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Abstract. In this article, we use the extended rational (G'/G)- expansion function method to construct
exact solutions for some nonlinear partial differential equations in mathematical physics via the (2+1)-
dimensional Wu-Zhang equations, the KdV equation, and generalized Hirota—Satsuma coupled KdV
equation in terms of the hyperbolic functions, trigonometric functions and rational function, when G
satisfies a nonlinear second order ordinary differential equation. When the parameters are taken some special
values, the solitary wave are derived from the traveling waves. This method is reliable, simple and gives
many new exact solutions.
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1. Introduction

Nonlinear partial differential equations play an important role in describing the various phenomena not
only in physics, but also in biology and chemistry, and several other fields of science and engineering. It is
one of the important jobs in the study of the nonlinear partial differential equations are searching for finding
the traveling wave solutions. There are many methods for obtaining exact solutions to nonlinear partial
differential equations such as the inverse scattering method [1], Hirota’s bilinear method [2], Backlund
transformation [3], the first integral method [4], Painlevé expansion [5], sine—cosine method [6],
homogenous balance method [7], extended trial equation method [8,9], perturbation method [10,11],
variation method [12], tanh - function method [13,14], Jacobi elliptic function expansion method [15,16],
Exp-function method [17,18] and F-expansion method [19,20] . Wang etal [21] suggested a direct method
called the (G'/G) expansion method to find the traveling wave solutions for nonlinear partial differential
equations (NPDEs) . Zayed etal [22,23] have used the (G'/G) expansion method and modified (G'/G)
expansion method to obtain more than traveling wave solutions for some nonlinear partial differential
equations. Shehata [24] have successfully obtained more traveling wave solutions for some important
NPDEs when G satisfies a linear differential equations G”" — 144G =0 . In this paper we use the extended

rational ( G'/G )- expansion function method when G satisfies a nonlinear differential equations

AGG"(£)-BGG'—EG? —CG'? =0, where A,B,C,E are real arbitrary constants to find the traveling
wave solutions for some nonlinear partial differential equations in mathematical physics namely the (2+1)-
dimensional Wu-Zhang equations, the KdV equation and the generalized Hirota—Satsuma coupled KdV
equation. We obtain some new kind of traveling wave solutions when the parameter are taking some special
values.

2. g%slglﬁption of the extended rational (G'/G) expansion function method for
S

In this part of the manuscript, the extended rational (G'/G) expansion method will be given. In order
to apply this method to nonlinear partial differential equations we consider the following steps.
Step 1. We consider the nonlinear partial differential equation, say in two independent variables X and t is
given by
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P(U,Ug, Uy, Ug, Uyy, Uyg o) =0, (1)
where U=U(X,1) is an unknown function, P is a polynomial in U=U(X,t) and its various partial

derivatives, in which the highest order derivatives and nonlinear terms are involved.
Step 2. We use the following travelling wave transformation:

u=U(d), E=x—Kkt, 2)
where k is a nonzero constant. We can rewrite Eq.(1) in the following form:
PU,UU"..)=0 3)
Step 3. We assume that the solutions of Eq. (3) can be expressed in the following form:
n a(G'(5)/G(&))
U@ = X (GG ) 4)

= [1+aG'(&,)/G(&,)]
where ;(i =0,£l,....£m) are arbitrary constants , & is nonzero constant to be determined later, m is a
positive integer and G(&) satisfies a nonlinear second order differential equation
AGG"(£)-BGG'-EG? -CG'? =0, (5)

where A, B,C, E are real nonzero constants.

Step 4. Determine the positive integer m by balancing the highest order nonlinear term(s) and the highest
order derivative in Eq (3).

Step 5. Substituting Eq. (4) into (3) along with (5), cleaning the denominator and then setting each
coefficient of (G'(£)/G(&))',i=0,£1,42,.. to be zero, yield a set of algebraic equations  for
a,(1=0,xl,..,£m), k and & .

Step 6. Solving these over-determined system of algebraic equations with the help of Maple software
package to determine @;(i =0,£1,....£m), k and «.

Step 7. The general solution of Eq. (5), takes the following cases :

(i) When B=0, B2 +4E(A—-C) >0, we obtain the hyperbolic exact solution of Eq.(5) takes the
following form:
=] A

g2(A-C) VB +4E(A-C) JBZ+4E(A-C) _|*©
_ 6
G(¢) +—| Cy cosh( A TAC &) (6)

&)+ C, sinh(

[B2 +4E(A-C)]>A 0

where C, and C, are arbitrary constants. In this case the ratio between G’'and G takes the form

JB? +4E(A-C) JB? +4E(A-C)

G_'_ B . \/Bz 1 4E(A-C) C, sinh( A &)+ C, cosh( A &) -
G 2(A-0) 2(A-C) JB? +4E(A-C) . B?+4E(A-0C)
C, cosh( A &)+ C, sinh( A &)

(i)) When B#0, B2 +4E(A—-C) <0, we obtain the trigonometric exact solution of Eq.(5) takes the
form

_ &J-BZ-4E(A-C) £/-B2 —4E(A-C)

G __ B \-B?-4EA-Cy| Crsi TG NS T N I
G 2A-C)  2AA-0O) £-B2-4E(A-C) &/-B2-4E(A-C)
C; cos( A )+ C, sin( A )
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(iii) When B 0, B? +4E(A—C)=0, we obtain the rational exact solution of Eq.(5) takes the form
G’ B C
= - 2 9)
G 2(A - C) Cl + Czé

(iv) When B=0, 4E(A-C) >0, we obtain the hyperbolic exact solution of Eq.(5) takes the following form:

.. +J4E(A-C) J4E(A-C)
G’ \/m C, s1nh(T 5)+C, cosh(zi &)

—= (10)

G 2(A-C / _ / _
( ) C, cosh(élE;iC) &+C, sinh(4E;AAC) &)

(v) When B=0, 4E(A—C) <0, we obtain the hyperbolic exact solution of Eq.(5) takes the following form:

. &J-4E(A-CO) §QI—4E(A C
' _ — C, sin( )+C, co
G'_J-4E(A-0C)] 2A o
G 2(A-C) c cos(gw_4E(A_C))+ §WI—4E(A C
2A

1

Step 8. Substituting the constants ¢;(i=0,tL....£m), k and o which obtained by solvmg the algebraic
equations in Step 5, and the general solutions of Eq.(5) in step 6 into Eq.(4) , we obtain more new exact

solutions of Eq. (1) immediately.

3. Applications of extended rational (G'/G) expansion method for NPDEs

In this section, we use the extended rational (G'/G) expansion method to find the exact solutions for
nonlinear evolution equations in mathematical physics namely the (2+1)-dimensional Wu-Zhang equations,
the KdV equation and the generalized Hirota—Satsuma coupled KdV equation which are very important in
the mathematical science and have been paid attention by many researchers in physics and engineering.

