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Abstract. Based on facts of time delay will influence dynamical behavior and control theory is more
appropriate to reflect the natural rule, constructed a predator-prey control model with two delays,choose the
two delays as the bifurcation parameter,according to the Routh-Hurwize discriminant method,we studied the
local stability and Hopf branch of the control system.The sufficient conditions for the local stability and the
existence of Hopf bifurcation are established.Finally,the effectiveness of the controller is verified by
numerical simulation.
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1. Introduction

Time delay is often appear in biological activity,the fact that tie delay will influence dynamical
behavior to reflect the nature rule.In the population ecology,since May find would destroy the
stability of the logistic model’s positive equilibrium[1],there has been a large number of literature
[2-3],to study the effect of delay on the stability of positive equilibrium in ecological models.In
biological systems,as the gestation process of species,species of digestion and transformation
process as well as their mature time and so on, there are the time delay phenomenon.The existence
of delays tends to evolve more complex dynamical properties in the system.If we can fully
understand and master delay affects the dynamical property of ecological system,you can use the
master of laws to do better a good job of prevention and control,protect the rare resources,
maintaining ecological balance.

In the nonlinear biological time delay dynamical system,there is the most discussed is Hopf
bifurcation.There has been some researchers already studied the Hopf bifurcation of
ecosystem.Faria[4] consider hunting time delay, and regarding time delay as the bifurcation
parameter study the stability of system and bifurcation.Yan hezhang[5] comprehensive two time
delay,assuming two time delays are equal,the Hopf bifurcation of system is researched.

There have been research on time delay dynamical systems about Hopf bifurcation,but most of
them are about 2d[6,7],about the higher time delay dimension systems’s Hopf bifurcation and
bifurcation control’s research is relatively few.Yongli song et al [11,12,13] studied a few class with
multi-delay prey system,the sufficient conditions for the local stability and the exitence of Hopf
bifurcation are established.Tang C B,Chen Y Y. et al[14,15] respectively research three dimensional
predator-prey systems with time delay, discussed the conditions of Hopf bifurcation near the
positive equilibrium,and directive of the bifurcation is given.Fan meng et al in article [16]and[17]
respectively discussed the Lotka-Volterra system with n kinds of competition and with feedback
control system.Jiang Guirong and Lu Qishao [18]research the dynamics of predator-prey system
behavior with state feedback control.

Considering the different biological mature time and digesting time are different,in this
paper,considering the consider of two delays,in addition,on the study of ecological system’s control,
main consideration is state feedback control previously.For example, in order to eliminate blooms
occurred,an effective way is to introduce feedback control variables in the equation (such as silver
carp, bighead) to change the equilibrium of the system.In fact,intraspecific effect coefficient and
interaction effect coefficient as parameters influenced by many factors such as temperature and
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sunshine etc,s0 also by changing the parameters to adjust system.In this paper, considering
parameters and state feedback control,put forward the following predator-prey control model with
two delays.

The remainder of this paper is organized as follows:the control model is proposed and the
characteristic equation of linear system in section 2.In section 3,stability analysis and Hopf
bifurcation in control model.To verify the theoretic analysis, numerical simulations are given in
section 4.Finally, section 5 concludes with some discussion.

2. The characteristic equation of linear system
In article [19], Xu research a two species Lotka-Volterra model with two delays :

{ x(t)=x(t)r, —a,x(t-7,)-a,y(t-7,)]

}'/(t)z y(t)[_ r,+ aZlX(t - 2'2)_ Ay y(t - z'1)]'
The dynamical property of the system is given,chen [20] on this basis research the dynamic

property of the three species Lotka-Volterra model with two delays.

Xl(t)Z Xl(t)[rl - ailxl(t _Tl)_ aisxs(t ) )]
%, (t) = %, (t)r, — a,,X, (t —7,)— 8, (t -7, )] (2.1)
Xs(t): Xs(t)[_ r+ a31X1(t _72)"' aszxz(t - Tz)_ 8.33X3(t _71)]
In this paper,the control strategy of the design parameter and the state of feedback control is
designed.The Hopf bifurcation of (2.1) system is controlled,make delayed the bifurcation

behavior.Parameter perturbation of system (2.1) and increase the time delay control item
B (t—1,), px,(t—7,), fx(t -7, ) the control system is:

Xl(t) = axl(t)[r1 - a11x1(t - z'1)_ a13X3(t Bz )]"' ﬂxl(t - 2'1)
X, (t) =0X, (t)[rz — 85X, (t - Tl)_ azsxs(t Bz )] + X, (t _Tl) (2.2)
Xs(t) = aXS(t)[— r; + a31X1(t — 7 )+ aezxz(t Bz )_ a33x3(t - Tl)]+ ,3)(3('[ - Tl)

