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Abstract. In this paper we study some growth properties of iterated entire functions which improve some
earlier results.
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1. Introduction

Let 7(z) and g(z) be two transcendental entire functions defined in the open complex plane C. It is

T, 100) _ o ang fim_ 11 T09) _
T(r, f) T(r.9)

After this Singh [12], Lahiri [8], Song and Yang [14], Singh and Baloria [13], Lahiri and Sharma [9]
and Datta and Biswas [3], [4] proved different results on comparative growth property of composite entire
functions.

In this paper, we investigate the comparative growth of iterated entire functions in terms of its (p,q)-th
order which is the generalization of previous results. We do not explain the standard notations and
definitions of the theory of entire functions as those are available in [5], [15] and [16].

The following definitions are well known.

Definition 1.1. The orde p; and lower order A, of a meromorphic function f(z) is defined as

well known [1], {[15], p-67, Th-1.46} that lim

P = Iimsupr%M and A, = Iiminfr%w.
logr logr
If f(z) isentire then
loglogM (r, f) loglogM(r, f)

and A; =liminf__
logr logr

Notation 1.2. [11] lo§' x=x,ex{¥ x=x and for positive integer m, log'™ x = log(log™ ™ x),
exp!™ x = exp(exp™™ x).

Definition 1.3. [6] The (p,q) -th order p, (p,q) and lower (p,q) -th order A, (p,q) of a meromorphic
function f(z) is define as

pf = IimsupraOo

log?* T (r, f)

log?* ™ T(r, f)
log™ r '

and A, (p,q)=liminf,_
log™™ r

pf (piq) = Ilm Supr—>oo

If f(z) isentire then
logt™ M (r, f)
|Og[q] r
where p > (. Clearly p(2,1) = p;and 4, (2,1) = 4;.
According to Lahiri and Banerjee [7] if f(z) and g(z) are entire functions then the iteration of f(z)
with respect to g(z) is defined as follows:

logt™" M (r, f)

and A, (p,q) =liminf,
log'™ r

p:(p,q) =limsup,
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4 Ratan Kumar Dutta : On the Growth Estimate of Iterated Entire Functions

f1(2)=1(2)
f,(2) = 1(9(2)) = 1(9,(2))
f3(z) = 1(a(f(2)) = 1(9.(2)) = f(9(1.(2)))

f(2)=FT(g(f i (f(z) or g(2)) ..covvvvvennnn. )

accordingasnisodd or even,
and so

9,(2)=9(2)

9,(2) = 9(f(2)) = 9(f.(2))

95(2) = 9(f(9(2))) = 9(f,(2)) = 9(f (9,(2)))
9.(2) =9(f,,(2))=09(f(9,,(2))).

Clearly all f (z) and g, (z)are entire functions.

2. Lemmas

In this section we present some lemmas which will be needed in the sequel.
Lemma 2.1. [5] Let f(z) be an entire function. For 0 <r < R < o0, we have
R+r
R-r
Lemma2.2. [1] If f(z) and g(z) are any two entire functions, for all sufficiently large values of r,
M(%M(g,g]—l g(0) |, f]ﬁ M(r, fog) < M(M(r, ), f).
Lemma 2.3. [10] Let f(z) and g(z)be two entire functions. Then we have

T(r, fog)z%|ogM(%MG,gj+0(1), fj.

Lemma 2.4. Let f(z) and g(z)be two entire functions of non- zero finite (p,g)-th order p,(p,q)

T(r,f)<log"M(r, )<

T(R, f).

and p, (p,q) respectively, then forany & >0 and p>(,
[a] :
logf™ P24 M (r, £ ) < (p: (p,0) +&)log"* M (r,g) +O(1) when n iseven,

" oy (p,a) + &) log™ M (r, ) +0(1) when n isodd

for all sufficiently large values of r.