3.1. Example 1. Extended rational (G'/G)- expansion method for KdV equation
In this section , we study the exact solution of the following KdV equation:-

Up +aly — Uy + Wiy =0 (12)
where « and B are arbitrary constant. The Korteweg—de Vries equation is a nonlinear partial differential

equation arising in the study of a number of different physical systems, e.g., water waves, plasma physics, an
harmonic lattices, and elastic rods. It describes the long time evolution of small-but-finite amplitude
dispersive waves [25]. Let us assume the traveling wave solutions of Eq. (12) in the following form:

u(x,t)=U(g), &=x—kt (13)
where k is an arbitrary constant. The transformation (13) permits us to convert PDE (12) to the following
ODE :-

(x—kKU'-=puUU"+J" =0 (14)
By balancing the highest order derivative term and nonlinear term in Eq. (14), we suppose the solution of Eq.
(14) has the following form:

al(G'@J a{w@mﬂ a}(e'(é)J a{“ff[g@ﬂ
. Gég()g ) . G'(g)@ . G(¢) . (e:) .15
| Glo) G'(¥) [G'(é)j
[ H{ G($) H [G(f)J {H [G(g) G(&)
where @,,8@,,a,,a, and @, are constants to be determined later. Substituting Eq. (15) along with (5) into
Eq. (14) and cleaning the denominator and collecting all terms with the same order of (G'(&)/G(&))

together, the left hand side of Eq. (14) are converted into polynomial in (G'(£)/G(&) ). Setting each
coefficient of these polynomials to be zero , we derive a set of algebraic equations for
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a,,a,,a,,3,,a,,a, f,7,K and o. Solving the set of algebraic equations by using Maple or Mathematica ,
software package to get the following results:

Case 1.

_ —(-12y0°E? +12y0BE — jB* —8)CE + §)EA+ A’k — A’ar) _  12)E(-20E+B) _  12)E?
0= 2 BT N T
a, =a, =0,

where C,B,E,A,0,a,f and y are arbitrary constants. In this case the traveling wave solutions of the
KdV equation take the following form:

Family 1. When B0, Q= B2 + 4E(A—-C) >0, we obtain the hyperbolic exact solution of Eq.(15)
takes the following:

_ —(~12y0?E? +12y0BE - /B* - 8)CE + 8)EA+ A’k — A’ar)
pA?

U

2
12)E(-20E + B){[Bcl + sz/a]cosh(\é? £)+[BC, +C,W/Q] sinh(‘/Z? 5}

+

2
ﬂAz{[(z(A_ C) +oB)C, +6C0] Cosh(ﬁ £)+[(2(A-C)+ oB)C, + oV sinh(ﬁ 5)}

2
127E2{[(2(A— C)+0B)C; +0C,VQ] Cosh(ﬁ £)+[(2(A=C)+oB)C, + o€ VO] Smh(f 5)}
+

2
BAZ|[BC, +Cy/Q] cosh(@ £)+[BC, +C,VQ] sinh(@ &
2A 2A (17)

Family 2. When B0, Q = B2 + 4E(A—-C) < 0, we obtain the trigonometric exact solution of Eq.(15)
takes the following form

_ —(-12y0”E? +12yoBE — jB> —8)CE + 8)EA+ A’k — A’a)

U
2 ﬂAz

2
12)E(~20E + B){[BCI + czﬁlcos(\/f £)+[BC, ~C,/-0] Sin(\/z_? 4
+

2
=8 ) L [(A-C) + 0B)C, — o€, V= Q]sin( “Z‘AQ f)}

LA? {[(Z(A —~C)+0B)C, + oC, - Q]cos( A

2
127E2{[(2(A—C)+OB)C1 +oC, @]cos(ﬁ £)+[(A(A=C)+0B)C, ~oC,V-Q] Sin(\/z_? 5)}
(18)

+

2
ﬂA{[BCl +C,J-Q]cos( Q £)+[BC, —clm]sin(‘/z_f (;}

2A

Family 3. When B=0, B2 +4E(A-C)=0, we obtain the rational exact solution of Eq.(15) takes the
following form:
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_ —(—12y0%E? +12yoBE — B> —8)CE + 8)EA+ A’k — A’xx)
= T
12)E(—20E + B)[2C,(A—-C)+B(C, +C,OJ
BA[(C, +C,E)2(A-C) +0B) +2C,0(A—C)J
+127E2[(Cl +C2(§)(2(A—C)+oB)+2C2o-(A—C)]2_ (19)
BA*[2C,(A—C)+B(C, +C,HF
There are other families of exact solutions which omitted here for convenience .

U;

Case 2.

. —(—12y5%E? +12y0BE — jB? —8)CE + 8)EA+ A’k — A’ar) a, - 12(-Ec” +Bo-C+A)’y
pn’ | a

o 12(B*c + AB — CB — 3Bo°E + 2E%c” + 2CoE — 2AoE)7/, (20)
PN’

a;=a, =0

where C,B,E, A a, f,0 and y are arbitrary constants. In this case the following traveling wave solutions
of nonlinear KdV equation takes the following form:

Family 4. When B=0, Q= B2 + 4E(A—-C) >0, we obtain the hyperbolic exact solution of Eq.(15)
takes the following form:

_ —(-12y0’E* +12y0BE — jB* - 8)CE + 8)EA+ A’k — A’ar)
PN

12(B%0 + AB —CB —3Bo E + 2E%¢° + 2CoE — 2A0E)y| [BC, + C @]cosh(@§)+[BC +C \E]Smh(@g)
1 2 2A 2 1 2A

U,

ﬁA{Kz(A— C)+aB)C; + ocz@]cosh(f £)+[(2(A-C)+oB)C, + oclm]smh(f 5)}

12(-E0” +Bo~C+ Af{[(z(A—C)mB)CI + aczﬁlcosh(ffm(zm—c:) +oB)C, +oC1w/6]sinh(\2/§§)}
+

ﬂA{[BCI +C2\/§]cosh(\2/§§)+[|3c2 +C, @]Sinh(ﬁ@}
1)

Family 5. When B=0, Q=B*+4E(A-C) <0, we obtain the trigonometric traveling wave solution
of Eq.(15) takes the following form:

—(—-12y0*E* +12y0BE — B —8)CE + 8)EA+ A’k — A’)
4 I4
pA

12(B%c + AB —CB —3Bo’E + 2E%6° +2Co E —2A0 E)y| [BC, + C,/— Q]cos(~ Q§)+[BC —C,W-QJsin(> Qg)
1 2 2A 2 1 2A

Us

ﬂA{[(Z(A—C)+oB)C1 +0C,+/—Q]cos( A A

mém(z(A—C)mB)CZ —oq@]sim@f)}

12(_EO_Z +Bo—-C+ A)2 }/|:[(2(A—C)+O'B)C1 +0C2\/E]COS( 25 §)+[(2(A_C)+OB)C2 —GCIE]SIH(\/Z_?é)}
+

ﬁAz[[BCI +C,v/—Q]cos( V;/?) &) +[BC, — C,+/— Q]sin( V:\Z) 5}

(22)
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Family 6. When B=0, B2 +4E(A—C)=0, we obtain the rational exact solution of Eq.(15) takes the form:
—(-12y0°E? +12y0BE — )B* —8)CE + 8)EA+ A’k — A’a)
= ,BA2
. ~12(B*c + AB —CB -3Bo’E +2E%c® +2CoE —2AcE)y[2C,(A-C)+ B(C, + C,&)]
BA*[(C, +C,E)2(A-C)+0B)+2C,o(A-C)]
. 12(-Ec* + Ba—C + A)?*y|(C, + C,&)(2(A-C) + oB)+2C20(A—C)].
BA*[2C,(A-C)+B(C, +C,&)]

There are other families of exact solutions which omitted here for convenience .

