ISSN 1746-7659, England, UK
Journal of Information and Computing Science
Vol. 11, No. 3, 2016, pp.163-168

. AcCADEMIC

A™ \/orid Academic Union

Numerical Treatment of Lacunary Spline Function of Fractional
Order

Faraidun K. Hamasalh !, Pshtiwan O. Muhammed?
L2Faculty of Science and Science Education
School of Science Education, Sulaimani Univ., Sulaimani, Iraq
'E-mail: faraidun.hamasalh@univsul.edu.ig.com
2E-mail: pshtiwansangawi@gmail.com
(Received January 18, 2016, accepted May 18, 2016)

Abstract. In this paper, effects of lacunary fractional derivatives and existence/ uniqueness on the fifth order
spline function in fractional order have been studied. These results use in the convergence analysis of fractional
spline polynomial method for such problems numerically. Theoretical results are illustrated with efficient of
the absolute errors by some fractional differential examples.

Keywords: caputo derivatives, spline function, convergence analysis.

1. Introduction

Fractional calculus is a field of mathematics arise in various areas of science and engineering. In the
recent past years, that grows of the traditional definitions of the integral and derivative theory, based on these
requirements, the numerical analysis has become very important of fractional differential equations (see, [ 6,
8,12, 13, 14]).

Interpolation polynomials are generalized of approximating solution of data interpolated functions and
ordinary differential equations to an arbitrary order. These approximations have attracted considerable interest
because of their ability to solving complex phenomena. In recent years the splines of fractional order have
also had a significant increasing attention of the wavelet transform [5, 10]. We refer to the recent papers of
describe properties fractional spline derivatives that make them useful in a variety of applications [7, 9, 11].

In this paper, we will extend the construction of fractional quintic spline polynomial on (faraidun&
pshtiwan [4]). We prove the existence and uniqueness of the model of spline function in Theorem 1, also prove
the convergence of the method and drive error estimates for the all derivatives gives effective for fractional
derivatives of the method. Finally, the theoretical results illustrated by some numerical examples and the
absolute errors be more efficient with good accuracy when compared to [11].

2. System description

We start the definitions of the fractional Taylor series and Caputo fractional derivative and integral:

Definition 2.1 (Sabatier and Agrawal, 2007, Michael and B. Thierry, 2000, [3, 10,] respectively) The
Caputo fractional derivative of order ¢ > 0, is defined by

1 x  f(g)
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ds forn—1<a<n,neN
D3f(x) =

n
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Definition 2.2 (Podlubny, 1999 [2])
Suppose that DX*f(x) € C[a,b] fork = 0,1,...,n + 1 where 0 < a < 1,then we have the Taylor

Series expansion about x = t,
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witha < & < x,for all x € (a,b],where DX* = D2, D2 ...D¢  (k time).
Definition 2.3 (Kincaid and Cheney, 2002 [])
The modulus of continuity of a function f continuous on a segment [a, b], f € C[a, b] is a function

w(t) = w(f,t) defined for t € [0, b — a] by the relation w(t) = w(f, t: 8)=,MaX; If(t) — £

3. Description of the method

We will construct the spline function of fifth order with fractional lacunary derivatives in equation (1) are
developed, for the difference degree polynomial with boundary conditions is appeared in (Faraidun and
Pshtiwan, 2015, Fawzy and Saxena [4, 15, 16] respectively), and S, (x)in the C5[a, b] that satisfy the
boundary conditions as follows

S(xyp) = (X Xk)Z ag + (x- Xk)Dyk t3E (X Xk)Zb + G Xk) D@y, + —(X Xk)ZCk +

(x- Xk) (3)
— D

)4
(x- xk) 2dy + & Xk D(‘”y + 945ﬁ (x-xk)ZD(z)yk +
CX ply, (1)
On the interval [xy ,Xy1] Where a, by, c,and di, k=0,1,2,3,...,n—1, are unknowns to be
determined, with the boundary continuity conditions
s (x;) = Y:Ei)r j=0,1,2,3,4,9/2,5.
Theorem 3.1: Let S(x) € C>[a, b], X € [Xk, Xiks1],K=0,1,2,3,...,n — 1, then there exists a unique
spline function with fractional order for formula (1).
Proof: From the construct formula in equation (1), can be using the continuity conditions to obtain:

