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Abstract. The paper discusses the detail solution procedure of fuzzy linear systems and fully fuzzy linear
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1. Introduction

System of linear equations has so many applications in various areas of mathematical, physical and
engineering sciences. It is used to solve several problems in fluid flow, circuit analysis, heat transport,
structural mechanics etc. In most of the problems, the measurements and system's parameters are vague or
imprecise. We can handle the situation by representing the given data as the fuzzy numbers rather than crisp
numbers.

In literature, the concept of fuzzy numbers and arithmetic operations on it introduced by Zadeh [10,11].
Further standard analytical techniques to solve fuzzy linear equation and linear system were proposed by
Buckley and Qu [5,6,8,9]. Buckley [6,7] considered the solution of linear fuzzy equations using Classical
methods and Zadeh’s extension principle. Fuzzy linear systems are the linear systems whose parameters are
all or partially represented by fuzzy numbers. A general model for solving a Fuzzy linear system whose
coefficient matrix is crisp and the right-hand side column is an arbitrary fuzzy number was first proposed by
Friedman et al. [12]. They have used the parametric form of fuzzy numbers and replace the original n>n
fuzzy system by a 2n>2n crisp system. Fuzzy linear system has been studied by several authors
[1,2,4,13,14,15, 16, 17,18].

In this paper we have used another approach to solve Fuzzy Linear System and Fully Fuzzy Linear
System. Here we have solved both systems respectively by using the concept of Strong and Weak
solution .We have also developed some conditions following[12] for existence of the strong solution. Each
case has been illustrated by numerical examples along the methods.

2. Basic Concept

Definition 2.1: Fuzzy Set: Let X be a universal set. The fuzzy set A € X is defined by the set of tuples as
A={(xuz(x)): uz: X > [0,1]}.
Definition 2.2: «-cut of a fuzzy set: Let X be an universal set. Let A = {(x, uz(x))}(S X) be a fuzzy set. «
-cut of the fuzzy set A is a crisp set. It is denoted by A. It is defined as
A ={x: pz(x) > Vx € X}.

Definition 2.3: Convex fuzzy set: A fuzzy set A = {(x ,LIA(X))} C X is called convex fuzzy set if all A, are
convex sets i.e. for every element x, € A, and x, € A and for every xe [0,1]
Ax; + (1 —Ax, € A, VA €[0,1]. Otherwise the fuzzy set is called non convex fuzzy set.
Definition 2.4: Fuzzy Number: A € F(R) is called a fuzzy number where R denotes the set of whole real
numbers if
i.A is normal i.e. x, € R exists such that p7(x,) = 1.
ii.voe (0,1] A is aclosed interval.

If A is a fuzzy number then A is a convex fuzzy set and if pz(x,) = 1 then pz(x) is non decreasing for
x < xo and non increasing for x > x,.
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The membership function of a fuzzy number A (a,, a,, as, a,) is defined by
1, X € [ay,as3] # ¢
pa(x) =9 L(x) , a; = X=a
R(x) , az3<x<a,
Where L(x) denotes an increasing function and 0 < L(x) < 1 and R(x) denotes a decreasing function and
0<R(x) <1

Definition 2.5: Generalized Fuzzy Number (GFN): Generalized Fuzzy number 4 as

A = (a4, a,,a3,a,;w),
where

O<wc<l,

and aq,a,,a3,a4 (a; < a, < az < a,) are real numbers. The Generalized Fuzzy Number A is a fuzzy
subset of real line R, whose membership function p;(x) satisfies the following conditions:
1) pa(x):R-10,1]
2) ui(x) =0forx <ay
3) uz(x)is strictly increasing function for a; < x < a,
4) pz(x) =wfora, <x <az
5) wuz(x)is strictly decreasing function for a; < x < a,
6) uz(x) =0fora, <x

Fig-2.1:-Membership function of a GFN

Definition2.6: Generalized Trapezoidal Fuzzy number (GTrFN):
A Generalized Fuzzy Number 4 = (a,,a,,as,a.;w), is called a Generalized Trapezoidal Fuzzy
Number if its membership function is given by

( 0, x<a
X —a
w ) 1Sx<a,
a; — a1
ui(x) =< w, a, <x <az
Ay — X
w , az3 S x < ay
as —as
\ 0, X = ay

Fig-2.2:-Generalized Trapezoidal Fuzzy Number (GTrFN)
Here I, = a, — a4 is called left spread and 1, = a, — a5 is called right spread.

JIC email for contribution: editor@jic.org.uk



Journall Information and Computing Science, Vol. 12(2017) No. 3, pp 163-182 165

TrEN

GTrFN

Fig-2.3:Comparison between membership function of TrFN and GTrFN

Note:
1. If a, = asthen GTrFN is transformed into a Generalized Triangular Fuzzy Number(GTFN)
2. Ifw = 1then GTrFN is transformed into a Trapezoidal Fuzzy Number(TrFN)(a,, a,, as, a,) and if
again here a, = a; then TrFN is transformed into a Triangular Fuzzy Number(TFN)