Us

(23)

3.2. Numerical solutions for the exact solutions of the KdV equation
In this section we give some figures to illustrate some of our results which obtained in this section. To this
end , we select some special values of the parameters to show the behavior of the extended rational

(G'/G) expansion method for the KdV equation.
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Figure 1. The exact extended (G'/G) expansion solutionU, in Eq. (17) and its projection at t =0 when the
parameters take special values E=2, Cl=0.5, A=3 C=1, k=25 C2=0.75, «a=1.75
B=1, #=2.2,y=1.25 and 5 =0.25.
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Figure 2. The exact extended (G'/G) expansion solutionU, in Eq. (18) and its projection at t =0 when the
parameters take special values E=2, C1=0.5 A=1 C=3, k=25 C2=0.75 «a=1.75,
B=1, f=2.2,y=125and 0 =0.25.
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x
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Figure 3.The exact extended ( G'/G) expansion solution U, in Eq. (19) and its projection at ¢ =0 when the

parameters take special values £ =2, C1=0.5, A=3, C=1, k=25 C2=0.75, a=1.75,
B=1 f=22,y=125and 0=0.25.
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Figure 4. The exact extended ( G'/ G) ex pansion solution U, inEq. (21) and its projection at ¢ =0 when the
parameters take special values £ =2, C1=0.5, 4=3, C=1, k=225, C2=0.75, a=1.75,
B=1 =22,y=125and o=0.25.

T
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Figure 5. The exact extended ( G'/G) expansion solution Uj in Eq. (22) and its projection at # =0 whenthe

parameters take special values £ =2, C1=0.5, A=1, C=3, k=25, C2=0.75, a=1.75,
B=1 f=22,y=125and 0=0.25.
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Figure 6. The exact extended ( G'/ G) expansion solution Uy in Eq. (23) and its projection at ¢ =0 when the
parameters take special values £ =2, C1=0.5, A=3, C=1, k=25, C2=0.75, a=1.75,
B=1 =22,y=125and o=0.25.

3.3. Exam ple 2. Ex tended rational ( G'/G) expansion funct ion method for the (2+1)-
dimensional Wu-Zhang equations

In this section, we study the (2+1)-dimensional Wu-Zhang equations [26,27].
u, +uuy +wviy, +w, =0,

v tuv, +w, +w, =0, 24)

u +v

1
w, + (), +(uw)y +§(uxxx F Uy Vi +vyyy) =0.

where w is the elevation of the water, u is the surface velocity of water along %-direction, and v is the surface
velocity of water along y-direction. The explicit solutions of Eqgs. (24) are very helpful for costal and civil
engineers to apply the nonlinear water wave model in harbor and coastal design [26,27]. Let us assume the
traveling wave solutions of Egs. (24) in the following forms:

u(x, y,0)=U(5), v(x,y,0)=V(S), wlx,y,t)=W(S), &=x+y—kt, (25)
where £ is an arbitrary constant. The transformations (25) permit us to convert NPDE’s (24) to the
following NODE’s :

-kU'+UU'+VU' +W'=0,
—kV'+UV'+VV'+W'=0, (26)

—kW+UV+UW+%(U”+V”)+L=0,

where L is the integration constant. By balancing the highest order derivative terms and nonlinear terms in
Egs. (26), we suppose that Egs. (26) have the following solutions :

(SD)  afieo(2D)]
\G&H) G(&)

Um0t G'(&) G'(£) ’
[l " 0[ G(&) ﬂ [ G(&) ] o
(58) 23]
- 6 ., Lo )]
o] )
G(&) G(&)
c{(c'(:)j cz[ G'(cf)j 63[1 . C{Cg(@ﬂ 04[1 . G( g(«:)ﬂ
W a») ao) . )], ©)]

Ccy + 2 . >
G'($) G'(£) (G(é)j G'(£)
{1 ' a[ (&) H {1 ’ C’[ (&) ﬂ (&) (&)

where ag,ay,a,,bq,b1,b5,¢9,¢1,¢9,c3 and ¢, are arbitrary c onstants to be deter mined later. Su bstituting
Egs. (27) along with (5) into Egs. (26) and cleaning the denominator and collecting all terms with the same
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order of (G'(£)/G(&)) together, the left hand side of Egs. (26) are converted into polynomials in
(G'(&)/G(&)). Setting each coefficient of these polynomials to be zero , we get a set of algebraic equations
for a,,a;, a,,b,,b;,b,,cy,C;,C,,C5,C4,K,L ando . Solving these set of algebraic equations by using the
software backage such as Maple or Mathematica , we get the following results:

Casel.

a, = =260 E3AC+A+°B), a2=4_rz‘3/iE, b0—+ﬁ{ ‘/g( 2AK +2ayA+ A)—2B +4Ec |
b :i—Z\/g(—02|§;C+A+o~B)’ bz=i2‘3/——iE, , :;ng(—azE—C+A+aB)2,

c, = \/fiz [_‘/_(3A2 68, A’k +4B” + 16E26” —6a,A’ — 16BEc +3a, A’ + 3k A? + 9kA? )

+ 6kBA—12EGA + 6AB + 12a,0AE — 12koAE — 6a,BA],

¢ =;—f(—02E—C+A+oB)[ig(—Ak +aOA—A)—ZB+4Eo-:|,

C, = 2;{+£( Ak +a,A—A) - ZB+4EO{| 04:2%,

3\/_A3[ —64B°0E — 64EAB + 64CEB +192E°5°B — 18KA’B + 36 A’koE — 128E°0C +1280E° A
J6

—1280°E’ - 72A%ka,oF +36A’k’oE + 36A2a020E +36A%ka,B - 18A’k’B — 18A2a028 + T(48AkEC

—48Aa,EC +9A%a,’ —9A’k® —27A’k> —9A’k +12Aa,B> —48A’KE — 27A%ka,’ +27A%,k” + 48A%a,E
+27A%a,k —12AkB?)],

(28)
where k,a,, A, B,C,E, o are arbitrary constants. In this case the following traveling wave solutions of the
(2+1)-dimensional Wu-Zhang equations take the following form:

Family 1. When B=0, Q=B? +4E(A—C) >0, we obtain the hyperbolic exact solution of Eq.(27)
takes the following form:

2J6(-0*E-C+ A*GB{[BCI +C,VQ] cosh(% £)+[BC, +C1\/5]sinh(§ 5}
Uy =a,F

3A{[(2(A—C) +0B)C, +0C2\/§]cosh(g E)+[(2(A-C)+0B)C, +0C, \/a]sinh(g g)}

2\/EE{[(2(A—C) +0B)C, +0C, Q] cosh(g E)+[(2(A—C)+0oB)C, +0C,/Q] sinh(g 5)}

+

3'{[301 +C, \/a]cosh(@gg)ﬂBCz +C1\/5]sinh(‘/5§:|
2A 2A

\/EA{ ‘/EA( 2k+2a +1)- ZB+4E0}

Zﬁ(_azE_CJrA+OB){[BC1+C2\/5]COSh(\2/§§)+[Bcz+C1\/5]sinh(ﬁ§}

3 A{[(Z(A‘ C)+B)C; +0CyVQ] Cosh(ﬁ £)+[(2(A-C)+aB)C, +oC VO] sinh(f 5)}

F
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2\/3E|:[(2(A C)+0oB)C, + osz/a]cosh(ﬁ ) +[(A-C)+0B)C, + oClx/a]sinh(ff)}
+