105\/_

h? h3 h*
Ak = Yy41 — Y, — Dy — 7D(2)Yk - gD(?’)Yk - ﬁDM)Yk 945\/—}1 nl; )Yk +
h5
2 p®G
120D Yk (2)
h 2 . 1 4 .= 7 h=
WEFEAk—ﬁhzak‘Fﬁhbk-F 5\/_1‘1 Ck+105\/—hd , =X — Xy,
h? h3
B = Dy, ,, — Dy, —hD®y, — = D®y, —=-DWy, — 105\/_}1 2Dz )y
LG
2407V
®)
where By = \/._hz by, + \/_h c, + 15\/._}1 dy,
2 2 h? g .2 (2 h?
¢ = D )yk+1 — DS )Yk —hD®y, —=-DWy, — mth(Z)Yk — DBy, (4)
where C, = fhz tsz thk,
3 3 4 .3 (2 h2
=D, ,, — D' )Yk —hD®Wy, — mth(Z)Yk — DBy, ()
2 1
where D;, = ﬁhz dy.
Equating these equations (2) to (5) to obtain the following:
a = ﬁh 2[945A,, — 630hB,, + 168h2C; — 16h3D,], (6)
by, = ‘/—h [4513k — 30hC, + 8h2D], (7)
N
=h 7[3C, — 2hDy], (8)
1
d, = Th77D,. 9)

Lemma 3.2: Lety(x,) € C°[a, b], and the error estimate of the spline function in equation (1), for the
unknown derivatives is
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1 13Vm
I = ~olz >yk| =15120

3 7T 7
|bx — D(z)yk| < thﬂ)s(h, ),

hz ws(h,y),

5 Vs
lck — D<2>yk| < ﬁhz(ﬂs(h, ¥),

7 3
d, — 2y, | < ghiws(h, ).

Where k=0, 1, 2,...,n-1, and wg (h, y)is the Modulus continuity.
Proof: The Taylor series for y(x, ), can be expand and subtracting with value a;, we obtain

\/— 1 h5 h4
2~ DDy, | = | xpsh? [945( s as(h,y) | - 630 [ 2 wshy) |+

h? h?
167h? (F ws(h, y)> —16h° (7 ws(h, y)) |,

vV 1 13\/_ \/—

< = 1w (h,
<Tgo0" 2| go 1 @sy) | = etz sy,

3 Ve o [ n’
b = DDy, | = |ggh [45 <%w5(h, y)) —30h (? ws(h, y)) +

hz
8h? (7 ws(h, y)) l,
N

7R R

and

Similarly, using Taylor series expansion for y(x, ), with taking derivatives for equation (8) and (9), we
obtain

5 Vs
lck — D<2>yk| < ﬁhz(ﬂs(h, y),

7 v 3
|di = D2y, | < Z-h2ws(h,y).

Theorem 3.2: Let S(x) € C®[a, b], be the spline function defined in equation (1), then the error bound
with the function y(x,), as follows:

|IDMAS(x;) — D™Dy (x;)| < §neh® ™ w5 (h,y) (10)
19 (355n+128) 58 __ (10997+768) . E _ (57T+8) _ 6 —
(31+16) _ 2 _ _ 1
12\/ 84 1, ) 6; - A 85 = 1, and m—o, 1,.., 5, k—O, 1, 2 , - 1 o= E and (05(h,y)IS the Modulus
continuity.
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Proof: Assume that y(x,, ) is an arbitrary function that can be represented by Taylor expansion about the
value x = x;, , in [3], then take it the derivatives respects to definitions (2.1) and (2.2), we obtain

2 )
hlek — D2 ykl +

8
15T

vr 1 1 4 3 3
1SCx) =yl < —-h7Zla, — D@y, | + Fhub — Dy +

B3ld, — D@y, |+ g (h, y):

105\/’ 120

Using Lemma 1, we obtain

Vi1 13w 9 3 (7w 7
1S(xk) — y(xp)| S7h 2 hZ ws(h,y) +3—h2 <—h2w5(h,y)>+

8 s \/T_r 16 .7 VT
T5vm ( ws(h}’)> RN <—h2005(hY)>

1SCxi) — Y| < —=h w5 (h,y),
and take the derivative when ma = % we obtain

(3) (3) @ &, &)
’D 2/S(xx) — D\2 Y(Xk)| < |ak_DZYk|+h|bk_DZYk|+?|Ck_DZYk| +

3 7 32 h%/?
= ld, = DDy, [+ = ws(hy)
1 1 9 9/2
D@5 ~ D) y(xo)| < (71 i ws(hy) + 22— wg(h,y),
9

[D@s(x) ~ D) y(x0)| < o (355m + 128) ws(h,y)
also take the derivative when ma = 1 and using Lemma 1,we obtain

IDS(x) — Dy(x;)| < \/_Ehzlbk — D2y | +ﬁh2|ck — D2y | + hz|c, — D2y | +

5
105+
h4—
+§ (O] (h' Y);