Definition 2.7: Equality of two GTrFNs: Two GTrFNs 4 = (a4, ay, az, as;w;) and B = (by, by, b3, by;ws)
are equal when a; = by, a, = b,,, a3 = b;,a, = b, and w; = wy.
Definition 2.8: Let A =(a,, ay, as, a,; wy) and B =(by, by, b3, by; W) be two positive GTrFNs.
Let w = min(w,,w,) where0 <w <1
(i) The addition of two GTrFNs 4, B is another GTrFN
C =(a, + by, a; + by, as + by, a, + by; w)
(ii)  The subtraction of two GTrFNs 4, B is another GTrFN
C = (ay = by, ay — b3, a3 — by, ay — by;w)
(iii)  The multiplication of two GTrFNs is a Generalized Tripezoidal Shaped Fuzzy Number
C ~ (a1by, azby, asbs, azhy; w)
(iv) The division of two GTrFNs is a Generalized Trapezoidal Shaped Fuzzy Number
s (% %2 % Gs
~ (b4’b3’b2’b1'w)
Definition 2.9: A fuzzy number is completely determined by a pair [X, («), X, ()] of functions

X;(a), X,(a) ,0 < a < 1, which satisfy the following requirements:
1. X;(a) is a bounded monotonic increasing left continuous function over [0,1]. i.e. % [Xi(@)] >0

2.  X,(a) is a bounded monotonic decreasing left continuous function over [0,1]. i.e. ;—M [X,(@)] <O
3. Xi(a) < X,(a) Va € (0,1]

Definition 2.10: Consider the m X n linear system
a11%7 + Q12X + -+ Xy = by
A21%7 + A% + -+ Xy = b, (2.1)

Am1 X1 + QX5 + o+ A Xy = E;
where the co-efficient matrix A = (a;;), 1<i<m, 1<j<nis a crisp m X n matrix and b,, 1 < i <
m and m < n are known fuzzy numbers and X, ,1 < j < n are unknown fuzzy numbers.
Then the above system is called a Fuzzy Linear System (FLS).
Theorem-2.1: A fuzzy number vector (x7,%3, ..., %,;)T given by

Xj = <xj(a),x_j(a)>,1 <j<n,0<a<1iscalled asolution of the FLS (2.1) if

Lj=14j% = Xj=1 Q% = bi

S— . _ (2.2)
Z]-=1 aijXxj = Zj:l a;jXj = b;

If for a particular i, a;; > 0,1 < j < n, we simply get
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Yo ay% = by, X ai; X = by (2.3)
Definition 2.11: Consider the m X n linear system

@LF + A%+ + A%y = by

A1 X1 + AzXp + o+ donXn = by (2.4)

Ay X7 + X5 + -+ + G X, = by
where the co-efficient matrix 4 = (d?,) 1<i<m, 1<j<n is a fuzzy m xn matrix , b,,1 <i <
m are known fuzzy numbers and %, ,1 < j < n are unknown fuzzy numbers.
Then the above system is called a Fully Fuzzy Linear System (FFLS).
Theorem-2.2: A fuzzy number vector (¥7,%3, ..., X;)T given by
(x]-)a =xj = [xj (a),x_j(a)] ,1<s5<n0<a<1iscalled asolution of the fuzzy linear system (2.4) if

n — n —
Yjo1ayx = X ayx = b

— . — (2.5)
Yio Xy = Xjo, agx; = by
If for a particular i, a;; > 0,1 < j < n, we simply get
iy @iy = b, Y @ % = by (2:6)
3. Solution procedures
3.1. Solution method for m>n FLS
Consider the m X n FLS
1177 + @127, + 0+ Xy = by

A1 X7 + Ap%; + -+ + A%y = by (3.1.1)

A1 X1 + QX5 + 0+ A X, = B;
where the co-efficient matrix A = (a;;), 1<i<m, 1<j<nis a crisp m x n matrix and b,,1 < i <
m and m < n are known fuzzy numbers and X, ,1 < j < n are unknown fuzzy numbers.
In order to solve the above FLS (3.1.1) we must solve a (2m) x (2n) crisp linear system where the right
- —\T
hand side column is the function vector (bl, by, ...,by, by, by, ..., bm) :

Let us now rearrange the linear system so that the unknowns are x;, (—x_j),

1 <j <n, and the right hand side column is b = (ﬁ& e b, —by1, —b,, —E)T
We get the (2m) x (2n) crisp linear system
S11X1 + S12Xp + 0+ SipXy + Sin+1(—=%7)
+S1n42(=%2) + -+ Sy 2 (%) = by

Smlﬂ + szﬂ +ot Smnx_n + Sm,n+1(_x_1)
+Sm,n+2(_E) + ot Sm,Zn(_E) = b_m
Sm+1,1ﬂ + Sm+1,2ﬂ + et Sm+1,nx_n + Sm+1,n+1(_x_1)

+Sm+1,n+2(_g) + et Sm+1,2n(_ﬁ) = _bl

SZm,lﬁ + SZm,Z& + ot SZm,nx_n + SZm,n+1(_x_1)
+52m,n+2(_E) + ot SZm,Zn(_E) = _bm
where S; ; are determined as follows:
a;;20=S8;;=0a;;,Si+n; = Qi;
a;j <0=S;j4n = —0ij,Sitnj = —Q;
and any S; ; which is not determined by the above equations is zero.
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Using matrix notation we get
Sx=b (3.1.2)
where
. _N\T
S = (SL-J-), 1<i<2m,1<j<2n,x= (x1,x2, ey X, —X1, —Xg, ...,—xn)
and
[ — —\T

b= (ﬁ,b_z, s b, —b1, Dy, ..., —bm) .