The parameter &, 4 is non negative real number. The positive equilibrium is Eo(xf, X5, x;‘)
Y a(rlazzass — 184385, + axna; + r1a2sa32)+ ﬁ(azzaaa — 84383, T 8y385, — a22a13)

' a(anazzasa + 85,8385 + anazsasz)
Y a(_ 1189383 + 8,855 + 8385 + r3a11a23)+ ﬂ(_ 838y + 844855 + 38y — azsan)

i o (a11a22a33 T 85,8383 + anazsasz)
X* = a(— F384,8z, +118,,85, + 18,85 )"‘ p (anazz + 858 + a11aaz)

’ o (anazzass 85,8383 + auazaasz)
(H,)
Sign(a(auazzass T 85,8383 + 887385, ))
= sign(a(—r,ay8y, + 52,8 + 1,885, )+ 58,8, + 8,8y +8,,8y, )

= sign(a(— 185385 + 158,853 + 18585 + rsauam)"' IB(_ Ap38ly + 8,853 + 84385 — azaan))

= Sign(a(rlazzass — A58, + 138,83 + 18,385 )"‘ ﬁ(azzass — Q383 +8y385 —ayday3 ))
The system (2.1)is linearized at positive equilibrium

JIC email for contribution: editor@jic.org.uk



Journal of Information and Computing Science, Vol. 10(2015) No. 4, pp 311-320 313

%(t)
%(t)

X3(t)
Among them
m =alr—a,X —a. ). m,=p-aa,x, m=—-ca,%, m =—ca,,
m5 = —a’aﬁ, nl = Ot(rz —8.22X2 _a23X3 ), n2 = ﬂ_aaZZXZ' n3 — _aa23X2,

mlxl(t)+ mle(t - 71)"' m3x3(t - Z'2)

X, (t)+n,x, (t—7, )+ nyx,(t—7,) (2.3)
k1X3(t)+ kle(t - 2'2)+ KX, (t - 2'2)+ k4X3(t - 2'1)

N, =—0a,, Ny =—0a,, k, = 05(_ F3+85 X + 83X, —83X%; )’ k, = oy X;,

Ky = @5, X3, K, = B— 0, X3, Ks = agy, Kg = 0@y, Ky = —0dg,.
Equation (2.3) corresponding to the characteristic equation is

A—m —me " 0 —m,e "
det 0 A-n,—n,e " -nge’?  |=0,
—k,e ™" —k,e ™ A—k, —k,e "

That is

R(1)+ P2 + R (2)e " + P, (2™ + R(2)e** + R (2™ "2 =0, (2.4)
Among them
Pl(ﬂ’) =& - (kl +n + ml)lz + (n1k1 + mlkl +mn, )2' - m1n1k1’

P,(1)=—(n, +k, +m,)2 +(nk, +nk, +mn, +mk, +m,k, +m,n )1 —(mnk, + mnk, +m,nk,),
P:i(l) = (n2k4 + m2n2 + m2k4 )/’L - (rnln2k4 + m2n1k4 + m2n2k1)’
P4 (/1): —m2n2k4, Ps(ﬂ“) = _(nsks + k2ms )ﬂ“ + mlnsks + k2m3n1, Pe (ﬂ) = mznsks + kzmanz-

3. Stability of Positive Equilibrium and Hopf Bifurcation

The sufficient conditions for the asymptotic stability and the existence of Hopf bifurcation are
established.
Since the system (2.2) has two delays, we are now divided into three cases to discuss.

Case 1: 7, =7, =0.then the characteristic equation (2.4) becomes
R(4)+P(2)+R(2)+P(2)+R(2)+R(2)=0, (31)
That is
A +d A2 +d,A+d, =0, (3.2)
Among them
d, =—(k, +n, +m +n, +k, +m,),
d, = (nk, +mk, +mn, +nkK, +nk, +mn, +mk, +mk, +m,n, +n,k, +m,n, +m)xk,)
- (naks + kz m, )1
d3 = _(kl + k4 )(rnl + IT]Z an + n2)+ n3k3(m1 + m2)+ k2m3(n1 + r']2 )
According to the Routh-Hurwitz discriminant method, we know,the root of (3.2) all have negative real part,
the necessary and sufficient conditions is

4 1 d 1 0
(H,) D, =d,>0, D, =det(dl ] j>o, D,=det|d, d, d, [>0.
5o 0 0 d,
So when (HZ) was set up ,the E, asymptotic stability.
Case 2: 7, =0, 7,>0.then the characteristic equation (2.4) becomes
R(A)+P(2)+R(2)+ Py (4)+ B(2)e ™ + R (2)e** =0, (33)
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That is
Lo +ri+r+q(lle? =0, (3.9)