Proof. First suppose that n is even. Then from second part of Lemma 2.2 and Definition of (p,q)-th order, it
follows that for all sufficiently large values of r,

M(r, f)<M(M(r,g,,), f)
ie, log"'M(r, f ) <log™ MM (r,g,,), f)
<(p;(p.q)+&)log M(r, g, )
So, log®** M (r, f.) <log! ™ M(r,g(f,,))+0()

ie, log®®* " M(r, f)<logM(r,g(f,,))+0().
Taking repeated logarithms p-1 times, we get
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log* M (r, f ) <log®™ M(M(r, f._,),g) +O()
<(py(p,a)+&)log" M(r, f,_,) +O(1).
ie, log®" I M(r, f ) <log™"" M(r, f _,)+0()
ie., log®"* 2 M (r, f )<logM(r, f._,)+O(0).
Again taking repeated logarithms p-1 times, we get
log®** I M(r, f,) < (p; (p,q) +&)log™ M(r, g, 5) + O(D).
Finally, after taking repeated logarithms (n-4)p times more, we have for all sufficiently large values of r,
log™P AU M (r, f,) < (o, (p, ) + £)log" M (r, g) + O(1).
Similarly if n is odd then for all sufficiently large values of r,
logi™ P29 M (r, £,) < (0, (p,q) + &) log™™ M (r, ) +0O().
This proves the lemma.

Lemma 2.5. Let f(z) and g(z) be two entire functions of non -zero finite lower (p,q)-th order
A¢(p,q)and A, (p,q) respectively, then for any 0 <& <min{4; (p,q), 4,(p,q)}and p>q,

(A; (p,q) — &) log'*! M(#,g}oa) when n iseven,

log{™9P--20 \ (r, f ) >
(4,(p,q) — &) log'® M(# fJ+O(1) when n isodd

for all sufficiently large values of r.
Proof. First suppose that n is even. Then from first part of Lemma 2.2 and using the Definition 1.3, we have
for all sufficiently large values of r and for any 0 <& <min{4;(p,q), 4,(p,d)},

M (r' fn) = M (r, f(gn—l))

1 r
2 M(gM[E! gn—lj_l gn—l(o) |’ fJ

1 r
>M|=M|~.qg . |f
(16 (2 g“j j

[p] B | 1 ("
log"* M (r, f,) = (4; (p,q) —¢)log {16M[219Hﬂ

e, log®™ M(r, f.)> (4, (p,q) - ) Iog[q][M (% gnlﬂ +0()

ie. log™ I M(r, f.) > logi™d M G g(fnz)j+0(l)

r

ie, log?"* I M(r, f ) >log M(%M(Z_Z’

fn—2 j’ gj + O(l)

Taking repeated logarithms p-1 times, we get
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log®* I M (r, f.) > log'”! M(%Mtz% fn_zj, 9J+O(1)

> (24(p,g) - &) log™” (% M (ZLZ foa D +0(@)

ie., log2 = M(r, f.)>logM (ZLZ fn_2j+ o).
Again taking repeated logarithms p-1 times, we get

log®* I M (r, f,) 2 (4, (p,0) — &) log"" {% M (2—2 gn_sﬂ +0(@)

> (¢ (p, @) &) log™” M(Z—rg gn—3)+o(1)'

Finally, after taking repeated logarithms (n-4)p times more, we have for all sufficiently large values of r,

log!®™ P29 M (r, f,) > (1, (p,q) — &) log™ [% M (2:_1 , gﬂ +0(1)

ie., log!™ P23 M (r £ )> (4, (p,q) &) log'® M (2:_1 , gj +0().

Similarly if n is odd then for all sufficiently large values of r,

ie., logl™ P29 M(r, f) > (A, (p,q) &) log'® M (% f)+0(1).

This proves the lemma.

Lemma 2.6. Let f(z) and g(z) be two non- constant entire functions, such that 0 < p, (p,q) <
and0 < p, (p,q) < oo. Then for all sufficiently large r and & > Qand for p>(q,

(p; (p,q) +&)log! " M (r,g) +O() when n iseven,

(P, (P a)+&)log M (r, £)+0(1) when n isodd.
The lemma follows from Lemma 2.1 and Lemma 2.4.

|og[(n—l)p—(n—2)q—l] M (r1 fn) <{

Lemma 2.7. Let f(z) and g(z) be two entire functions such that that 0< A, (p,q) <o
and0 < 4, (p,q) <oo. Thenforany ¢ (0 <& <min{4;(p,q), 4,(p,q)})and p>q,

(4 (p,q) — &) log™"! M(%,gj+0(l) when n iseven,
logl"-DP-(-2aUT (f § ) > 4
(44(p,0) —¢) log™™ M(# fJ+O(1) when n isodd

for all sufficiently large values of r.