Case3.1.1: when m=n then we see that S is a square matrix

i.e.
S=(Si;) 1<ij<2n
and
. - - T
X = (xl,xZ, ...,xn, —X1, X2, w1, _xn)
and

b = (by, by, ., by, —by, b3, ...,—H)T

(5 )@= (319

Theorem3.1.1: (Friedman et al 1998): The matrix S is non singular if and only if the matrices S; — S, and
S1 + S, both are nonsingular.
Proof: By adding (n + i)th row of S to its ith row for 1 < i < n we obtain
(51 S, S+, Sl+SZ) _

s=(s )= (5, 757)=m

Now we subtract the j th column of S, from its (n + j)th column for 1 < i < n we obtain
(51t S, 51+52) (51 +S, 0 ) 3
= (57 75 (8 sis) =

Clearly [S| = |My| = [Ma| = |S1 + S;11S1 — S|
Therefore |S| # 0 ifand only if |[S; — S,| # 0and |S; + S| # 0
which concludes the proof.

So we can write

T
Definition3.1.1; If x = (xl,xz, ey X, —Xq, —Xg, —E) is a solution set of (3.1.2) and forany i,1 <i <
n, the inequality x; < x; holds, then that solution % is called a strong solution of the system (3.1.2).

T
Definition3.1.2: If x = (ﬁx_2 s Xy —X1, —X5, —E) ,is a solution of (3.1.2) and for some i € [1,n]
the inequality Xi > X holds, then that solution %, is called a weak solution of the system (3.1.2).

Theorem3.1.2: The necessary and sufficient conditions for the existence of a strong solution:

LetS = (Sl S2

s S ) be a nonsingular matrix. The system (3.1.3) has a strong solution if and only if
2 1

(S1+S) ' (b—b)<0
T

Proof: let us define x = (xl,xz, ...,xn) ,x = (X1,%5, ..., X,)" and

T — —_— JR—
Q: (ﬁpb_ZI ,b_n) 1b = (bl,bz, ""bﬂ,)
from the system (3.1.3) we obtain

& DE-=(2)

Six—S,x=hband =S,x +$;Xx=b
Adding the above two equations we get
(S1+ 82)x — (S + Sp)x =
(S; + 52)(£ - 7) =b—
By the Theorem3.1.1 the matrix S; + S, is non singular.

T

Hence

b—b
b
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Therefore
x—%= (S +5)"(b~b)

If the system (3.1.3) has a strong solution then by the Definition3.1.1, we have x —x < 0
Hence (S; + S,)~1(b — b) < 0 holds.
Conversely if the above inequality holds then from the relation

(S +S)(x—x)=b—bwegetx —x < 0.
In order to solve the above linear system (3.1.2) we must now calculate S ~2(if exists).
Assuming that S is nonsingular we get

x=S"1p
Now
S—l — (Sl SZ)_1
Sy S/
Let
(51 52)_1:(B C)
S, S Cc B/
So

S1 S\(B ¢\_/1 0
(Sz 51) (C B) - (0 I)'
where 0 is the null matrix and I is the unit matrix.
or,

Now if (§; + S,)~tand (S; — S,)~exists then adding (a) and (b) we get
$1+S)B+C)=1=B+C=(5+5,)?

and subtracting (b) from (a) we get
$1=S)(B-C)=1=B—-C=(5—-5,)7*

Now if only S; ™1 exists,

from (b) we get, C = =S, *S,B

Again from (1.1) we get, ;B + S,(=$;,7'$,B) = 1= B = (S, — 5,5,7'S,)

So
C=—85,78,(5, — 5,5,71S,) .
Hence
. _(B C
§1= (C B).

where B = (S; — $,8,7'S,) " and € = —$,715,(8; — 5,8,71S,) .
Again if only S, exists then
from (b) we get, B = —S,7*S,C
Again from (1.1) we get, S,C + S;(=S,7'S,C) =1=C = (S, — 5152‘151)"1
So
B=-87"5,(5,-55,78;) "

st=(( 5)

Where € = (S, — 5,5,715,) " and B = —$,7'5,(S, — $,5,78;) .

Hence

Note: further if all a;;, 1 < i,j < n are positive then we get

(S 0
5‘(0 51)

S, 0\7? ;7Yoo
-1 _ ("1 _ (-1 _
S™1= (0 51) = ( 0 1_1> when S, = 0.
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Therefore the solution is

x=S8"1b
ie.
B-(% )0
x o S Y\b
where
(S, 0\ _xy (b
5= (0 Sl>'x‘ (E)'b - (5)
and
T _ _ —
X = (ﬂ: X2, 'xn) X = (_xl' —X2, I_xn)T
and
T _ - — —\T
Q = (bl’ bz, ,bn) ,b = (_b1:_b2! » n)

or,x=S,""bh andx =S,"'b

Case3.1.2: When m # n then S is not square matrix. It is a rectangular matrix so we calculate inverse of S in
terms of generalized inverse.
Let the generalized inverse of S be S*

Where
+ {(STS)_lST if S has full column rank i.e.rank(§) =n <m
—LsT(ssT) ! if S has full row rank i.e.rank(§) =m <n
Therefore the solution is
x=S%h.