Among them

r,=—(k, +n+m +n,+m, +k,),

r2 = kl(nl +rn1 +n2 +m2)+ k4(n1 +m1 +n2 +m2)+(m1+m2Xn1 +n2)’

= _(kl +k, )(ml +m, )(nl +n, )’ r,= _(n3k3 +k,m, )’

r, = mn.k, +k,m.n, +mnk, +k,m;n,, q(A)=rA+r,.
Set characteristic equation (3.4) has a pure imaginary root, 4 = i@ plug type equation

(io) +r(io) +r,(io)+r,+q(2)?= =0, (3.5)
We know
Re{q(i a))}: Is, Im{q(i w)}: Iy

To separate (3.5) imaginary part and real component

—hw* +1,+1,C08 27, + I,wsin 2w, =0, (26)
—0® + 1w+ 1,wc082wT, — I, SN 2w, = 0.
finishing
o® + (rl2 -2, )ca“ + (r22 -2, -1} )a)2 +r2—r7 =0. 3.7

(DIf (3.7) has no positive root, only H,,H,setup, andwhenz, € [O,+oo), E, is asymptotic stability.
(2)If (3.7) have limited positive root, {coi } i=12,...,k,then by (2.9) can be solved {rzji‘j =1,2,...},

Take 0, =min{rifi=12...k, j=12...} (3.8)
Easy to know, whenz, =7, , the characteristic equation (3.4) has a pair of pure imaginary roots
tiw";when 7,< Ty, the characteristic equation (3.4) has no pure imaginary root.

Re(1)

7,

. . i . d
In order to discuss the conditions of Hopf bifurcation, under the case (2) to calculate

A=iw"
make
At,)=alz,)+iw(r, )is nearly 7, = 7}, root of the characteristic equation,and have

a(rzji)z O,a)(rzji): o', A(z,) plug type equation (3.4) ,and the derivation z, ,available
( dA Jl _ (32,2 +20A+ rz)ez’”z +1, T,

dr, 2(ry +1,) A
So
-1
d Re(2) _relBr2mAL 4]l _Q+Q,
dr, 2(r,A+1,) e P
A=io" =i
Among them

Q,=-ro" [r4 + (— 30" +r, )cos 20'7, — 210" sin Zw*rzol
Q,=ro [(— 30" +r, )sin 2077, + 21w’ CoS Zw*rzol
P=20" (rfa)*2 + rsz)

Lemma 3.1 For system (2.2) ,when 7, =0, if(H,) and (Hz) set up,then

(1)if (3.7) have no positive root, thenwhenz, € [0,+oo), the positive equilibrium E; is asymptotic
stability.
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(2)if (3.7) have limited positive roots {o, } (i=1,2,....k), then whenz, |0, 720), E, is asymptotic
Q+Q,
P

stability; then whent, 6[720 ,+oo),E0 is unstable, and when #0, system (2.2) bifurcation in

T, =T, place.
Case 3: 7,>0, 7,>0.Then fixed in the stable rang from the case 2, 7, will be seen as a parameter,for the
convenience of discuss, now 7, rewritten into system (3.8)

+ 00,
f20 = {min{rzji‘i —12,..K, j=12,..}
The characteristic equation (2.4) can be written as follows:
ko(A)+k, (1) +ky(1)e ™" +ky(A)e** =0, (3.9
Among them
ko(4)=R(2)+ Po(2)e7%, k()= P,(4)+ Py(2)e™",
k, (ﬂ) = Ps(/i)f K, (ﬁ) =P, (;L)
Set A=iw (@w>0) isthe pure imaginary rootof (3.9) , make (3.9) multiply both side e**, and
plug A=iw (@®>0) type equation,available
U, +iVy e + (U, +iV, )+ (U, +iV, e + (U, +iV, e @ =0, (3.10)
Among them
U, =Refk (i)}, V, = Imfk; (i)}, i=012,3.
Separation real imaginary part,have
U, +U,)cosw, +(V, -V, )sin oz, +U, = -U, cos2w7,,
{(V0 +V, )coswz, + (U, —U,)sin oz, +V, =U,sin 201,
Add (3.11) on both sides of the square, available
(U, +U,)coswz, +(V, -V, )sin oz, +U, [ +
[V, +V,)cos wr, + (U, —U, )sin wz, +V, [ =U2. (3.12)

(3.1

Owing to sin @z, =+/1-c0s’ w7z, , so consider two cases respectively

(L)when sin @z, = /1-c0s* w7, , (3.12) will become
[(u0 +U,)coswz, +(V, =V, y1-cos? o, +Ul]2 +
[(VO+V2)cosa)rl+(Uo—Uz)q/l—cosza)rl+V1]2:U32. (3.13)

