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Abstract. In order to deal with uncertain information of real-world, in 2011 Zadeh suggested the concept
of a Z-number, as an ordered pair of fuzzy numbers (A",B") that describes the restriction and the reliability of
the evaluation. Due to the limitation of its basic properties, converting Z-number to classical fuzzy number is
rather significant for application. In this paper, we will calculate fuzzy expected value of a Z-number with
assuming uniform distribution and linear membership functions. This fuzzy expected value can be used
instead of Z-number in applications. An Example is used to illustrate the procedure of the proposed approach.
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1. Introduction

In the real world, decisions are based on information usually uncertain, imprecise and/or incomplete,
such information is often characterized by fuzziness, but it is not sufficient and the other important property
of information is that information must be reliable. Thus, fuzziness from the one side and reliability form the
other side are strongly associated to each other. In order to take into account this fact, in 2011 Zadeh
proposed a concept, namely Z-number, which is an order pair of fuzzy numbers (A", B)). The first component,
A, is a fuzzy restriction and the second component B is a reliability of the first component. Typically, A°
and B are described in a natural language for example (about 25 minutes, very sure) [1, 2, 3].

In 2012, Yager used Z-number to provide a simple illustration of a Z-valuation (X, A", B"). He showed
that these Z-valuations essentially induce a possibility distribution G(p) over probability distributions
associated with an uncertain variable X and used this representation to make decisions and answer questions.
He suggested manipulation and combination of multiple Z-valuations. He showed the relationship between
Z-numbers and linguistic summaries and provided for a representation of Z-valuations in terms of Dempster—
Shafer belief structures, which made use of type-2 fuzzy sets [4,5].Yager found a fuzzy expected value of a
Z-number whose probability density function is expressible in terms of an exponential distribution.

Kang et al. [6] proposed a simple method for converting Z-numbers with range [0, 1] to the classical
fuzzy numbers in 3 step: first convert the second part (reliability) into a crisp number and then calculate the
weighted Z-number by adding the weight of the second part (reliability) to the first part (restriction) and
finally converting the weighted fuzzy number to normal fuzzy number. The benefit of the proposed method
is represented by its low analytical and computational complexity, hence their theorem for converting Z-
number to classical fuzzy number was used in some papers [7,8,9,10].

Gardashova [11] suggested an algorithm of decision making method using Z-numbers, in 5 steps:
Construction of the fuzzy decision making matrix, transforming the linguistic value to numerical value,
normalizing the fuzzy decision making matrix, Converting the Z-numbers to crisp number and Determining
the priority weight of each alternative. He used a simple way of the canonical representation of
multiplication operation on triangular fuzzy numbers [12] for the converting the Z-numbers to crisp number.

In this study we find a fuzzy expected value of a Z-number whose probability density function is
expressible in terms of a uniform distribution. The result can be used in many applications to converting Z-
number to fuzzy number.

The remainder of the paper is organized as follows: In Section 2 we discuss the concept of Z-number,
Z-number with the probability based on uniform distribution and the probability of a restriction (A) on the
values of uncertain variable (X) based on the parameters of uniform distribution. Section 3 explains the
method of calculating the maximum probability of A. Later in section 4, the membership function of the
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possibility of the expected value of Z-number (L) is proposed. Finally, the whole presented material is

summed up in section 5.
2. The concept of Z-numbers
Any Z-number is an ordered pair of fuzzy numbers (4, B) where Ais a restriction on the values of uncer
tain variable, X, and B is the level of confidence in A Both Aand B are fuzzy sets. Zadeh[1] defines Z-valuat
ion as an ordered triple, (X,4,B), which is equivalent to “ X is (4, B)”. Moreover, Z-valuation can be defined
as Prob(X is A) is B~ @
)

According to the Zadeh’s equation, we express the probability that X is Aas:

Prob,(X is A) = Jo AQOf (x)dx

where A(x) is the membership function of A and f(x) is the probability density function of X on R. Now, we

can get G(p), the degree to which p satisfies our Z-valuation, [Prob) p (XisA )isB, as:
G() =B (Probp (X is A)) = B(f, AG)f(x)dx) 3)