3.2 Solution method for 2 x 2 FLS (Friedman et al 1998):
Consider the linear fuzzy system

AX =B (3.2.1)

a1 A2\ (55\1/) = _ (b1
A= X=|—-),B=|=],
(a21 azz) X5 (bz
a;j,i,j = 1,2 are real numbers, by, b, are GTrFNs and x7, X, are unknown fuzzy numbers.

E = (b11, b12, by3, b1a, W), B; = (bz1, baz, b3, by, W)

Where

So
(E)oc = [ﬁ(“)'a(“)] = [b_ltb_l] = [bll +%(b12 —by1),byy — %(bm - blS)] )
(B;)oc = [b_z(oc) ,b_z(oc)] = [b_z'g] = [b21 + % (b2z — by1),bas — % (b2g — b23)]
Let

@ee = [12(0, T ()| = [0, 7], @ = [12(0) , T ()] = |12, 73]

So system (3.2.1) becomes

(a11 a12) [ﬁ'x_l] _ [b“ + % (b1z = by1), b1a = % (b14 — b13)]

a a —1/ x «
S [x_z,xz] [b21 + " (baz — by1), by — " (bag — bzs)]
or,
— _ & «
a11 [ﬂ:xl] +as; [x_z'xz] = [bu + ;(bIZ — b11),b14 — " (b1a — b13)]
— _ & «
dz1 [x_1’x1] + az; [x_z’xz] = [b21 + ;(bzz — b31),byy — " (b2g — b23)]
Assuming all a;; are positive real numbers we get,
or,

x
a11X1 + a12X3 = byg + W(bu — by1)
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o
Az1%1 + Az2X; = by + ;(bzz — byy)

. L «
Aq11X1 + A12X; = by — W(bm — by3)

o
Ay1X1 + X5 = byy — " (b4 — by3)

or,
_ _ o
a11%1 + appxp +0.(=x1) + 0.(=x2) = byg + W(bu — by1)
A1 %1 + Azp% +0.(=%1) +0.(=X2) = byy + %(bzz — by1)
_ _ o
0.1 +0.x3 + ay1. (=%1) + a2 (%) = — {b14 - W(bu - b13)}
_ _ «
0.2; + 0.5 + az1. (—31) + az2. (%) = — {b24 W (b2g — b23)}
or,
o
by + " (b12 — b11)
a1 a0 0 X1 x
Ay, Ay 0 0 x| b21+;(b22_b21)
0 0 ay ap|\—-x | «
—byy +—(byy — b
0 0 ay ap/ \-% 14 ‘(/xv( 14 — b13)
-b —(by,— b
24 t w (b24 — ba3)
ie.
x by; + % (b1z — b11)
a1 Aagz 0 0 (—1) P
(a21 azz) (0 0) X2 _ b1 + ;(bzz — by1)
0 0 a1 Q2 -X —bis+Z(bi —b
(0 0) (a21 azz) (—E) \( 14 ‘:(,( 14 13))/
—bys + —(bza = by3)
X L (bn + = (byp — b11)>
— A1 G12\~ o 0 o«
(.x_z) — (a21 azz) (0 0) I b21 + ; (b22 - b21) I
(—X__l) (0 0) (a11 alZ)_l —by4 + % (b4 — b13)
—X, 0o 0 az1 A2 I
—bys + —(bza = by3)
or
x
<ﬁ) ~ (a11 a12)_1 bi1 + ;(bu — by11)
X,) ~ \a a o
= 2o by1 + " (bz2 — ba1)
o
_ 1 ( sy —alz) by + W(bu —b11)
(a11a22 — ay2a2;) V%21 G411 x _
by + w (ba2 — bz1)
And

o«
(—ﬂ) (a11 alz)-l —bys + w(bm — by3)
=)~ \a a «
*2 2 T —byy + ;(b24 — by3)
«
—bys + W(bm — by3)

b +°cb b
24 W(24 23)

_ 1 (azz —a12)
(@112 — A12031) \"%21 Q11
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It implies
ays « ai, «
Xy = b1 +—(b1z — b11) ¢ — byy + —(byy — byy)
—  (a11a2 — a12031) w (a11Gz2 — a120a31) w
Xy = —f2 by + i(bu — byt =t by + = (byz — by1)
—=  (a11a22 — a12a21) ‘éCV (a11022 — A12031) \gc/
— az, a2
X1 = bis +—(b1sa — by3) ¢ — bas +—(byg — by3)
(a11a22 — A12031) 122 (a11a22 — A12021) ‘é‘é
— —az aii
Xy = b1y +—(b1s — by3) + byy + —(byq — by3)
(a11Gz2 — a120a31) w (a11az2 — a12031) w
Now if
p b1z ag; _ by agz
X1 {aga(bia — byy) —a1a(bay — b))} by, apyl by ay, >0
d x w(a;1a;; — a120;1) |a11 a12| N
az1 Az
p a;1 bip| |ai1 bia
X2 {—az1(b12 — by1) + ay1(bay — by1)} _layy by a,; by >0
= = a a =
0 x w(ay1az2 — 12A51) W| 11 12|
a1 dzz
. by aiz| biz  aj;
0x _ {az2(b14 — by3) — ag2(byy — by3)} _ by ayy bys  ayy <0
0 w(ay1az, — A12021) |a11 a12| B
a1 dzz
. a;; biy|  |ana b3
dx, _ {—ay1(b14 — by3) + ay1(bay — by3)} _lazy byy ay; bys <0
= = a a =
0 w(ay1az2 — A12021) | 11 12|
az1 dzz
And
bi; ai; bis aq;
X _Qppbiy —ainbyy by, ay, Az2b14 — Q12b2a  |byy ay, =
1 - —|a a = —|a a - Mle=w
—lo=w  (a;103 — a120a51) 1 *12 (a11a22 — a12031) 11 12
a1 Qp; az1 Az
a1 by a1 by
N _ —apibip taybyy  lay, by —Qy1b14 + A11byy ay; byl =
2 - —a aqp| = —a Ay — 72la=w
—loa=w  (a11a22 — a12a21) 11 ™12 (a11a22 — a12031) 1 M2
a1 Qpz az1 dzz