The coswt, solution that can be obtained by (3.13) is recorded as
coswz, = f,(w)sinwzg = f,() , {2 (0)+ f2(0)=1.
Can be solved

e = %[arccos f,(w)+2kz](k=012,..),

1

the root of f%(w)+ T/ (w)=1arew

(2) when sin @z, =—/1-c0s’* w7, , (3.12) become
[(u0 +U,)coswz, —(V, -V, y1-cos® o, +u1]2 +
[(vO +V, )coswz, — (U, U, J1-cos’ o Jrvl]2 =UZ (3.14)

The coswt, solution that can be obtained by (3.14) is recorded as
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coswz, = f, (0)sinwr, = 1, (o), £ (0)+ £, (0)=1.
Can be solved

) [arccos £ (e)+2kz| (k=01,2,...)

the root of f,"*(w)+ ;" (w)=1 are o
We make
7, =min{r!, o | (k=012,...)
Theorem 3.2 For system (2.2) , if (H,) and (H,)setup , sowhen 7,<7, andr,<z, the positive

equilibrium of system E, is asymptotic.But when 7, = (2 and 7, < 75, ,.equation (3.9) has a pair of pure

L < . . R
imaginary roots 1@ ; if the equation (3.9) have further d_e(l) # 0, the system generates a Hopf
r1

A=io"

bifurcationat 7, =7, .

4. Numerical simulation
In order to verify the accuracy of the previous theory,the numerical simulation of the system (2.2) is
carried out by using Matlab software
a=01,=02,
rn=Lla,=02a;=1
7, =1a,=0.8a, =1,

=la, =024a, =054a,; =1
Then get the system

%, (t)=0.1x ()1 - 0.2%,(t — 7, )= X, (t — 7, )]+ 0.2, (t — 7,)
%, (t) = 0.1%, (t L - 0.8%, (t — 7, )— X, (t — 7, )]+ 0.2, (t —7, ) (4.1
X, (t) = 0.1%, (t -1+ 0.2%,(t — 7, )+ 0.5%, (t — 7, ) — X5 (t — 7, )]+ 0.2%,(t — 7, )

10 10 19)

Easy to verify condition (Hl) was established, then a positive equilibrium point E ( 3’ of system

(4.1) can be obtained.
When 7, =0,7,>0, can calculate @ ~1.014, 7, ~7.8045.By lemma 3.1, know whenz,<7, ~
7.8045, the positive equilibrium E, of system (4.1) is asymptotic stability,when 7, >7, =~ 7.8045,the

positive equilibrium E, of system (4.1) is unstable, and Hopf bifurcation occurs at 7, = 7,, -Specific image
shown in figure 4.1 and figure 4.2.
Now fixed 7, =5, can be calculated @" ~0.2900, 7, ~2.825.By theorem 3.2, know when 7, <7, ~

2.825.The positive equilibrium E, of system (4.1) is asymptotic stability, when 7, >7, ~ 2.825, the positive

equilibrium E, of system (4.1) is unstable, when 7, = 7, ~ 2.825, system (4.1) occurs Hopf
bifurcation.Specific image shown in figure 4.3 and figure 4.4.
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Figure 4.1 the positive equilibrium E; at 7, =6.8 <7, ~7.8045 is local asymptotic stability.
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Figure 4.2 the positive equilibrium E,at 7, =10.8>7, ~7.0845 is unstable.
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Figure 4.3 the positive equilibrium E, at 7, =1.2<7;, ~2.825and 7, =5 is local asymptotic stability.

8r 2
6
<, Z, 15}
x x
4 I
2 k - - 1 - . L
0 500 1000 1500 0 500 1000 1500
time t time t
3 "
10
2.5
2
3
1.5 3
1.5~ - : ' 2
0 500 1000 1500 x2(t) 11 x3(t)
time t

Figure 4.4 the positive equilibrium E, at 7, =3.2>7, ~2.825and 7, =5 is unstable.

5. Conclusion

JIC email for contribution: editor@jic.org.uk



Journal of Information and Computing Science, Vol. 10(2015) No. 4, pp 311-320 319

Control is closely related to the continuous survival of the population, after adjusting the
parameters and the state feedback control, the unstable equilibrium points in the controlled system
(4.1) become asymptotic state equilibrium points. The number of predator and prey eventually
stabilized to a normal state, can coexist, never extinction. The numerical simulations verify the
correctness of the theory, It has a certain ecological significance, which provides a theoretical basis
for the sustainable survival of the species in nature. Can not only consider the state feedback control,
but also can consider to adjust parameters, for actual control according to the specific circumstances
of adjustment. The numerical simulation can find the location of the control strategy can be very
good change bifurcation points, so as the bifurcation control provides a very practical method.

Just the parameters considered a;are constant, The system parameters are not related to the
variables; The time delay in the model is constant, which can be considered in the future.
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