Proof. To prove this lemma we first suppose that n is even. Then from Lemma 2.1and Lemma 2.3 we get for
any ¢ (0<e <min{,;(p,q), 4,(p,q)}) and for all sufficiently large values of r,
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T(r,f)=T(r, 1(9,.))
1 1 (r
zglogM[éM(Z,gn_lj+O(l), f]
. 1og” AT (r, ) > log!™ M(%MG, gnlj+0(1), fj+0(1)
> (A (p,9) - &) Iog[‘”E M G 9n1j+0(1)} +0(1)
2(if(p,q)—e)log[‘“BM[i,gn_lﬂw(l)
> (A, (p,0) — &) log™ MG, gn_1j+0(1)
> (4, (p,q) — &) log" ”T( gn_1j+0(1)
> (A, (p,q)—g)log[q”FIogMGM( ' , }+O(1) gH+O(1)
3 g8 (42 fo-a
ie. 1og” T(r, ) > log®™ M[%Mb—:, fn_2j+0(1),gj+0(l)
ie., log® I T(r, f.)> |og|v|(%|v|(4r2, N 2j+0(1) gj+0(1)
ie., log?" T (r, f.) > log! M(%M(ﬂ; f 2)+0(1) gj+0(l)
> (2,(p,0) ~£) '°QMEM(4L2’ fn_zj+0(1)}+oa)
> (ﬂg(p,q)—g)log[‘”{ (42 o zﬂ+0(1)-

e, log®" T (r, f)> (4, (p,q)—&)log™” M( = 2J+O(1).

Iog[(n—l)p—(n—Z)Q—l]T(r =>4, (p,q)—¢) |og[q] M(4" — ,gj+o(1) when n iseven,

Similarly,
logl"-VP-(-2a-U T f.)=(4,(p,q)—¢) log'™ M (4:_1  f

j+0(1) when n isodd.

This proves the lemma.

3. Theorems
Theorem 3.1. Let a, b, ¢, d, p, g, m and n be eight positive integers withp>¢g,m>n,a>b,c>dandf, g, h
and k are four transcendental entire functions, such that 0 < 4, (a,b), 4, (c,d) <o and
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8 Ratan Kumar Dutta : On the Growth Estimate of Iterated Entire Functions

0<p;(p,9), py(P,q) <oo.Thenfor p,(m,n) <A, (c,d) andi, jare even, also p;(m,n) <4, (c,d)
and i, j are odd,
Iog [(i-Da-(j-2)b-1] T (exp[d_l] r h )

logl- VP~ (24T (p f.)
logti-a-(-2020 T (gyld-1l h,)
|Og[(i—1)(p—q)+m—2] T (r, fi)

logl D@ D+e21 T (gypld .
log 0P~ -290 T (p ) -
logl D@ D+e21 T (gxpl¢ .
log D02 T ()
where f.(z2) = f(Q(f .o (f(2) or g(2)) .cvevvvevennnns )) according as i is odd or even and
h;(z) =h(k(h....ccooovein. (h(z) or kK(2)) .covvvvereennnns )) according as j is odd or even.
Proof. From Lemma 2.6 we have for all large r and & > 0,

@i lim, =o If g>2mandb<cg;

(i) lim, =o if g<mandb<c;

(iii) lim o if g>mandb>c;

(iv) lim,

=o if g<mandb>c;

[a] i
|Og[(i71)pf(i72)qfl] M(r, f,) < (ps (p.a) +£)log = M(r, ) + O(1) when 1 iseven (3.1)
(P, (p.0) + &) log™ M (r, f) +O(1) when i isodd.
Case - I. If g = m then we have for all sufficiently large values of r,
log"! M (r, g) < log"™™ M(r, g)
<exp[(p, (M, n) +&)log™ r] (3.2)

<exp[(o,(m,n) +¢&)logr]
< p(Pa(mmee).