Then the strong solution exists.
Example3.1: Consider the 2 x 2 FLS

X +%; =b;
2%7 + 3%, = b,

where b; = (4,5,6), b, = (11,12,13) are TFNs

(1), = [by bi] = [4+ec 6-cd], (B), = [z, bz] = [11+o 13-o]

Let the oc-cut of the solution be (7))« = [ﬂx_l] (X = [QE]

The 4 X 4 system is

1.x; +1.x, +0.(—x7) + 0. (—x3) = 4+«
2.1 + 3.%, + 0.(=%;) + 0.(—=%;) = 11+
0., + 0.2, + 1.(=%) + 1. (-35) = —(6—)
0.%; +0.x; + 2. (%) + 3.(—%) = —(13-x)

or,

171
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X1

1 1 0 O = 4+
2 300 X2 | [ 114«
0 0 1 1 -x | | x—6
0 0 2 3/ \-x, x —13
1 1 0 O
2 300 S1 5 11 0 0
here § = 00 1 1 =(52 Sl)where51=(2 3),SZ=(0 0)=0
0 0 2 3
- 1 1 1 1 . . .
SmceSl—Sz:(2 3) and 51+52=(2 3) are non-singular matrices then by the Theorem3.1.1, S is
nonsingular.
Therefore the above crisp system has a unique solution.
Now
110 0\
¢-1_[2 3 00 :(51 0)‘1=<51‘1 0>
0011 0 % 0o S
0 0 2 3
Now
-1 1 1\7? 3 -1
51 :(2 3) :(_2 1)
So

Therefore the solution is

or,
/ \ 3 -1 0 0 44
(-2 1 0 o0} 11+«
\—ﬁ/_ 0 0 3 —-1]| x—6
X 0 0 -2 1 x —13
wxy = 3(44+0) —1(1140) =1 + 2
X, = —2(4+x) + 1(11+x) = 3—x
% =—3(x—6)+1(x—-13) =5—-2
x; = +2(x —6) — 1(cx —13) = 1+
Here we see that x; = (1,3,5) is a strong solution and ¥, = (1,2,3) is a weak solution and both solutions
are TFENs.
Example3.2: consider the 2 x 2 FLS

where b; = (1,2,3), b, = (7,8,9)
(E)oc = [ﬁb_l] = [140o¢,3—«] (B;)o( = [b_zb_z] = [740 ,9—«]
Let the oc-cut of the solution be (37)« = [ﬁx_l] , () = [Q@]
The 4 X 4 system is
1.x; +0.x, +0.(—x7) + 1. (—x3) = 14+
1.3, + 2. %, + 0.(=35) + 0. (%) = 7+
0.0, + Lxy + 1.(=%) + 0.(=%;) = —(3—x)
0.2, + 0.x; + 1. (%) + 2.(=%5) = —(9-)
or,
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100 1\/X2
12 0 0| X2
011 0f|-%x
00 1 2/ \-x
1 0 0 1
1 2 0 0 10
here S = 01 1 0 s, S WhereS1 (1 )
0 0 1 2
. —1 1 1
SmceSl—Sz— 2 and S; + S, = (1 5
nonsingular.

Therefore the above crisp system has a unique solution.

Now
-1

§71=

cCor R
oORrNO
N =)
N O O R

(5
-

14+
7+
< —3
< —9

):5:=(p o)

) are non singular matrices then by the Theorem3.1.1, S is

-1
s) =@ 5

where B = (S, — $,8,71S,) 7 and € = —5,715,(S; — $,8,71S,)

Now
1 (1 0\t 12
$1 _(1 2) _E(_
ssse )
1
/10 _- =z
_(1 2)_ (2)
(-0 -3
1 2 0 2
1 _1
B = (51 —5,57'S,) 1=<1 5> B
1 2
and
C=—=578,(8 - $,8,71s,) " =
4
0 1 -
:_<0 1) 32
- 2
So