3Al:[BC1 +C, x/a]cosh(g £)+[BC, +C, x/a]sinh(ffjl

W, =7 ! [iﬁ(3A2—6a A%k +4B2 +16E25% —6a, A2 —16BEc +3a 2A2+3k2A2+9kA2)
VR 0 0 0
+6KBA—12E A+ 6AB +12a  0AE —12KoAE — 6, BA]

2-02E~C+ A+ 0B+ Jo(—Ak taA- A)—3(ZB+4EU){[BC1 +02@] cosh(g§)+[BC2 +c1@ sinh(g 4

3A2 [[(Z(A—CHOB)C1 +oCZ«/5] cosh(g §)+[(2(A—C)+c;B)C2 +OC1\/5]Sinh(£ 5)}

Ja Ml
8(-02E-C+ A+ aB)Z{mcl +C, x/a]cosh(ﬁ £)+[BC, +c1\6]sinh(ﬁ g}

2
s’ {[(2(AC)+°B)C1 oGy ‘@]C"Sh(g £)+[(2(A-C)+aB)C, +oClx/5]sinh(£ 5)}

2E[6(-Ak +a,A-A)-3(2B +4Eo)[[(2(A—C)+oB)C1 +oC, x/a]cosh(g £)+[(2(A-C)+aB)C, +C VO] sinh(gé)

w? {[Bcl +Cy mlcosh(g £)+[BC, +C1x/5]sinh(§ g}

+

2

s;Ez{[(z(A—C)mB)C1 +oc2@]eosh(@§)+[(2(A—C)+oB)c +oC x/Q]sinh(\/aé)}
2A 2 1 2A

+

2
3A2 {[Bc1 +C, V0] cosh(gé)-s-[BCz +C V] sinh(f%
(29)

Family 2. When B#0, Q=B +4E(A-C) <0, we obtain the trigonometric exact solution of Eq.(27)
takes the following form:
d

Uy=2aF
3A{[(2(AC)+0‘B)C1 +0CoV— Q] cos( “2:) E)+[(2(A—C) + oB)C, — oC;/—Qsin( Uz_AQ 5)}

o

2/6(-c*E-C+ A+oB){[BC1 +Cyd=0Tcos =22 &) 4+ [BC, — ;= Q] sin( V’/S

(2A 2

2x/gEl:[(2(A—C)+oB)C1 +0Co =0T cos( =52 &) £ [(2(A=C) + oB)C, — oC; /= O sin( ”_/fl

(ZA 2

29 ) 41BC, - W= Q]sin( 2 4

+

3A [BC; +Cyv—Q]cos(
2A 2A
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Vv, _+\F3A{ —(—2Ak+2a A+ A)— 28+4Eo-}
2/6(-c2E — C+A+oB){[BC +C,/— ]cos(V §)+[BC —C,+—- ]sm(V g}
F
[(2(A—C)+oB)C, +oC,v— Qleos(™ 2 oy [(2(A=C)+oB)C, —oC,V—O ]sm(V (;)}
2\FE[[(2(A C)+oB)C, + 0C,/— ]cos(v 2 )+ [(2(A=C)+ oB)C, — oC, /= ]sm(V 5)}
i .
Al:[BC +C,vV— ]cos( §)+[BC —C, V- ]sm( 5}
wz——f 2[+£(3A2—6a A +4B? + 16E%0 —6aOA2—16BEa+3a02A2+3k2A2+9kA2)
+6kBA— 12E0A + 6AB + 12a,0AE — 12k6AE — 6a,BA]
2(-0’E - C+A+oB)[+I( Ak +a,A— A)— 3(ZB+4EU){[BC +C F]COS(F§)+ BC,-C F]sm(rf}

SA{[(Z(A C)+0oB)C, +oC,V/-Q] cos(F§)+[(2(A C)+oB)C, —oC,V-Q] Jsin(=

-0 5)}

&) +[BC, — C,+/- Q]sin(

8(-c’E-C+A+0B)?|[ {BC +C @]cos(F Fg}

E)+[(2(A-C)+ aB)C, — oC,~/- Q]sin(

3A{[(2(A C)+0B)C, + oC,V-Q] cos(f Fg)}

2E[+f( Ak +a,A— A)— 3(2B+4Eo)[[(2(A C)+0B)C, +oC F]eos( §)+[(2(A C)+0B)C, —oC,V/-Q] an(ré)
+
SA{[BC +C,V-Q] COS(F§)+ BC,-C F]sm(ﬁg}
{[(Z(A C)+aB)C, +oC ﬁ]cos(F§)+[(2(A C)+oB)C, ochm(Ff;)}
+ 2
SA{[BC +C m]cos(rg)-k BC,-C F]SIn(Fg
(30)

Family 3. When B#0, B2 +4E(A-C)=0, we obtain the rational exact solution of Eq.(27) takes the
following form:
2/6(—c2E —C + A+ oB)[2C,(A—C) + B(C, + C,&)]
3A[(C, +C,E)2(A-C) +0B)+2C,0(A—-C)]
N 2/6E[(C, +C,E)2(A—C) + oB) +2C,0(A—C)]
- 3A[2C,(A—C)+ B(C, + C,&)] )

U,=a,F

3

JeAa

_2J6(—62E—C+ A+0B)[2C,(A—C)+ B(Cy +C5 )]
3A[(C; +CrE)R(A—-C)+0B) +2Cr0(A—-0C)]

2\/_E[(C1+C2§)(2(A C)+oB)+2Cro(A— C)]
3A[2C,(A—C)+ B(C, +C,&)]

Vi =+——— l: \/_(—2Ak+2a0A+A) 2B+4Eo-:|
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W; = \/ilz [+£(3A2 689 A%k + 4B + 16E202 — 6ayA% — 16BEc +3a,2 A% + 3k2A2 + 9kA? )
+ 6kBA— 12EGA + 6AB + 12a,0AE — 12koAE — 6a,BA]
_2(—c’E-C+A+ o-B)[i J6(=Ak +ayA— A)—3(2B + 4Eo)lzc2(A—C) +B(C, +Cy)]
3A2[(C, +CrE)2(A—C) +0B) + 2C,o(A—C)] (1)

8(—2E —C + A+ 0oB)2[2C,(A—C) + B(C; +C,&J?
3A2 [(C; +CLE)R(A-C) +0B)+2C,0(A-C)

2E[+ 6(—AK +agA— A)— 3(2B+4Eo-)1(C1 +CLE)((A-C)+0B)+2C,0(A—-C)]

3A2[2C,(A—C)+ B(C; +Cy8)]
E2[(C; +C&)2(A—C)+0B) +2C,0(A— C)]
3A%[2C,(A—-C)+B(C; +CrO P
There are other families of exact are omitted here for convenience .