If i is even then from (3.1) and (3.2) it follows for all large r and & > 0,

log PRI M (r, £) < (py (p.@) + £)r ™" +0(1). (33)
Similarly for odd i,

log"* DP9 M (r, ) < (p, (p,q) +&)r "™ + 0(). (3.4)
Case - 1. If g < m then we have for all sufficiently large values of r,

log'™ M (r, g) < exp™“log™ M (r, g)

<exp™ I [(p, (m,n)+&)log r] (3.5)
<exp™ I [(p, (m,n) +¢&)logr]

i.e.’ Iog[q] M (I’, g) < eXp[m—q—l] lr(pg(m,n)+g) J
When i is even then from (3.1) and (3.5), it follows for all large r and & > 0,

log! P DT (1, £) < (py (p,0) + &) exp™ I L O(1)
i.e., loglVP-0-2a T (p ) <expm a2 pemM) 4 o) (3.6)
i.e., logli-bp-2arm-a-2lp(p fy <™V 4 1)

i.e., logld-De-am2T (p £y <M 4 o),
Similarly for odd i,
logl@-DP-am21 (p § ) < pler™W 4 (), (3.7)
Also from Lemma 2.7 we have for all sufficiently large values of r and
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O<e<é = min{%(ik (c,d) - p, (m,n)), %(&h (c,d) - p, (m, n))}

[d-1]
(4, (a,b) — &) log"' M (% , kJ +0(1) when j iseven,
[(i-D)a~(j-2)b-1] [d-1] 4
log T(exp“~r,h;) > (3.8)

[d-1]
(4, (a,b) — &) log™ M (% hJ+0(1) when j isodd.

n-1

Case - I11. If b < ¢ then we have for all sufficiently large values of r and arbitrary small £(0 < & < g') ,

(1] [d-1]

[d-1]
> exp[”][(zk (c.d)-¢) Iog[‘”(exzn—_lrﬂ (39)
> exp®®[(4, (c,d) — &) logr]+0(Q)
> exple?H p D) L o),
Therefore from (3.8), (3.9) and even j, it follows for all large rand (0 <& < &),
Iog[(j—l)a—(j—Z)b—l] T(exp [d-1] r, hj) > (;Lh (a,b) —&)exp [e-b-1] - (Ac(e.d)-2) 0(). (3.10)
Similarly for odd i,
logti D200 T (expldl r h ) > (4, (a,b) — &) exp™ > r D= 1 O(1). (3.11)

Case - IV. If b >c then we have for all sufficiently large values of r and arbitrary small £(0 < & < g') ,

[d-1] [d-1]
log™ M (exz—r , kJ > log® T log™' M [M , kj

n-1 4n—1

[d-1]
> logt ! {(/”tk (c,d)~&)log" (exz—lrﬂ

> log®[(4, (c,d) — ) log r]+O(1)
> Jogf-e p((eD=9) | (1), (3.12)
Therefore when j is even then from (3.8) and (3.12), it follows for all large r and £(0 < & < g') ,
logld=D2-G=224 T (expld™ r h ) > (4, (a,b) — &) log?®*H r %D L O(1)
ie., loglaU=2bIT (expld™ ¢ h.) > Joglt~c+8 pA(ed=a) L (1)
i.e., logltDa-(mbbee2 T (expld ™ p h ) > r A9 4 o (1)
i.e., loglDED 2T (expldr h) > r%C9= L o). (3.13)
Similarly for odd j,
loglU D@ 2T (explH r b, ) > r* @D 1 O(1) (3.14)
Now combining (3.3) of Case | and (3.10) of Case I11 it follows for all sufficiently large values of r that
log\ 2 U= T (expl®™ r, h)) S (A, (a,b) — &) exple™H r D) 1 O(1)
logit-DP-(-29-10 T (¢ f,) - (0, (p,q) +g)r(pg(m,n)+a) +0Q) :
Since p, (M, n) +¢& <4, (c,d)— & sowe have
logliD2-G-200 T (eypld ¢y )
r—w |Og[(i—l)P—(i—2)q—1] T(I’, fi)

lim
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10 Ratan Kumar Dutta : On the Growth Estimate of Iterated Entire Functions

Similarly from (3.4) and (3.11) we have for p, (m,n)+¢& <4, (c,d)—¢
log!t-Da-(i-20-1 T (gxpld-1 ¢ h
r—o logl 0P -De-T T (r £ -

This is the first part of the theorem.
Again combining (3.6) of Case Il and (3.10) of Case Il it follows for all sufficiently large values of r that

|og [(i-1)a-(j-2)b-1] T (exp[dfl] r’ h ) ) . (ﬁvh (a’ b) _ 8) eXp[cfbfl] r(ﬂk (c,d)-¢) + O(l)
logt@DP-0m2 T (p f = r (o™ (g '
Since p,(m,n) +& <4, (c,d) — & so we have
[(i-Da—(j-2)b-1] [d-1]

logt/a T(exp“r,h;)
F— Iog [(-D)(p—g)+m-2] T (r, f ) -
Similarly from (3.7) and (3.11) we have for p, (m,n)+¢ <4, (c,d) —¢,

logta-U=20 T (gxpld-1l 1y )
e logl@DP-0 2T (r £y

This proved the second part of the theorem.
Now combining (3.3) of Case | and (3.13) of Case IV it follows for all sufficiently large values of r,