WP WINWINW| =

92)
AR
1]
/__lﬁ
Wl WINDWI W] D

Therefore the solution is

1
2

wl N

WINW DWW

1
0 Z  _Z
1(01)3 3
500 2 2
3 3
2 2
3 3
1 1
3 3
2
3
1
3
1
3
2
3
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x=S"1p
or,
4 1 2 2
3 3 3 3
X1 2 2 1 1| /14«
Y2\ | 3 3 3 3|7+
-x | | 2 _2 4 _1]{e«-3
- X, 3 3 3 3| \x—9
1 1 2 2
3 3 3 3

4 1 2 2
Xy = §(1+0C) —5(74‘0() + §(0C -3) —§(OC —9) = 34+«
Xy = —%(1+oc)+§(7+oc) - %(« -3) +%(o< -9)=2

2 2 4 1
X = —5(1+oc)+§(7+o<) — §(o< —3)+§(o< -9) = 5-«x

_ 1 1 2 2
X, = §(1+o<) —§(7+oc) + §(oc -3) —§(oc -9) =2
Here we see that the solution X7 = (3,4,5) isa TFN and x, = 2 is a crisp number.

Example3.3: consider the 3 x 1 FLS

2% = by
—X; = b,
—2%; = b

where b; = (0,1,2), b, = (0,2,3),b; = (3,4,5)
(B7),, = [br. b1 = [x 2], (B;), = [bs . B3| = [2 3]
(B3), = [bs b3 = [3+e 5-«]
Let the oc-cut of the solution be (x7)« = [ﬁx_l] () = [&@]
The 6 X 2 system is
2.1 +0.(—x1) =x
0.0, + 1.(=%7) = 2
0.%; + 2. (=x7) = 3+«
0., + 2. (%) = —(2—)
1.3, +0.(=%;) = —(3—)
2%, +0.(=%7) = —(5-)
or,

NP, OOON
SO NN RO

here

It is a rectangular matrix so we calculate inverse of S in terms of generalized inverse.
Let the generalized inverse of S be S*
Now
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2 0
0 1
r_|0 2| _(2 000 1 2
$ 0 2 (0 1 2 2 0 O)
1 0
2 0
Now
2 0
fi )
re_ (2 0 01 2/0 21 _/9 0
55_(012200)02_(09)
1 0
2 0
So
L 0
(STS)—1= 9 1
0 —
9
1 0 2 0 0 0 1 2
A St = (sT$)1sT = [ 9 (200012 9 9 9
o LJ0 1220 0 o 122,
9 9 9 9
Therefore the solution is
x =STh.
or,
X
2 00 o 1 2 /Zoc\
(ﬁ)_ 9 9 9| 3+
-x) 1 2 2 < —2
0 — = = 0 0
9 9 9 k“—i%
x —5
20<+1( 3)+2( 5) 13+50c
= — — (X — — (¢ — e p— N
1T 79Ty 9 9" 9
_ 2 < 2(3+ )+2( 2) 2 2«
= —-— = X — (X — =
1 9 9 9 97 3
Here we see that the solution X7 = (— % - g - %) is a TFN which is a strong solution.

Example3.4: consider the 1 x 2 fuzzy linear system

X{—%; = by
where

by =(0,1,2)

(Br), = [byBr] = [ox 2o

Let the c-cut of the solution be (7))« = [ﬂx_l] (X = [QE]
The 4 x 2 system is
Lxy 4 0.5 +0.(=xp) + 1. (=) =«
0., +1.x; + 1. (=x71) +0.(—x3) =x —2

or,
X1
10 0 1 /ﬂ _(
(o 11 o)\_x—1 _(oc—Z)
here e

JIC email for subscription: publishing@WAU.org.uk



176

Let the generalized inverse of S be S*

5=

Sanhita Banerjee et al.: Notes on Fuzzy Linear Systems

1001)

0 1 1 0
It is a rectangular matrix so we calculate inverse of S in terms of generalized inverse.

Now

Now

So

Therefore the solution is

or,

solutions.

10
r_(1 00 1Y _[0 1
S _(0 1 1 0) 1o 1
1 0
10
r_(1 0 0 1nfO0 1| _ /(2 0
55 (0110)01_(02)
10
I
(ssH==(2 |
0 3
1
2
1
0 1 2 %) |°©
S+ — ST(SST)_I — —
0 1 0 1 0
10 2
1
2
x=S8%
! 0
(3
X1 1
S
x| 1|\« =2
1 0 =
— X5 2
! 0
2
e
_2=§(°<_2)
. 1
1——5(“—2)
_ [ 8
xz——i
1
2

3.3 Solution method for Fully Fuzzy Linear System (FFLYS):

S N|RrN|-R, O

SN—

Consider the m x n linear system

Ay Xy + apky + -
Az1X1 + AzX7 + -

A1 X1 T AppXy + o+
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+ din¥n =

b,
+ aznXy = b,

+ dpnXn = by,

(3.3.1)
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where the co-efficient matrix A= (a@;;), 1<i<m, 1<j<n is a fuzzy m xn matrix , b,,1 <i <
m are known fuzzy numbers and ¥, ,1 < j < n are unknown fuzzy numbers.
In order to solve the above fully fuzzy linear system we must solve two (2m) x (2n) crisp linear systems
- —\T
where the right hand side columns are the function vector (bl, by, ...,bm, by, by, ..., bm)
Let us now rearrange the linear system so that the unknowns are x;, (—x;),1 < j < n, and the right hand
side columns are
- —\T
b = (b1, by, ) By —b1, ~D3, e, —by) -
We get the (2m) x (2n) crisp linear system
S1q X1+ 812 % + 0+ S Xp + S1n41 (—7)
+S1n42(=%2) + o+ S 2 (—X) = by