Case 2.
\/EA[ £(A+Ak)+4Eo- 25} al=i£(— ’E-C+A+0B),
3 6

b0=$m{i§A—4EU+2B} blziii;[—ojE—C+A+aBl

¢ - Lz(_zmzzaz —3kA? 4+ 24BoE + S8EA—4B* — 8CE),

C, = 3A2 (a E® —-2BEc’ +2ECo? —2EAc’ + B’c? —2BCo +20BA+ A> + C? —2CA),
_1 3 3 \/g 2 2 2 2 2_2 2
= [3A +6kA" + == (36A°Eko —18A°Bk ~ 18A'B + 36A'E0 — 32EA0 + 16BEA-192BE 0" +88B’Ec +

32CE’c —16BCE - 12B° +128E°c’) — 8 A’E + 22B*A—960EAB + 96E°c* A+ 8CAE].

a,=b,=c =c,=¢,=0. (32)
where A, B,C, E,K,o are arbitrary constants .

In this case the following traveling wave solutions of the (2+1)-dimensional Wu-Zhang equations take the
following form:

Family 4. When B=0, Q=B’+4E(A-C) >0, we obtain the hyperbolic exact solution of Eq.(15)
takes the following form:

U, =5 {+\/§(A+Ak)+4Ea—ZB}

+ﬁ =
2V6(-0"E-C + A+ GB){[BCI + Cz‘/a]COSh(g £)+[BC, +C, «/a]sinh(g cf}

+

3‘{[(2(’*—(3) +oB)C, + oczﬁ]cosh(gé) +[(2(A-C)+oB)C, + oClx/ﬁ]sinh(fez)}

V, =g [i\/gA4Eo+ZB}

F
J6AlT 3

2/6(-0"E~C+ A+ OB){[BCI + Cz*/a]COSh(gf) +[BC, + Clx/a]sinh(ﬁf}

+

3/{[(2(A—C) +0B)C, + osz/ﬁ]cosh(g E)+[(2(A=C)+oB)C, + oC, m]sinh(ﬁf)}

JIC email for subscription: publishing@WAU.org.uk



42 Khaled A. Gpreel et.al : Extended rational (G'/G) expansion method for nonlinear partial differential equations

W, = 3% (—24F°c* — 3kA® + 24BoF + 8EA — 4B° — 8CE)

8(c'E* - 2BEc® + 2ECo® — 2EAc® + B*c® — 2BCo + 20BA + A* + C* — 2CA)

{[501 + CZ\/EJ cosh(ﬁ &+ [BC, + C, JQJsinh (\éf &

2

3,42[[ (24 - C) + oB)C, + 052\/5] cosh(\éf E+1@U4-0)+ 0B, + GCI\/E] sinh(ﬁ &)

(33)

Family 5. When B=0, Q=B” +4E(A—C) <0, we obtain the trigonometric exact solution of Eq.(27)
takes the following form

U, = ¢3{i ?(A+ Ak)+4Eo-—ZB}

J-Q -0
A &) +[BC, —C, /- Q]sin( A 5}

276(-c*E-C + A+ aB){[BC1 +C, /- Q]cos(

N )
3A|:[(2(A—C)+OB)C1 +GC2\/E]COS( 2_52 §)+[(2(A—C)+O'B)C2 —OCIE]SIH(\/Z_? §)i|
v, :1\/%A{i‘/3€A—4Ea+2B}

V=Q &) +[BC, —C,+/—Q]sin( V-0
2A 2A

2J6(-0’E—-C+ A+ os){[Bcl +C,v—-Q]cos(
+

3{[(2(A—C) +0B)C, + oC,v—Q]cos(

.
Vz‘f £)+[(2(A-C) + 0B)C, — oC, J— Q]sin( Vz‘f 5)}

W = ! (=24F%c" = 3kA* + 24BoF + 8FA — 4B* — 8CE)

Yy

8(c'E® - 2BEG® + 26Co” — 2EAc® + B*oc® - 2BCo + 20BA + A* + C* - 2C4)

[[Bq + - Q] cogg &) +[BC, - C V- Q] sin(‘/f g]

V- Q
24

J-a 5)]

BAZl:[ (24 - €) + oB)C, + o€, - Q cos( &+ 124 -0) + oB)X, - oC - Q sin( 2

(34)
Family 6. When B # 0, B> +4E(A—C)=0, we obtain the rational exact solution of Eq.(27) takes the
following form:

U -3 3 iﬁ(A+ AK) + 4Ec - 2B | 2J6(-0”E-C+A+0B)[2C,(A-C) +B(C, +C,&)]
J6A| 3 3Al(C, +C,&)(2(A-C)+0B)+2C,0(A-C)]
VA iﬁA_4EG+2B N 2/6(=c’E —C + A+ aB)[2C,(A-C) + B(C, +C,9)]

NN 3A[(C, + C,&E)(2(A-C) +0oB) +2C,c(A-C)]

JIC email for contribution: editor@jic.org.uk



Journal of Information and Computing Science, Vol. 11(2016) No. 1, pp 030-057 43

W, =L (24> —3kA® + 24BoF +8EA-4B* —8CE)
VR

_8(c*E* —2BEc’ +2ECc’ —2EAc” + B*0” —2BCo +20BA+ A® + C* =2CA)2C,(4—C) + B(C, + C,&)]
34%[(C, + C,E)(2(A-C) + oB) +2C,0(A-C)[ '

(35)

There are other cases of exact solutions are omitted here for convenience .

3.4. Numerical solutions for the exact solutions for (2+1)-dimensional Wu-Zhang equations

In this section we give some figures to illustrate the behavior of the exact solutions which obtained in above
section To this end, we select some special values of the parameters to show the behavior of extended

rational (G'/G) - expansion method for (2+1)-dimensional Wu-Zhang equations

ol 7
gy O g
ol gy Vi
EA AR
{7

wl

ul
———— 1.00000 — 6.50000 e —
73664 [ 650001 |
1.00005
73666 [~ /
650002
1.00010 /

73668 [ , " 6.50003 [ /
| |

U,,V, and W, inEq. (29) andits projection at

Figure 7. The exact extended ( G'/G) expansion solutions
C =05, y=3, a,=1.5,

¢ = 0 when the parameters take special values 4 =3, C=1, E=2, B=1,
o =0.25.

C, =075, k=2.5 and
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Figure 8. The exact extended ( G'/ G) expansion s olutions  U/,,V, and W, in Eq. (30)andits projection at
t = O when the parameters take special values B=1, A=1, C=3, E =2, C1=0.5,

y=3, a,=15,
C2=0.75, k=2.5and o =0.25.

3 nr -
_

Figure 9. The exact extended ( G'/ G) expansion s olutions U,V and W in Eq. (31)andits projection at

t = 0 when the parameters take special values 4 =3, C=1, E=2,B=1, C1=0.5, y=3 a,=15,
C2=0.75 k=2.5and 0=0.25.
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| 244775 | /
| | /
| |
462222 324445 |
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Figure 10. The exact extended ( G'/G) expansionsolutions U,,V, and W, in Eq. (33) andits pr ojection at
t = O when the parameters take special values A=3, C=1, E=2, B=1, C1=0.5, y=3, a,=15,
C2=0.75, k=2.5and o =0.25.
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Figure 11. The exact extended ( G'/G) expansion solutions Us, Vs and W in Eq. (34) and its pro jection a t

t = O when the parameters take special values A=1, C=3, E=2, B=1, C1=0.5, y=3, a,=15,
C2=0.75, k=2.5and o =0.25.

