact that tie delay will influence dynamical 

behavior to reflect the nature rule.In the population ecology,since May find would destroy the 

stability of the logistic model’s positive equilibrium[1],there has been a large number of literature 

[2-3],to study the effect of delay on the stability of positive equilibrium in ecological models.In 

biological systems,as the gestation process of species,species of digestion and transformation 

process as well as their mature time and so on, there are the time delay phenomenon.The existence 

of delays tends to evolve more complex dynamical properties in the system.If we can fully 

understand and master delay affects the dynamical property of ecological system,you can use the 

master of laws to do better a good job of prevention and control,protect the rare resources, 

maintaining ecological balance. 

In the nonlinear biological time delay dynamical system,there is the most discussed is Hopf 

bifurcation.There has been some researchers already studied the Hopf bifurcation of 

ecosystem.Faria[4] consider hunting time delay, and regarding time delay as the bifurcation 

parameter study the stability of system and bifurcation.Yan hezhang[5] comprehensive two time 

delay,assuming two time delays are equal,the Hopf bifurcation of system is researched. 

There have been research on time delay dynamical systems about Hopf bifurcation,but most of 

them are about 2d[6,7],about the higher time delay dimension systems’s Hopf bifurcation and 

bifurcation control’s research is relatively few.Yongli song et al [11,12,13] studied a few class with 

multi-delay prey system,the sufficient conditions for the local stability and the exitence of Hopf 

bifurcation are established.Tang C B,Chen Y Y. et al[14,15] respectively research three dimensional 

predator-prey systems with time delay, discussed the conditions of Hopf bifurcation near the 

positive equilibrium,and directive of the bifurcation is given.Fan meng et al in article [16]and[17] 

respectively discussed the Lotka-Volterra system with n kinds of competition and with feedback 

control system.Jiang Guirong and Lu Qishao [18]research the dynamics of predator-prey system 

behavior with state feedback control. 

Considering the different biological mature time and digesting time are different,in this 

paper,considering the consider of two delays,in addition,on the study of ecological system’s control, 

main consideration is state feedback control previously.For example, in order to eliminate blooms 

occurred,an effective way is to introduce feedback control variables in the equation (such as silver 

carp, bighead) to change the equilibrium of the system.In fact,intraspecific effect coefficient and 

interaction effect coefficient as parameters influenced by many factors such as temperature and 
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sunshine etc,so also by changing the parameters to adjust system.In this paper, considering 

parameters and state feedback control,put forward the following predator-prey control model with 

two delays. 

The remainder of this paper is organized as follows:the control model is proposed and the 

characteristic equation of linear system in section 2.In section 3,stability analysis and Hopf 

bifurcation in control model.To verify the theoretic analysis, numerical simulations are given in 

section 4.Finally, section 5 concludes with some discussion. 

2. The characteristic equation of linear system 

In article [19]，Xu research a two species Lotka-Volterra model with two delays : 
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The dynamical property of the system is given,chen [20] on this basis research the dynamic 

property of the three species Lotka-Volterra model with two delays. 
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              (2.1) 

In this paper,the control strategy of the design parameter and the state of feedback control is 

designed.The Hopf bifurcation of (2.1) system is controlled,make delayed the bifurcation 

behavior.Parameter perturbation of system (2.1) and increase the time delay control item 

     332211 ,,   txtxtx ,the control system is: 
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       (2.2) 

The parameter  ,  is non negative real number. The positive equilibrium is  

3210 ,, xxxE  
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 1H  

  322311311322332211 aaaaaaaaasign      

    321131222211321123122122113 aaaaaaaaraaraarsign    

        112331133311312323113311323311231231 aaaaaaaaaaraaraaraarsign    

    132232233213332232231132233213233221 aaaaaaaaaaraaraaraarsign    

The system (2.1)is linearized at positive equilibrium  



Journal of Information and Computing Science, Vol. 10(2015) No. 4, pp 311-320 

 

 

JIC email for subscription: publishing@WAU.org.uk 

313 
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                      (2.3) 

Among them  

      31311111 xaxarm  ， ,1112

 xam  ,1133

 xam  ,114 am   

    ,135 am   ,32322221

  xaxarn  ,2222

 xan  ,2233

 xan   

    ,224 an  ,235 an   ,33323213131

  xaxaxark  ,3312

 xak   

    ,3323

 xak  ,3334

 xak  ,315 ak  ,326 ak  .337 ak   

Equation (2.3) corresponding to the characteristic equation is  
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That is  

            ,0122111 2

6

2
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2
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   ePePePePePP     (2.4) 

Among them  
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2
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3
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       ,112121411121241211241

2

2422 knmknmknmnmkmkmnmknknmknP  

     ,1224124214222423 knmknmknmkmnmknP    

  ,4224 knmP      ,13233132335 nmkknmmkknP     .2323326 nmkknmP   

 

3. Stability of Positive Equilibrium and Hopf Bifurcation 

 The sufficient conditions for the asymptotic stability and the existence of Hopf bifurcation are 

established. 
  Since the system (2.2) has two delays, we are now divided into three cases to discuss. 