Sm,lﬁ + Sm,zﬂ + -t Sm,nx_n + Sm,n+1(_x_1)
+Sm,n+2(_E) + et Sm,Zn(_E) = b_m
Sm+1,1%1 + Sma12X2 + -+ Sma1n¥n + Sma1ne1 (37)

+Sm+1,n+2(_E) + et Sm+1,2n(_E) = _bl

SZm,lﬁ + SZm,Z& + et SZm,nx_n + SZm,n+1(_x_1)

+52m,n+2(_g) + ot SZm,Zn(_E) = _E
Where S; ; are determined as follows:

a; 20=S;; =a;j ,Sijn = 0,Si1m; = 0,Sisvmjsn = —0ij ,
a;<0=S5;=0,  Sijin=—j  Sitm;j= Qj  Sitmj+n = 0,

1<i<ml1<j<n
Using matrix notation we get

Sx=b (33.2)
Where
S=(S;) 1<i<2m1<j<2n,
_ _N\T
X = (ﬁ, &, ...,x_n, —X1,—X2, e, —xn)
and

[ — —\T
b = (by, by, ) By —b1, —b3, ., —b) -
Case3.3.1: when m=n then we see that S is a square matrix

i.e.
S=(Si;) 1<ij<2n
and
. - - T
X = (xl,xz, vy Xy = X1, — X2, ooy —xn)
and

J— — —\T
b = (by, by, ., by, —by, —bs, .., =by)
So we can write

S S\ (X _ (b
(53 54) )= (E> (33.3)
Further ifall @, 1 < i,j < n are positive then we get
(S 0
s=(¢ s)
5-1—(51 0)_1— S0 henS, =S;=0
=10 54 = 0 54_1 wnen 5, =53 =0U.
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Theorem3.3.1: (Friedman et al 1998): The matrix § = (5;)1 39) is non singular if and only if the matrices
4

S; and S, both are nonsingular.

Theorem3.3.2: The necessary and sufficient conditions for the existence of a strong solution:
S, 0 . . . .
LetS = ( 1 ) be a nonsingular matrix. The system (3.3.3) has a strong solution if and only if

0 S,
S h—-S,"h<0
T
Proof: let us define x = (ﬁx_2 ...,xn) , X = (X7,%5, ..., X,)" and

L e
b= (byby .,by) ,b=(by,bz ... by)
from the system (3.3.3) we obtain

S, 0 x b

(01 54) (—z) - <_g>
By the Theorem3.3.1, the matrices S;, S, are non singular.
Hence S;x =b = x =5, *hand -S,x = —b = —x = =S, 'b
Adding the above two equations we get

X—%=57"'b=S""b
If the system (3.3.3) has a strong solution then by the Definition3.1.1, we have x —x < 0
Hence S;™*b — S, b < 0 holds.
Conversely if the above inequality holds then from the relation
(x-%)=8,""h—S, "bwegetx —x < 0.

Therefore the solution is

x=S8""1b
i.e.
(&) _ (Sl_l 0 )(Q)
X o s, Y\
where
S, 0 x b
s=(¢ ) =Go=)
and
T
X = (ﬁ' X2, 'xn) 'E = (_E' _x_Z' ) _ﬁ)T
and

T _ — — —\T
b= (by by ..,by) ,b=(=by,~by,...,.~by)
or,x=5"h andx =S,"'b
Case3.3.2: When m # n then S is not square matrix. It is a rectangular matrix so we calculate inverse of S in
terms of generalized inverse.
Let the generalized inverse of S he S*
To\—1¢T ; ; —
Where S+ — {(S SH)~1s if S has full column ranki.e.rank(S) =n<m

ST(ssT)~1 if S has full row rank i.e.rank(§) = m <n

Therefore the solution is

x=S*h.
3.4 Solution for 2 x 2 FFLS
Consider the FFLS

A% =B (3.4.1)
where 4 = (ail aﬁ) X = (ﬁ) and B = <.b3>

az1 Az X2 b,

Here A and B is given and we have to solve the system for X.
@, i,j = 1,2 and by, b, are TFNs and &7, %; are unknown fuzzy numbers.
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LetcT;](oc) = [@a_u] for1 <i,j<2

@ = |11, 71|, @ = [12, 7]
(B, = [b. 1] . (B2), = [b2. 2]
So system (3.4.1) becomes
o @ (asz @\ (o m]\ _([o B
21, @] [aze 7] J\ [z ] ) \[2 22
or,
a1 @) [ 5] + [ a2 @3] [z 2] = [0, 5]
|21 @i [0 7] + [ @z [ 72] = [z 2]