Iog[(j_l)(a_b)+c_2] T (exp[d_l] r’ h i ) r (ﬂk (c,d)-¢) + 0(1)
_ - > .
|Og[(|—l)P—(|—2)q—1] M (r1 fl) (pf (p’q) +g)r(l7g(mvn)+€) +O(l)

Since p,(M,n) +& <4, (c,d) — & so we have

Iog [(i-1)(a-b)+c-2] T (exp[d_l] r h i )
> log™ P-4\ (r § ) -
Similarly from (3.4) and (3.14) we have for p, (m,n)+¢ <4, (c,d)—¢

Iog [(i-D(a-b)+c-2] T (exp[d’l] r h i )
o logl 0P (-2 M (r, £ -

This is the third part of the theorem.
Again combining (3.6) of Case Il and (3.13) of Case IV it follows for all sufficiently large values of r,

loglU-D@D+e21 T (gypl¢ h,) _ rted-o o)
log D02 (p ) = pamm) o() '
Since p,(M,n) +& <4, (c,d) — & so we have
Iog [(i-1)(a-b)+c-2] T (exp[d -1] r, h . )
r—e |Og[(i—l)(p—q)+m—2] T(r, ) a
Similarly from (3.7) and (3.14) we have for p, (m,n)+¢ <4, (c,d)—¢
Iog [(i-1)(a-b)+c-2] T (exp[d -1] r' h . )

r—e |og[(ifl)(pfq)anZ]-|-(r f_)
This proved the fourth part of the theorem.
Remark 3.2. The conditions 4, (@b), 4,(c,d)>0 and  p;(p,d), py(P,q) <oo also

lim

lim

lim

lim

lim

lim

lim

py(M,n) <4, (c,d) are necessary for Theorem 3.1, which are shown by the following examples.

Example 3.3. Letf=g=h=expzand k=exp(z®). Alsoleta=3;p=m=c=2=jandq=n=b=d=
1.
Then p;(2,1) =1, p,(2,)=1<2=2,(2,1) and 4, (3,1) =0.

Now f, =exp™ z foralliand h, =exp!”(z?).
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Therefore
3T(2r, f)>logM(r, f)=exp™r

ie, T(r,f)> %exp“‘” r
and  T(r,h,) <logM(r,h,) = log(exp™ (r?)) = exp(r?).
Therefore

log™ T (r,h,) - log' exp(r?) _ Alogr

] < < —>0#0 asr —oo.
log"™ T (r, f,) log!- {l fi-1] r} r+0(1)

—ex
3p 2

Example 3.4. Letf=h=k=expzandg=expz?.Alsoletp=m=a=c=2=iandq=n=b=d=1.
Then p;(2,1) =1 p,(2,))=2>1=4,(2,1) and 4,(2,1) =1.
Now f, =exp!?(z*) and h; =exp!! z forall j.
Therefor
3r(2r, f,)>logM(r, f,) =exp(r?)
: 1 r?
e, T(r,f,)>=-exp—
(r. f;) 3P

and  T(r,h.))<logM(r,h;) =logexp' r) =expt™r.
Therefore

log" ¥ T(r,h. [i-1] gypli-1l
g (r.h;) _ log"™expt"™r _ 4r

o < =< —0#0 asr — oo,
log™' T (r, f,) Iog{l r} r2 +0(l)

3 P 4
If we consider i = 3 then f, =exp™(expz)®and p,(2,1)=1=24,(2,1)

Therefore
log" ™ T (r,h,) _ log"™expty

r
< <
log® T (r, f,) [2{1 [ rjz} r+0()
log éexp expE

Example 3.5. Let f =exp'®? z, g=h=expzand k=exp(z?). Alsoletp=m=a=c=2=jandq=n=b
=d=1.
Then p;(2,1) =, p,(2,)) =1<2=4(2,1) and 4,(2,1) =1.