Figure 12. The exact extended ( G'/G) expansion solutions Uy, V, and W, in Eq. (35) andits pr ojection at
t = 0 when the parameters take special values 4 =3, C=1, E=2,B=1, C1=0.5, y=3, a, = 1.5,
C2=0.75, k=2.5and o =0.25.

3.5. Example 3. Extended ( G’/ G) expansion method for generalized Hirota—Satsuma coupled
KdV equations

In th is sec tion we study t he following gen eralized Hirota—Satsuma coupled KdV equ ations by use the
extended rational (G' / G) expansion method [28].

u,— %um +3uu, —3(vw), =0
v,+v_ —3uv_ =0

w,+w_ —3uw, =0 (36)
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The Hirota-Satsuma equations are widely used as models to describe complex physical phenomena in
various fields of science, especially in fluid mechanics, solid stat physics, plasma physics. Various methods
have been used to explore different kinds of solutions of physical models described by nonlinear PDEs [29].
Let us assume the traveling wave solutions of Egs (36) in the following forms:

U(Xst) =U(§)9 V(Xat) =V(§)3 W(Xat) ZW(é:)’ 5 = X_kt (37)
where k is an arbitrary constant. Substituting (37) into Egs. (36), we have:
1

kU= JU" 430U -3V W VW) =0

-kV'+V"-3UV'=0
—kW'+W"-3UW'=0 (38)

By balancing the highest order derivative terms and nonlinear terms in Eqgs. (38), we suppose that Eqgs. (38)
own the solutions in the following:

a{em} a{em) a{m(%ﬂ a{lw(@@ﬂ
6o) , @) 6|, G(¢)
G'©) 6] [G(@j c©)
1 Z\oJ)
{M[G(é)ﬂ {HU[G@)H G($) G(&)
(o) () 4] 4e)
co) . 6 . 6], G(¢)
G'©) e[ [G@J (ijz ’
1 Z\6)
{M[G(é)ﬂ {Ha(e(\f)ﬂ G($) G(&)
C{G'@)] C{G’(é)) C{HU[G'(&)H C{M(G'@)H
co) . 6 . 6], G(¢)

+ b
6] ')\ [G'@)] [G'(&)]z
1 Z\5)
{ “’[G(cs) H {“"[e@ H G(©) G(©) (39)

where a,,a,,d,,a,,a,,0,,b,,b,,b,,b,,C,,C,,C,,C; and C, are constants to be determined later.

Substituting Egs. (39) along with (5) into Egs. (38) and cleaning the denominator and collecting all terms
with the same order of (G'(£)/G(&)) together, the left hand side of Egs. (38) are converted into

polynomials in (G'(£)/G(&) ). Setting each coefficient of these polynomials to be zero , we derive a set of
algebraic equations for a,,a,,a,,8,,a,,b,,0b,,b,,b;,b,,c,,C,,C,,C;,C,,K ando .  Solving the set of

algebraic equations by using Maple or Mathematica , software backage to get the following results:
Case 1:

U=a,+

V=Dh+

— A’k +120°E? —~12EBo — 8EA+8EC + B2
3A2
a, :%(0282 —2Bo’E —2BCo +2BoA—2AC +202CE —26°EA+C2 + A + E2c*),
A

>

a :_A—§(2E203 —3BoE +2CoE —26AE + B26 —~CB+ AB), a, =

2
_ 2E(-2Eoc +B) , a, = 2E ’ (40)
A2

(—8kbyEcA? +20b3 BEA — 40b3 E20A + 4kby BA? +12E35%b,, + 80 CE % — 12E26Bb;, +

b

blz?3(oB+A—02E—C), a;

. -E
R
3by2 A

boEB? —8AbyE? —b;B> +40byCE 25 — 20b;CBE — 72b;E %> B + 26b3B2E o + 480, E o> — 4b EA%K),
E
3A%D,

¢ = (12EBo +4A%k + 8EA—8EC —120°E? —=B?)(oB + A—o>E -C),
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2
E4 (12EoB + 4A’k + SEA—8EC —125°E% — B?).
3A%D,

where C,B,E, A o,b,,b, and K are arbitrary constants. In this case the following traveling wave solutions

of the generalized Hirota—Satsuma coupled KdV equations take the following forms:

Family 1. When B=0, Q= B? + 4E(A—-C) > 0, we obtain the hyperbolic exact solutions of Eqs.(39)

take the following forms:
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_ —A’k+126°E* —12EBo —8EA+8EC + B’

Y 3N

2(2E%0* —3BoE +2CoE —26AE + B2 —CB + AB){[BCI +C2\/5]cosh(g§)+[BC2 +Cl\/5]sinh(ﬁ§}

A? |:[(2(A—C)+O‘B)CI +0C2\/5]cosh(g &) +[(2(A-C)+oB)C, +OC1\/§]Sinh(g 5):|

2
2(6*B* ~2Bo’E —2BCo +2BoA—2AC +26°CE —20°EA+C? + A’ + E%—‘)[[BC, +cz\6]cosh(ggf)+[802 +C1\/5]sinh(g 5}
+

A{[Q(/—\—C)%—OB)CI +aC2x/5]cosh(f§)+[(2(A_C)+OB)CZ+£1@]Sinh(f§)}

2E(-2Eo+ B>{[<2(A—C>+oB)Cl +o@@cosh(£ &)+[(2(A-C)+0B)C, +0C,VQ] sinh(g 5)}

+
A {[BCI +C2x/§]cosh(£§)+[BC2 +C,4Q] sinh(g g}

2E2[[<2(A—C>+OB)01 +0C,Q] cosh(z—Jf £)+[(2(A-C)+aB)C, +aClx/5]sinh(f§)}
+

AZ{[BCI +C2x/5]cosh(g £)+[BC, +C,4/Q] sinh(g g}

by(cB + A-0’E - C){[BCI + sz@]cosh(gf) +[BC, + Clx/ﬁ]sinh(\z/ftf}
E{[(Z(A— C)+oB)C, +oC,Q] cosh(g E)+[(2(A-C) +oB)C, +oC,VQ] sinh(g 5)}
b{[(z(‘\—c) +oB)C, + oczﬁlcosh(z—ﬁé) +[(2(A=C)+ oB)C, + oClx/ﬁ]sinh(ﬁCf)}

V, =b, —

+
{[BC, +C, \/a]cosh(g &)+[BC, +C, \/ﬁ]sinh(g 5}

W, :ﬁ(—SkQEGAz +20b,BEA-40b, E oA+ 4kb,BA” +12E°5h, +8b,CE> —12E*aBh, +
3
b,EB? —8Ab,E* —b,B® +40b,CE 5 — 200,CBE - 72b,E6° B+ 26h,B>Ec + 480, E*o°* — 4b, EA’k)
2 22 2 2 \/97) . \/a)
E(12EBo +4A’k +8EA-8EC —120°E* —B?)(oB+ A-o*E —C) [BCI+C2\/§]c0sh(ﬁ§)+[BC2+C1x/5]s1nh(ﬁ§
3A4b{[(2(A—C)+aB)C] +0C2\/§]cosh(g £)+[(2(A-C)+aB)C, +aclﬁ]sinh(g§)