Assuming all a;; are positive real numbers we get,

or,
Xt apx; =b
21 %1 + Az X = by
Ty % + A% = by
Gz1 X1 + Gz X3 = by
or,
Ay1 X1 + a1 X +0.(=X7) +0.(=xz) = by
Az1 X1 + Ay X3 + 0.(=X1) +0.(=x3) = by
0.1 +0.x; + ay; (=x1) + a5z (=x2) = —by
0.2; + 0.2, + az1 (—X1) + Az (—X;) = —b,
or,
/m a2 0 0\ X / \
41 4 0 0} X2
0 0 @ az|\-%| |-
0 0 ax ap/ ‘X — b,
or,
G 2@-6
0 A/ \p
Where
_ (%1 G2\ o 0 0 5 _ (G dz\ . _ (A - _ (%
4_(% %>'0_(0 0)'A_<a_z1 a_zz)'ﬁ_(x_Z)'x_Lx_z)'
b\ — (D
- ()33
'3 —b,
or,
Ax=b =x=A""b
and
— — R
Ax=b=x=A b
Now if
dx d Jdx J /—1—
—=——(A71 > _—= <
x aoc(é b) 20, 0 « aoc(A b) 0
and

then we get the complete strong solutions.
Example3.5: Consider the 2 x 2 FFLS
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(3,4,5,6)%; + (4,5,6,8)%; = (25,35,50,67)
(5,6,7,7)%; + (3,3,4,5)%; = (27,,32,48,55)

(a11)g = [@:a_u] =[34+a,6—a],
(a12)q = [@'a_u] =[4+ a,8 — 2a],
(@0)a = 221, 1| = 5+, 7],
(@2)a = |22, 83| = [35 - a],
(b1), = [by b1 | = [25 + 104,67 — 17a],
(52),, = |b2 b2 = [27 + 50,55 - 7a]
Let the a-cut of the solution be (x7), = [ﬁx_1] , () = [ﬁ@]
Then the 4 X 4 system is

B+ a).x; + (4 +a).x; +0.(=x1) +0.(—xz) = 25+ 10a
5+ a).x_1+ 3.x, + 0. (=x1) +0.(—x3) =27+ 5a
0.x1 +0.x; + 6—-—a).(—x)) +(8—-2a).(—x3) = —(67 —17a)

0.1 + 0., +7. (—x)+ G —a).(—x3) = —(55 - 7a)
or,
34a 44a 0 0 X1 25 + 10a
5+a 3 0 0 X2 |\ _[27+5a
0 0 6—a 8—2a|\—x 17a — 67
0 0 7 5—a -X 7a — 55
Here
34+a 4+« 0 0
S = 5+« 3 0 0 =(S1 Sz)
0 0 6—a 8-2«a Sz 53
0 0 7 5—a
where
_(3+a 4+« _ (0 0\ _ _(6—a 8-—2a
51‘(5+a 3 )’52_(0 0)_0'53_( 7 S—a)
Now
3+a 4+a O 0 \ '
g-1_[5+a 3 0 0 =<51 0)‘1= STt 0
0 0 6-—a 8-2a 0 3 0 S35t
0 0 7 5—a
Now
5_1:(3+a 4+a)‘1: 1 ( 3 —4—a)
! 5+a 3 (—a2—6a—-11)\-5—-a 3+«
S—1=(6—a 8—2a)‘1= 1 (5—a —8+2a)
3 7 5—a (a? +3a —26) \ —7 6—a
So
3 -4 —q 0 0
—a2—-6a—-—11 —-a?2-—-6a-—11
—5—-a 3+a
5 5 0 0
s-1_| —«a —6a—11 —a*—6a—11
0 0 5—«a -8+ 2«
a?+3a—-26 a?2+3a-—26
-7 6—«
0 0
a?+3a—26 a?+3a—26

Therefore we get the solution from
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X1
X2
x=S5"1hNow, x=S"1p = —x_
- A1
- X
3 —4 —q 0 0
—a2—-—6a—11 —-a?2—-6a-11
—5—a 3+a 0 0 25+ 10«
_ —a?2 —6a—11 —a?2—6a—-11 27 + 5a
0 0 5—«a —8+ 2« 17a — 67
a?+3a—26 a?+3a-26 7a =55
0 0 -7 6—«
a?+3a-—26 a?+3a—26
' _( 3 )(25+10)+< —4—q )(27+5)_5a2+20a+33
AT\ Cer—ea—11 T\ —6a—11 YT Y b+ 11
_( —-5—«a )(25+10)+< 34+« )(27+5)_5a2+33a+44
2= \Za2 —6a—11 T\ —6a—11 YT Y ba + 11
_ ( - )(17 67) ( -8+ 2a )(7 55)_3a2+14a—105
=" ez 3a—26/ "¢ 2% +3a—26) " T~ a2 +3a-26
_ ( -7 )(17 67) ( 6—a )(7 55)_7a2+2204—13’»9
2= gz ¥3a—26/""% 2> +3a—26) % T T a?+3a-26

Here we see that the solutions

x; ~ (3,3.22,4,4) and X, ~ (4,4.56,5,5.35)
are Trapezoidal Shaped Fuzzy Numbers and both are strong solutions.

4. Conclusion

181

Various approaches have been used by the other authors to solve FLS and FFLS but those are
sometimes lengthy or not efficient to compute. In this paper we have used another approach to solve both
FLS and FFLS. We have also considered numerical examples and solved by using this approach. For future
work, there are so many areas in Mathematical, Physical and Engineering Sciences where we can handle the

problems involving linear systems by this approach.
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