Now f; =exp®'? z forall even i and h, = exp™™(z?).

—1l#w asr - o,

Therefore
EY
3727, £) > log M(r, £) = exp 1
2y
ie., I(r, f,) > leXp 2 " L
3 2
and  T(r,h,) <logM(r,h,) = log(exp™ (r?)) = exp(r?).
Therefore
2 2
logT(r,h,) < log(exp(r<)) < | r 0 %00 85T — o0,

log"™MT(r,f) . EN - i
g (r, f) log! Ll),exp[Z 1] ;} exp[z];+0(1)
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12 Ratan Kumar Dutta : On the Growth Estimate of Iterated Entire Functions

Theorem 3.6. Let f, g be two entire functions such that 0 <A, (p,q) < p; (p,q) < and

0<4,(p,9) < p,(p,q) <o and 4,(m,n) >0 where p, g, m, n are positive integer with p > g and m > n.

Then for any positive integer |,

log™™* M (exp™r, f)
Iog[(i_l) p—(i-2)q] M (exp[n_l] r’ i
log™™* M (exp™r, f)
Iog[(l_l) p—(i-2)q] M (exp[n_l] r, f|)
logt**™ M (exp™Mr, )
log[@-DP=(-21 \ (expt™ I r, f)
logt* "I M (exp! r, f)
log[(-2P=(-231 \p (expt™ f)
logt* "I M (exp™ r, f)
Iog[(l_l) p—(i-2)q] M (exp[n_l] r’ f|)
log'*~ " M (exp™'r, f)
logt"™ M (exp™ r, )
Iog[(ifl)(p’q)er’l] M (exp[n’l] r f)
'
logt* """ M (exp™Mr, 1)
Proof. From Lemma 2.5 we have for sufficiently large values of r and

O<e<e = min{%(ik (c.d) - p, (. ), %(zh (c.d)—p, (m, n))}

(i) lim,_, = if l<g<m;

(ii) limsup,

(iii) limsup, .

@iv) lim =oo iIf g<mandq<l;

(v) limsup, .,

(vi) limsup,

(vii) lim, = if g>mand g1,

(viii) lim, =o ifl>qg>m.

exp"Hr

Iog[(i’]-) p—(i-2)q] M (exp[nfl] r1 f|) 2
exp" U r

Case-1. Let g < m then for sufficiently large values of r,

(1] [n-1]
log¥ M (exgn__lr gJ > expl™ {(,19 (m,n) — &) log™ (exgn__lrﬂ

> expl™ (4, (m,n) — &) log r]+ O (1)
> exp[™ 4 MM L o),
When i is even then from (3.15) and (3.16) we have for all large values of rand £(0 < & < g')
logld-0P-0-2a M (exp™ ¢, £.) > (A, (p,q) —&)exp™ a8 %™V L o),
Similarly for odd i,
log@ VP29 M (exp" I r, f,) > (4, (p,q) — &) exp™ T r ™V o).
Case-I1. Let g > m then for sufficiently large values of r,
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) > A¢ (P, )4, (m,n) if 1 <g=m andeveni;

> 4,(p,a)4; (m,n) if I<gq=mandoddi;

> 2, (p,a)4,(m,n) if I >q=m and eveni;

> 2,(p,q)A; (m,n) if I >q=m andoddi;

(A, (p,q) — &) log'¥ M[T,ngrO(l) when i iseven,

(44 (p,0) —¢) log™™ M[T, fj+0(1) when i isodd.

(3.15)

(3.16)

(3.17)

(3.18)
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[n-1]

log'™ M (—exgn_l - g) > Jogla™H ¢ B M=) 1 o). (3.19)