Since the probability density function of X is unknown, according to Zadeh’s simplifying assumption, a

particular set of parametric distributions (e.g. normal, exponential and uniform distributions) can be applied

based on available knowledge about the variable [1]. But when the knowledge available is not sufficient, the
uniform distribution is proposed for a poorly known variable [13]. This distribution is sometimes referred to

x<c—1

as the “no knowledge” distribution. Hence, we used uniform distribution in the current study.
Let (A,B ) be a Z-number,where A is a triangular number, (c-l , ¢, c+r), with a membership function as
if
c—l<x<c
(4)

follows:
0
) x=c+ D/l if
A() = (c+r—x)/r if c<x<c+r
5 0 if x>c+r
On the other hand, B, confidence, could be from the set {“Likely”, “Usually”, “Sure”} are modelled using
the right hand fuzzy sets as follows (see Fig. 1)
0 P <05
B,(P) = ”;‘;5 05<P<06 (5)
1 06 <P
0 P < 0.65
By(P) ={"=2 0.65<P <0.75 (6)
1 0.75< P
0 P <0.8
Bs(P) =472 08<P<09 @)
1 09<P
1 | S —— A —
/ /
! /
{ Likely "'Ua:ll..l:illyI Sure
& ! /
= ! /
= ; I
! /
! /
! /
! I
/ /
o 0.1 0.2 0.3 0. 0.5 0.6 o7 0.8 0.9 P
Fig 1. Fuzzy sets of linguistic reliability values.

Assuming that the probability density function, f(x), is uniform as:
f(x) =ﬁ,a <x<bh.
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Therefore, based on equation (2), the probability of A is:

1 cmin(b,c+r)
b—a “max(a,c-1)

P = f)A)dx = A(x)dx

293

(9)

Now, having equation (9), P (the probability of A) can be determined based on the positions of a and b
relative to the fuzzy number A (Table 1).

Table 1: The probability of A based on the positions of a and b relative to A

Q positions of - .

@ Probability (Pi)

=) aandb

<

1 a<c-1, p, = l+7r
b>c+r 2(b—a)

5 a<c-—1, P, = l (b—c)2r+c—Db)
c<b<c+r 2(b—-a) 2(b—a)r
a<c-—1, (b —c + 1)?

3 Ppj=——
b<c 2(b—a)l

4 c—l<a<c, P4:(c—a)(21+a—c) (b-—c)2r+c—-»h)
c<b<c+H+r 2(b —a)l 2(b —a)r

. c—Il<ac<c, _a+b—-2c+2l
b<c 5T 21

6 c<a<sc+r, _2r+2c—a-—-b
c<b<cH+r 6 2r

5 c—l<a<ec, P7=(C—a)(2l+a—c) T
c+r<bh 21(b - a) 2(b —a)
c<a<c+r, (r +c—a)?

° letri<o 5T 2r(b - a)

3. Expected value of Z-number
We recall for the uniform distribution (4) that
E()=p="%2 (10)

As discussed earlier, the parameters of the density function (a and b) are unknown and y, the expected value

can be determined based on the given Z-number.

Assuming a particular puwill lead to various pairs of (a,b) with the mean value of puwhich can then be

used to calculate probability of Aaccording to Table 1.

Example 1. Let a Z-number be ((24,30,36), Sure) which means fuzzy number (A) and confidence (B)
are (24,30,36) and “Sure” respectively. By assuming uniform distribution and p=29, Fig. 2 depicts change
in the probability of Afor various pairs of (a,b)with the mean value of 29.
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Fig 2. Changes in probability for u= 29
Fuzzy membership degrees of each (a,b) can be computed based on the membership function of
confidence, B, in the Z-number. Since the level of confidence was set at “Sure”, membership values of
ordered pairs (a,b), with the mean value of 29, was determined based on (7). Then an appropriate S-norm,
here maximum, can be used to obtain the membership function G over the space L €R :