  Case 1： .021  then the characteristic equation (2.4) becomes 

                    ,0654321   PPPPPP                    (3.1) 

That is 

                 ,032

2

1

3  ddd                              (3.2) 

Among them 

 ,2421111 mknmnkd   

        4222421212412112411111112 kmnmknnmkmkmnmknknnmkmknd   

     ,3233 mkkn   

       .213221332121413 nnmkmmknnnmmkkd   

According to the Routh-Hurwitz discriminant method, we know,the root of (3.2) all have negative real part, 

the necessary and sufficient conditions is  

 2H     11 dD  >0， 









23

1

2

1
det

dd

d
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

















3
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1

3

00
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det

d

ddd

d

D >0. 

So when  2H  was set up ,the 0E  asymptotic stability.  

Case 2： 21 ,0   >0.then the characteristic equation (2.4) becomes 

                    ,022 2

6

2

54321 
   ePePPPPP           (3.3) 
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That is  

                 ,022

32

2

1

3 
  eqrrr                       (3.4) 

Among them 

       ,4221111 kmnmnkr   

            ,212122114221112 nnmmmnmnkmnmnkr   

         ,2121413 nnmmkkr   ,32334 mkknr   

      ,2323321323315 nmkknmnmkknmr    .54 rrq    

Set characteristic equation (3.4) has a pure imaginary root,  i  plug type equation 

                       
.022

32

2

1

3


  i
eqririri               （3.5） 

We know 

                        .Im,Re 45 riqriq    

To separate (3.5) imaginary part and real component 

        










.02sin2cos

,02sin2cos
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3

24253

2

1





rrr
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                     （3.6） 

finishing 

            .022 2

5

2

3

22

431

2

2

4

2

2

1

6  rrrrrrrr                  （3.7） 

 (1)If（3.7）has no positive root，only 21, HH set up，and when   ,02 ， 0E  is asymptotic stability. 

 (2)If（3.7） have limited positive root, i ,,...,2,1 ki  then by (2.9) can be solved  ,,...2,12 jj

i  

Take                ,,...2,1,,...,2,1min 220
 jkij

i                   (3.8) 

Easy to know，when
022   ，the characteristic equation (3.4) has a pair of pure imaginary roots 

 i ;when 2 <
02 ，the characteristic equation (3.4) has no pure imaginary root.  

In order to discuss the conditions of Hopf bifurcation，under the case (2) to calculate 
 

.
Re

2  




i
d

d

make 

     222  i is nearly
j

i22   root of the characteristic equation,and have 

    ,,0 22

  j

i

j

i  2  plug type equation（3.4）,and the derivation 2 ,available 

                 
 

 
.

2

23 2
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4

2
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2
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2

2











 















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d

d
 

So 
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 
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
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




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








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
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


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rr

rerr

d

d

54

4

2

21

2
1

2 2

23
Re

Re 2

.21

P

QQ 
  

Among them 

          ,2sin22cos3
00

22

2122441    rrrrQ  

          ,2cos22sin3
00

2

212252    rrrQ  

         .2 2

5

2

4

22

rrP     

Lemma 3.1 For system（2.2）,when 01  ，if  1H  and  2H  set up,then 

  (1)if（3.7）have no positive root，then when   ,02 ，the positive equilibrium 0E  is asymptotic 

stability. 
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  (2)if（3.7）have limited positive roots  i  ki ,...,2,1 ，then when  
022 ,0   , 0E  is asymptotic 

stability；then when   ,
022  , 0E  is unstable，and when

P

QQ 21  0 ，system（2.2）bifurcation in 

022    place. 

Case 3：
1 >0，

2 >0.Then fixed in the stable rang from the case 2 ,
1  will be seen as a parameter,for the 

convenience of discuss，now 
02  rewritten into  system （3.8） 

                  











,,...2,1,,...,2,1min

,

2

20 jkij

i
     

The characteristic equation（2.4） can be written as follows： 

                   ,0111 3

3

2

210 
   ekekekk               （3.9） 

Among them 

                 ,22

510

 
 ePPk       ,22

621

 
 ePPk           

                  ., 4332  PkPk   

Set  i （ >0）is the pure imaginary root of （3.9），make（3.9） multiply both side 1
e ，and 

plug  i （ >0）type equation,available 

         ,0111 2

33221100 
  iii

eiVUeiVUiVUeiVU            （3.10） 

Among them 

                  ,Re ikU ii    ,Im ikV ii  .3,2,1,0i  

Separation real imaginary part,have 

     
   