When i is even then from (3.15) and (3.19) we have for all large values of rand £(0 < ¢ < g')
logl@-0P--2a1 M (exp"™ r, £.) > (A, (p,q) — &) logle™ 8 %™V L o(1)
i.e., loglP=(-2¢11 M (expl" ™ ¢, f.) > logla™2 r (™M) L (1)
i.e., logliDE-mU p (@t f)> %™ 4 o), (3.20)
Similarly for odd i,
logld-Ve-am-1 \ (expt™ W r £) > rH (™= L o). (3.21)
Again from the Definitions 3.1 we get for all large values of r,
log'™™ M (exp"'r, f) < (p, (p.q) + &) log'*! (exp['] r)+ o).
Case-I11. If g >1 then for all sufficiently large values of r
log™ M (exp™ r, f) < (o, (p,q) + &) log™ (exp['] r)
<(p¢(p,a)+e&)r
ie., log" I M(expr, f)<logr+0O(). (3.22)
Case-1V. If g < I then for all sufficiently large values of r
log™ M (exp™ r, f) < (o, (p,q) +&)exp!" ¥ r
ie., log" M (exp™r, f) <exp' " r+0(@)
ie., log* " M(exp' r, f)<logr+0O(). (3.23)
Now combining (3.17) of Case-l and (3.22) of Case-11l it follows for all sufficiently large values of r,
Iog[(i—l)p—(i—Z)q] M (exp[n—l] r,f.) g (A, (p,q) - &) eXp[m—q—ll pGa(mm-2) 0(Q)
log™** M (exp™r, f) logr +0(1) '

If g <mthen

[-2) p~(i-2)a] [n-1]
log M (exp™™r, f,) W
logt"™ M (exp™ r, )
Iog[(i’l) p-(i-2)q] M (exp[n’l] r1 f|) .
o logt™™ M (exp™Mr, )

This is the first part of the theorem.
If g=mand i is even then

log!@9P-E-290 M (exp™ I r, f,) S (4; (p,q) —&)(4,(Mm.n) — &) log r + O(1)
log** M (expMr, f) log r + O(1) '
Since ¢ >0 is arbitrary,

liminf,

ie, lim

logl@-DP==2a1 M (exp™H r, f,)
log"™*I M (exp"' r, f)

limsup, ., > 2 (P, Q) 4, (m,n).

Similarly for odd i;
Iog[(l_l) p_(i_z)q] M (exp[n_l] r f)
log'** M (exp™Mr, f)

limsup, . > 2, (P, q)A; (M, n).

This proves the (ii) and (iii).
Again in view of (3.17) of Case-1 and (3.23) of Case-1V it follows for all sufficiently large values of r,
log 229 M (exp" ', £;) _ (4 (P.q) — &)exp™ I r " + o)
logt* " M (exp™Mr, f) logr +0(1) '
Ifg<mandqg<Ithen
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[(-1) p~(i-2)q] [n-1]

log M(exp™ ™, f,) .
logt* " M (exp™r, f)

77 logtt M (exptr, )

This is the fourth part of the theorem.
Ifg=mandqg<Ilandiiseventhen

log"“ P29 M (exp" M r, £,) _ (A (P, Q) — &) (4, (M) — ) log T + O(L)
log!* " M (exp™Mr, f) logr +0(1) '
Since & > 0 is arbitrary,

liminf,_

ie, lim

Iog[(ifl) p—(i-2)q] M (exp[nfl] r, fl)

lim Sup, Iog[p7q+l+1] M (eXp['] r, f)

2 A (P, )24 (M, ).

Similarly for odd i,

Iog[(i_l) p—(i—Z)q] M (exp[n_l] r1 f)
log!***"*" M (exp™M r, 1)

limsup, ., > A4 (P,d)A; (M, N).

This proves the (v) and (vi).
Again in view of (3.20) of Case-1l and (3.22) of Case-I11I it follows for all sufficiently large values of r,

Iog[(i—l)(p—q)+m—1] M (exp[n—l] r, f|) g r(ﬂug(m,n)—g) +O(1)

lim, - | >
log!** M (exp™r, 1) logr +O(1)
[G-1)(p-g)+m-1] [n-1]
ie. liminf,,, 09—~ MEPTLE)_
log'** M (exp™Mr, f)
o log 09~ M (exp™ I p f
ie., lim o9 (exp™ 1. 1) =00

o log'*™* M (exp™'r, f)

This is the seventh part of the theorem.
Again in view of (3.20) of Case-1l and (3.23) of Case-1V it follows for all sufficiently large values of r,

log@(=a+m1 M (exp™ r, f,) N r% M=) L o)

lim, — : >
log™ "1 M (exp™' r, f) logr +O(1)
[(-2)(p-q)+m-1] [n-1]
i.e., liminf log — M(ex;l) rfi) _
logt" "' M (exp™M r, )
o log 0P+ \ oyl ¢ f.
ie, lim g (exp ) =

7 logt i M (exp™r, )

This is the last part of the theorem.
This proves the theorem.
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