G(u) = r(rtzl%c{B(P(a,b)Na +b= u},u ER, (12)

Since higher probability of (a,b) increases their membership degree in the confidence function, the (11) can
be rewritten as:
G(u) = B(max{P(a,b)la+b =u}),L €ER (12)
(a,b)

Then we can first find the maximum probability of A with the particular x and then compute its possibility
by using equation (12). For example, In Example 1, the maximum probability of A with = 29 is 0.83.
According to equation (7), the membership value of this event in the “Sure” is 0.3.
In order to find the maximum probability of A for different values of |4 we evaluated it in four intervals
(Table 2).
Table 2- Four intervals of pito find the maximum PROBABILITY of A

State Interval

l
1 uSC—§—>a+bSZC—l

2 c—-l/2<pu<c-2c—-l<a+b<2c

3 c<u<c+r/2-2c<a+b<2c+r

T
4 c+§<,u—>20+r<a+b

If a and b fall in any of the eight categories summarized in Table 1, for particular us, the maximum
probability of A in the above-mentioned Intervals will be as follows:

3.1 First Interval (u<c - %)

If a and b falling in the first category of Table 1, the maximum probability of Afor p<c - é is obtained
as follows (Fig. 3):

a<c—1 4T l+r
{b Sc+r P = 2(b-a) ~ 4(b—p) (13)
el G maxP; = b (14)

db ~ 4(b-p)?  db 4(c+r—p)
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AN

or b=-a+2c-|

C=r c \ ;
Fig 3. The area involved in calculation of the maximum probability (P1) when p <c -1/2
When a and b belong to the second category of Table 1, the maximum probability of A with p<c - é is

obtained as:

a<c-—1 _ lr+(b-0)(2r+c-b)
{c <b<c+r 27 2(b-a)r (15)
%=0—>b*=\/(c+r—y)2—lr—r2+u (16)
In other words, if no restriction is imposed, the maximum of P, based on b will occur at a point like b”.
Theorem 1. If p<c- é then b” > ¢
Proof by contradiction: If b*< c, then
b*<c-\(c+r—mw?2—lr—r2+u<c-(c+r—pw?—Ir—r2<(c—p?-
l
—-=<
c > u
Which is a contradiction since we had an initial assumption of p<c - é Therefore, b™ > ¢ is correct.
Now, the maximum of P, based on b and the position of b"can be determined as (Fig. 4):
lr+(b4z,fffzr;c_b ) c<b*<cHr
maxP, = . +r” an
c+r<b*
2(c+r—u)
N b3 @«
cH
4
e c.]|
-1 H
| b=-a+2c-t
c-1 I c >

o
Fig 4.The area involved in calculation of the maximum probability (P2) withy <c - /2

If a and b fit in the third category of Table 1, the maximum probability of Awith p<c - é can be calculated
as (Fig. 5):
{a<c—l _(b—C+l)2
> Pp=—
b<c 4(b — w)l
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dP; (—a+c—-DMb-c+1) dP3>0
— ) — —_
db 41(b — n)? a<c—l-(—a+c-1)>0 db
b>c—-1-(b—c+1)>0
_ 2
maxP; = (c—c+D)* l (18)

T oa(ec-wl - 4(c-p)
b @

» &

i b=-a+2c-

P
Ll

c-r a
Fig 5. The area involved in calculation of the maximum probability (P3) when u <c¢-1/2
With a and b lying in the fourth category of Table 1, the maximum probability of Awith pu<c - é can be

computed as:
{c—l<a<c
c<bhb<cHr

The maximum probability of A with p< ¢ -éwhen a and b belong to the fifth category of Table 1 is
determined as (Fig. 6):

s2c—l<a+b<2c+r->c-1l/2<pu-P =0 (19)

c—1l<a<c a+b—2c+21 —c+l —c+l
{ g P5 = = B — maxPs = Lt (20)
b<c 21 l  Ps=cte l
o bk p @