   







.2sinsincos

,2cossincos

131120120

131102120





UVUUVV

UUVVUU
            （3.11） 

Add (3.11) on both sides of the square, available 

                 
2

1102120 sincos UVVUU   

                 .sincos 2

3

2

1120120 UVUUVV                （3.12） 

Owing to 1

2

1 cos1sin   ，so consider two cases respectively 

   (1)when 1

2

1 cos1sin   ,（3.12）will become 

                  
2

11

2

02120 cos1cos UVVUU   

                  .cos1cos 2

3

2

11

2

20120 UVUUVV          （3.13） 

The 1cos  solution that can be obtained by (3.13) is recorded as 

                 2111 sin,cos ff      .1, 2

2

2

1   ff  

Can be solved 

             
      ,,...2,1,0,2arccos

1
111

 kkfk 


  

the root of     12

2

2

1   ff are  

（2）when 1

2

1 cos1sin   ,（3.12）become 

     
2

11

2

02120 cos1cos UVVUU   

              .cos1cos 2

3

2

11

2

20120 UVUUVV              （3.14） 

 The 1cos  solution that can be obtained by (3.14) is recorded as 
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             


 2111 sin,cos ff     .1,
2

2

2

1    ff  

Can be solved 

          
      ,,...2,1,0,2arccos

1
112

  kkfk 


  

the root of     1
2

2

2

1    ff  are   

We make 

                       .,...2,1,0,,min
210 111  kkk   

Theorem 3.2  For system（2.2），if  1H  and  2H set up ，so when 
1 <

01 and
2 <

02 ,the positive 

equilibrium of system 0E  is asymptotic.But when 
1 =

01 and 
2 <

02 ,equation （3.9） has a pair of pure 

imaginary roots 
 i ；if the equation (3.9) have further 

 
,0

Re

1


 



i
dr

d
the system generates a Hopf 

bifurcation at 
1 =

01 . 

 

4. Numerical simulation 

In order to verify the accuracy of the previous theory,the numerical simulation of the system (2.2) is 

carried out by using Matlab software 

                ,2.0,1.0    

                ,1,2.0,1 13111  aa  

                ,1,8.0,1 23222  aa  

                .1,5.0,2.0,1 3332313  aaa  

Then get the system 

           

    

          

          

            













1313222133

12231222

11231111

2.05.02.011.0

2.08.011.0

2.02.011.0







txtxtxtxtxtx

txtxtxtxtx

txtxtxtxtx





（4.1） 

Easy to verify condition  1H  was established，then a positive equilibrium point 








9

19
,

9

10
,

3

10
0E of system 

(4.1) can be obtained. 

When 21 ,0   >0, can calculate  1.014， 
02 7.8045.By lemma 3.1，know when 2 <

02 

7.8045, the positive equilibrium 0E  of system (4.1) is asymptotic stability,when 2 >
02  7.8045,the 

positive equilibrium 0E  of system (4.1) is unstable, and Hopf bifurcation occurs at 
022   .Specific image 

shown in figure 4.1 and figure 4.2. 

Now fixed 52  , can be calculated  0.2900，
01 2.825.By theorem 3.2, know when 1 < 

01

2.825.The positive equilibrium 0E  of system (4.1) is asymptotic stability, when 1 > 
01 2.825, the positive 

equilibrium 0E  of system (4.1) is unstable, when 1 = 
01 2.825, system (4.1) occurs Hopf 

bifurcation.Specific image shown in figure 4.3 and figure 4.4. 
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Figure 4.1 the positive equilibrium 0E  at 8.62  < 

02 7.8045 is local asymptotic stability. 

 
Figure 4.2 the positive equilibrium 0E at 8.102  > 

02 7.0845 is unstable. 
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Figure 4.3 the positive equilibrium 0E  at 2.11  < 

01 2.825 and 52   is local asymptotic stability. 

 
Figure 4.4 the positive equilibrium 0E  at 1 3.2> 

01 2.825 and 52   is unstable. 

5. Conclusion  
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Control is closely related to the continuous survival of the population, after adjusting the 

parameters and the state feedback control, the unstable equilibrium points in the controlled system 

(4.1) become asymptotic state equilibrium points. The number of predator and prey eventually 

stabilized to a normal state, can coexist, never extinction. The numerical simulations verify the 

correctness of the theory, It has a certain ecological significance, which provides a theoretical basis 

for the sustainable survival of the species in nature. Can not only consider the state feedback control, 

but also can consider to adjust parameters, for actual control according to the specific circumstances 

of adjustment. The numerical simulation can find the location of the control strategy can be very 

good change bifurcation points, so as the bifurcation control provides a very practical method.     

Just the parameters considered ija are constant, The system parameters are not related to the 
variables；The time delay in the model is constant, which can be considered in the future. 
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