3

IDS() — Dyl < =12 (Ehzws(h 0 )+ X sty | +

5
105V

5
IDS(xie) — Dy(xi)| < 2= h* ws(h,y),

3 5 7

Similarly, we can take the derivatives for ma = 2 2,5, 3,5, 4,%, 5, we obtain the following

|D(m“)S(Xk) _ D(m“)y(xk)l < S ™ ws(h,y)
_ (sm+8) _ Bm+ie) =2 _ i
’Sg_ s ,83_ 1,'82— 12\/1_[ ,84—1118;_\/1_[1;85 _1 ThIS

h4-
5 <£h2005(h Y)) u)5(h ¥),

__ (10997+768) 2
8; - 71\m ! 82 _-5’
completes the proof.
Lemma 3.2: Let S(x) be the spline function in equation (1), and y(x) be a unique solution of any fractional
differential equations, satisfying _lim SMD(x,) = B and im y™9 (x,) =y, then

hm |D(m“)S(Xk) — DMDy(x, )| =0.

ma—oo
Proof: From equation (1), S(x;) is the spline function of finite dimension which is tend to zero, when

take it the high derivatives, and y(x,.) has a unique solution y € C™[a, b], using (theorem 4.1, in Arvet Pedas
[7]), we have
max |D(m“)S(X ) — D(m“)y(xk)l = ||D(m“)S(Xk) - D(m“)y(xk)” -0

0<ks=n
(11)
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as ma — oo, with knots, x € [xy, Xx+11, k=0,1,2,3,...,n — 1. Therefore, by taking Maximum for
equation (10) in Theorem 2, we have for any step size h

lim [D™®S(x,) — D™Dy (x,)| = 0.

ma— oo

4. Numerical illustration

In this section, we present the results of two fractional differential examples on applying the fifth order

fractional spline method.
Problem 1: Consider the fractional differential equation form [7]

p 3 15 15
' @© + D@y +y() = DN+ 2T+ VE,y(0) = Y (0) = 0,0 < < 1
This is a Cauchy problem of the Bagley-Torvik equation, and y(t) = t2+/t.

Table 1. Maximum absolute errors for example 1

h — 1 1 "(t)—s' 3 3 "
0.1 3.3380e-09 9.7509e-08 1.4557e-06 3.1951e-05 7.9057e-04
0.01 1.0556e-16 3.0835e-14 4.6032e-12 1.0104e-09 2.5000e-07
0.001 = 3.3380e-24 9.7509e-21 1.4557e-17 3.1951e-14 7.9057e-11
Problem 2: Consider the following nonlinear differential equation see [12]
7
D*()) + D@y()) +y3(0) = °,3(0) =y @ =y"(®) =0,  y"(0) =6.

The exact solution is y (t) = 3.

Table 2. Maximum absolute errors for example 2
h — 1 1 "(t) — s’ 3 3

ly"(®) — s"(0)]

0.1 3.3380e-09 3.3502e-08 5.5238e-07 1.3722e-05 4.0000e-04
0.01 1.0556e-16 3.3502e-15 5.5238e-13 1.3722e-10 4.0000e-08
0.001 3.3380e-24 3.3502e-22 5.5238e-19 1.3722e-15 4.0000e-12

Table 3. Maximum absolute errors derivatives for example 3

! ! 14 12
OOl g si| YOOl g - | VOO
0.1 3.3380e-09 -4.2043e-10 -9.0775e-09 -3.0833e-07 -1.3053e-05
1/8 1.7795e-08 -3.1115e-09 -5.3674e-08 -1.4560e-06 -4.9194e-05
1/16 9.8306e-11 -6.1623e-12 -2.1318e-10 -1.1607e-08 -7.8821e-07
1/32 5.4307e-13 -1.2077e-14 -8.3617e-13 -9.1134e-11 -1.2392e-08
1/64 3.0001e-15 -2.3609¢e-17 -3.2696e-15 -7.1287e-13 -1.9393e-10

Table 4. Compare the method with [Zahra]

H Error in Our Error in Ref
method [Zahra]
1/8 1.7795E-08 3.65E-2
1/16 9.8306E-11 1.02E-2
1/32 5.4307E-13 2.61E-3
1/64 3.0001E-15 6.56E-4
1/128 1.6573E-17 1.63E-4

Problem 3: [11] Consider the fractional boundary value problem
y* (&) + D@y (1) +y(t) = g(¢),vx € [0, 1],
y(0) =y(1) =y"(0) =y"(1) = 0.
_ 2 7 7YY s 5174
Where, g(t) = t(840t? — 120) + ¢ (1 + —F(S_a)) t (1 + F(H)).
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The exact solution is y(t) = t>(t? — 1).
The our numerical results compare to example 1 in ref.[11], where o = 0.4, respect to the step size h,
this comparison certifies that our method gives effect accuracy.

5. Conclusion

In this paper, we used quintic fractional spline model for solving fractional differential equations
approximately. We obtain uniqueness fractional spline of class five with convergence analysis and the error
bounds of the method. Our approach depends on the accuracy with good results, when are compared to [11],
some numerical examples successfully verify the theoretical results and show that the given method is efficient.
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