E*(12EoB +4A’k +8EA-8EC-126°E* - Bl){[(Z(A—CHoB)C] +0C2\/§]cosh(§ &)+[(2(A-C)+0B)C, +oC|\/§]sinh(\£§§)}

+

3A4b3{[BC1 +C2\/6]cosh(\/2? ¢)+([BC, +C1\/§]sinh(‘/2? g}

(41)

Family 2. When B=0, Q=B +4E(A—C) <0, we obtain the trigonometric exact solutions of Eqs.(39)
take the following forms:
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_ — A% +120°E? ~12EBo - 8EA+8EC + B’
B 3A

U,

22E%G" ~3BG"E +2C0E — 20AE + B0 —CB + AB)| [BC, + C,— O cos(*— 2 &)+ [BC, ~C /= Q]sin(* > g}

2A 2A

A{[(Z(A—C) +0B)C, +0C2m]cos(m &) +[(2(A-C)+0B)C, —oC,\/E]sin(\/E f)}

2A 2A

mg)ﬂacz—cl@]sm( A

2(0°B>-2Bo’E - 2BCo + 2BoA-2AC +20°CE —20°EA+C* + A® + EZ(;‘){[BQ +C,V=Q]cos( A

@5}

+

A [(2(A-C)+0B)C, +6C,v-Q]cos(

‘/f &)+[(2(A-C)+0B)C, —oc,@]sin(‘/f 5)}

‘/2? E)+[(2(A-C)+0B)C, —oC,V-Q] sin(\/z_F 5)}

m§)+[BC2—C1@]sin(m§}

2E(-2Ec + B){[(z(A—C) +0B)C, +0C,- Q] cos(
+

A’ [BC, +C,v—-Q]cos(

2A 2A

m§)+[(2(A—C)+OB)C2 —oclﬁ]sin(m 5)}

2A 2A
J-a Ja T
A &)+[BC, —C,/-Q]sin( A g}

2E2{[(2(A—C)+GB)C, +0C,- Q] cos(
+

A{[Bc1 +C,-Q]cos(

b,(cB+A-c’E —C){[BCI +C,/—Q]cos( Q £)+[BC, —clm]sin(‘/?

2A 2

]

Q -0
A &)+[(2(A-C) +0B)C, - oC, V- Q]sin( A f)}

Q -
A &)+[(2(A-C) +0B)C, - oC, V- Q]sin( A f)}

{[BCI +c2@]cos(m £)+[BC, -C, m]sin(\/? 4

2A 2
w, :é(—skmEGAZ +20b,BEA-40b,E >0A+4kb,BA> +12E5°b, +8b,CE* —12E 20Bh, +
3b,” A : :

3

E{[(Z(A—CHOB)CI +0C,-Q]cos(

b{[(z(A—C)JroB)c1 +0C, - Q] cos(
+

b,EB* —8Ab,E* —b,B’ +40b,CE’ o —20b,CBE - 72b,E* 5’ B+ 26b,B*Ec +480,E 5 — 4b, EA’K)

J-Q . N-Q
" £)+[BC, -C,v-Q]sin( " 5}

E(12EBo +4A’k +8EA-8EC-126°E* -B*)(oB+ A-0’E —(:){[Bc1 +C,V-Q]cos(
+

3A4b3{[(2(A—C)+oB)C, +0C,~-Q]cos( o &) +[(2(A-C)+B)C, —&lm]sin(mf)}

2A 2A

E’(12E0B +4A’k +8EA-8EC-1207E” - Bz){[(Z(A—C)MB)CI +0C,V-Q] COS(\/Z_P £)+[((A-C)+aB)C, - oC V-0 Sm(\/f 5)}

J-Q . N-Q
" &)+[BC, -C,v-Q]sin( " ¢

3A4b3{[BC1 +C,v-Q]cos(

(42)

Family 3. When B #0, B2 +4E(A-C)=0, we obtain the rational exact solutions of Eqs.(39) take the
forms:
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_ —A’k+120°E* - 12EBo —8EA+8EC + B?
3A?
2(2E%¢* —=3BoE +2CoE — 20AE + B20— CB + AB)[2C,(A—-C) + B(C, +C,&)]
- A*[(C, +C,&)(2(A-C) + 0B) +2C,a(A-C)]
. 2(6?B? -2B6’E —2BCo + 2BoA—2AC +20°CE —26°EA+C? + A> + E26*)[2C,(A-C)+ B(C, +C,&)[
A’[(C, +C,&)(2(A-C) +0B) +2C,a(A-C)J
, 2E(2Eo+ B)[(C, + C,&)(2(A—C) +0oB) +2C,0(A-C)]
A*[2C,(A-C)+B(C, +C,&)]
. 2E*[(C, +C,&)(2(A-C) +0B) +2C,a(A-C)[
A%[2C,(A-C)+B(C, +C,&)[ '
_, b(B+A-0’E ~C)[2C,(A-C)+B(C, +C,&)] by [(C, +C,&)(2(A-C) +0B) +2C,o(A-C)]
P E[(C,+Cé)(2(A-C)+ 6B) +2C,0(A-C)] [2C,(A-C)+B(C, +C,&)]
W, =%i4(—8kb3EoA2 +20b,BEA - 40b,E A + 4kb,BA? +12E°5>b, + 8b,CE* — 12E”6Bb, +
3
b,EB> —8Ab,E*> —b,B* +40b,CE’c — 20b,CBE — 72b,E*c’B + 26b,B’Ec + 480,E’c* — 4b EA’K)
. E(12EBo + 4A’k + 8EA—-8EC —1262E* —B?)(6B + A— 6’E —C)[2C,(A—C) + B(C, +C,&)]
3A*D,[(C, + C,E)2(A-C) +0B) +2C,0(A—-C)]
E*(12EoB + 4A’k + 8EA—S8EC —1206°E* — B?)[(C, + C,&)(2(A-C) + 0B) + 2C,o(A - C)]
- 3A%D,[2C,(A-C) + B(C, +C,&)] '

U3

(43)
There are other cases of exact solutions are omitted here for convenience .
Case 2:
— A%k +1202E2 ~12EBo — SEA + 8EC + B2 4E(-2Ec + B) 4E*
ag = > ; y=—_, ="
3A A A
by(—2Ec + B) 4E3(2Ec + B) _4E°
by =————7, G=—" 4 C=—7>
E A%b, A'b,
-2E
C, = T(8b4AE —8b,CE +12b,BoE —12b4E20'2 — b“B2 +4kA2b4 +6b0E2),
3b,"A
al=a2=b1=b2=C1=C2=0. (44)

where C,B,E, A,o,b,,b, and K are arbitrary constants. In this case the following traveling wave solutions

of the generalized Hirota—Satsuma coupled KdV equations take the following forms:

Family 4. When B#0, Q=B? +4E(A—C) >0, we obtain the hyperbolic exact solutions of Eqs.(39) take
the following forms:
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— A’k +126°E* —12EBo —8EA+8EC + B

Ye= 3A

4E(-2E0+ B>[[<2(AC>+oB>CI +o@@cosh(£ £)+[(2(A-C) +0B)C, +oC1x/5]sinh(£ é)}
.

A{[BCl +C2\/§]cosh(g§)+[5(:z +C1\/5]sinh(f§}

4E2[[(2(A_C)+OB)C' e Doy £)+AA-C)+ B +0C1\/§]sinh(\2/§‘f)}

+

A{[BCI +C2\/5]cosh(g§)+[3(;2 +C,\/5]sinh(\2/§§:|

208+ B) QA=)+ 1, + o B JoshCfE €1+ [A(A=C) - B, o Ty )|
V,=b, +

E{[BCI +C, Jﬁ]cosh(g £)+[BC, +C,V/Q] sinh(g g}

b{[(z(A— C)+aB)C, +0C, x@]cosh(g &) +[(2(A-C)+0B)C, +oC, \/a]sinh(g 5)}

—+

{[Bc1 +C,Q] cosh(@ £)+[BC, +C,J/Q] sinh(@ g}
2A 2A
—2E?

W, :W(8b4AE —8h,CE +12b,BoE —12b,E*c —b, B> +4kAh, +6b,E?)
4

4B (2cE + B){[@(A—C)MB)CI +°Cz‘/5]‘505h(g £)+[(2(A-C)+oB)C, +0C, VO] sinh(g 5)}
+

A, {[BCI *Cz‘@cosh(g £)+[BC, +C,VQ] sinh(% 5}

E{[(z(A—CHoB)C, +0C,VQ] cosh(g £)+[(2(A-C)+ aB)C, +oC, VO] sinh(g g)}

+

A4b4|:[BC1 +C2\/5]cosh(\/2? £)+[BC, +C,V/Q] sinh(gg

(45)

Family 5. When B=0, Q=B” +4E(A—C) <0, we obtain the trigonometric exact solutions of Eqs.(39)
take the following forms:

— A’k +1262E% —12EBo — 8EA + 8EC + B?
3A?

5=

&) +[(2(A-C) + 0B)C, — oC,- Q]sin(

e

&) +[(2(A-C) + 0B)C, — oC V- Q]sin(

J-a g}_

4E(-2Ec + B){[(Z(A— C)+0B)C, + oC,V-Q] cos(r

o
o]

+

&) +[BC, - C,v/-QJsin(

{[Bcl +C2\/$ cos(r

{[(2(A C)+0B)C, +oC,W-Q cos(r

+

{[BC1+C\/700S(F§)+ BC, - cf]sm(
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-0 é)}

f)*[(Z(A C)+oB)C, oCx/ism(
x/ig}

]

b, ( 2aE+B){[(2(A C)+0B)C, +oC F]cos(

£)+[BC, —C, - Q]sin(

{[BC +C F]cos(F

E)+[(2(A-C) +0B)C, —6C, /- Q]sin(
F%

2E>

W, = ﬁ(8b4AE —8h,CE +12b,BoE —12b,E*0” —b,B? +4kA’h, +6b,E?)
4

[[(2(A C)+0oB)C, +0C @]eos(F

+

{[BC +C m]cos(F £)+[BC, —C, - Q]sin(

&)+[(2(A-C)+0B)C, —aC, v~ Q]sin(

e
&)+[(2(A-C)+B)C, —oC,V-Q] QJsin(*
J-Q 5}

4E3( 2oE+B){[(2(A C)+aB)C, +0C,V-Q] cos(r Fé)}

+

£)+[BC, —C,V-Q]sin(

A'b {Bc +C FCOS(F

{[(Z(A C)+aB)C, +0C,v-Q] cos(r

-0 s‘)}

+

A'b {Bc +C FCOS(F§)+ BC, crsm(

(46)
Family 6. When B0, B2 +4E(A-C)=0, we obtain the rational exact solutions of Eqs.(39) take the
forms:
— A’k +1206%E2 —12EBo —8EA+8EC + B>
3A2
L 4E(2Eo+ B)[(C, + C,&)(2(A—C) + oB)+2C,o(A—C)]
A’[2C,(A-C)+B(C, +C,&)]
E?[(C, +C,&)2(A-C)+0oB)+2C,a(A-C)[
A’[2C,(A-C)+B(C, +C,&f
b,(—20E + B)[(C, + C,&)(2(A-C) + oB) + 2C,6(A—C)]
E[2C,(A-C)+B(C, +C,&)]
b,[(C, + C,&)2(A-C)+0B)+2C,o(A- C)]
[2C,(A-C)+B(C, +C,&)f

2
W, = 3sz (8b, AE —8b,CE +12b,BoE —12b,E%c> —b,B + 4kA’b, + 6b,E?)

4E (- 20E+B)[(C +C,&)(2(A-C)+0B)+2C,0(A-C)]
b,[2C,(A—C)+ B(C, +C,&)]
4E [(C, +C,&)(2(A-C)+0B)+2C,0(A-O)J
A*b,[2C,(A-C)+B(C, +C,5J ’

U, =

V. =b, +

47)
There are other families of exact are omitted here for convenience .

3.6. Numerical solutions of the generalized Hirota—Satsuma coupled KdV equations
In this section we give some figures to illustrate some of our results which obtained in this section. To this

end , we select some special values of the parameters to show the behavior of extended (G’/ G)
expansion method for the generalized Hirota—Satsuma coupled KdV equations.
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Figure 13.The exact extended (G’/ G) expansion solutions U,,V, and W, in Eqs.(41) and its projection at

t = O when the parameters take special values

A=3, C=1E=2,

B=1 k=25, b, =175 and o =0.25.
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Figure 14.The exact extended (G’/ G) expansion solutions U,,V, and W, in Eqs. (42) and its projection

at ¢ = 0 when the parameters take special values A=1, C=3, E =2,
C2=0.75 k=2.5, b, =1.75 and o =0.25.

Cl1=05 B=1, b,=15
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Figure 15.The exact extended ( G'/G) expansion solutions U5,V and W, in Eqgs. (43) and its projection
Cl1=0.5, b,=1.5 C2=0.75,

at ¢ = 0 when the parameters take special values A=3, C=1, E=2,
k=25, B=1b,=1.75 and o =0.25.
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Figure 16.The exact extended (G'/ G) expansion solutions U,,V, and W, in Eqgs. (45) and its projection
at £ =0 when th e parameters take special values A=3, C=1, E=2 B=1, C1=0.5 b,=1.5,

C2=0.75, k=25, b, =1.75 and o =0.25.
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Figure 17.The exact extended (G,/ G) expansion solutions U,V and W, in Eqs. (46) and its projection
at t =0 when the parameters take special values A=1, C=3, E=2, B=1, C1=0.5 b, =1.5,
C2=0.75 k=25, b, =1.75 and o =0.25.
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Figure 18. The exact extended (G'/G) expansion solutions U,V and W, in Eqgs. (47) and its projection
at t=0 when the parameters take special values A=1, C=3, E=2 B=1, Cl1=0.5 b,=1.5,
C2=0.75, k=25, b, =1.75 and o =0.25.

4. Conclusion

In this paper we use the extended (G'/ G ) expansion method to construct a series of some new
traveling wave solutions for some nonlinear partial differential equations in the mathematical physics. We
constructed the rational exact solutions in many different functions such as hyperbolic function solutions,
trigonometric function solutions and rational exact solution. The performance of this method reliable,
effective and powerful for solving the nonlinear partial differential equations.
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