» @

c-1 \
| &mz:-{

c-r c a
Fig 6. The area involved in calculation of the maximum probability (P5) when p <c-1/2
The maximum probability of Awith p<c -éwhen a and b fall into the sixth-eighth categories of Table 1
can be defined as:

c—r<a<c
{ c+r<bh _)2C<a+ba+b520—rp7_0 (21)

c<as<c+r _
{ ctr<b —>Zc+r<a+ba:>+bSZC_TP8—0 (22)

Therefore, according to equations (14),0, 4R IK#R 25 FHIE. , and (20), when p<c é the maximum

probability of Acan be stated as:
maxP (u) = max{maxP,, maxP,, maxP;, maxPs} (23)
And based on O:
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l+r l pu—c+l *
maxP (1) = max {4(”,?_”)'4(6_“)*' ] } c+r<b
{lr+(b —c3(2r+c—b ),[,L—C+l} c<b* <cH+r
4(b*—w)r l
If ¢ + r<b", then:
l p—ctl _ P—a(c-p)(u—c+l) _ (l—Z(C—pL))Z l u—c+l
ae-w 1 ale-w | 4l T A
and
l L+7r r (l—c+p

— = —X
4(c—p) 4c+r—p) 4 (c+r—wl—-w
Now, two cases may occur:

—c+r+u<o0 I l+7
u<c—Il-4c+r—-u>0 - <
© { c—pu>0 4(c—w) 4c+r—uw
c—l<u<c—-1l/2->3c+r—u>0 - <
@e-t<use-l/ { TR RN TR

Hence, in both cases, the following is true:
l l+r

4(c-u) < 4(ctr—p)

Based on (26)-(27), it can be concluded that:

max{ l+r l ,u—c+l} _
4(c+r—p) a(c-w)’ 1 T a(c+r—up)
Or:
us<c—1/2 _ _ _ l+r
{ ctr<b - maxP(u) = maxP, = maxP; = promv—

If c <b"<c + r, then equation (17) entails that:
lr+(b*—c)(2r+c—b*)>u—c+l
4(b* — Wr l

So

Ir+(b*—c)(2r+c—b*)
4(b*—w)r

l

{ p=c—3 maxP (1) = maxP, =
c<b*<c+r

Finally, under the first condition, pu<c - é equations (27) and (29) indicate that:

U<c— é - maxP(u) = maxP,

3.2 Second Interval (c - %< n<c)

297

(24)

(25)

(26)

(27)

(28)

(29)

(30)

According to equation (14), the maximum probability of Awith c - %<ﬂ <c¢ when a and b belong to the

first category of Table 1 is (Fig. 7):

a<c-—1 I+r
- maxP; =
b>c+r 4(c+r—p)
\\\ \?2\\ b4 =]
e
) \\
& cHr N,
‘| AN
I \\\\
] \ \ b=-a+2c
b=-a+2c-! N \

er ¢ N

Fig 7. The area involved in calculation of the maximum p?obak;ility (P1)whenc-1l/2<pu<c

(31)

With a and b fitting into the second category of Table 1, the maximum probability of Awith ¢ - é<y <ccan

be obtained based on equations (15) and (17):
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{ a<c-—1 __lr+2br+2bc—b?—2cr—c?

e d 2 =
c<b<c+Hr 4(b—p)r
ar

db
Which leads to three distinct conditions:

dp
( b*Sc—>d—bz<0—>maxP2=

(32)
=0-b"=\(c+r—w2—-lr—r2+ypu (33)

l
4(c—p)
lr+(b*—c)(2r+c-b")
4(b*—wWr
l+r
4(c+r—p)

c<b*<c+r->maxP, = (34)

dP.
c+er*—>d—bZ>0—>maxP2=

Nn @«
&

cH

» @

i b=-g+2¢c
b=-g+2c-I

c-r I C I I I \I I l—;
Fig 8. The area involved in calculation of the maximum probability (P2) whenc - [/2<u<c¢
When a and b fall into the third category of Table 1, the maximum probability of Awith ¢ - %<ﬂ <c can be
determined as:

{a<C_l—>a+b<2c—l—>u<c—l/2—>maxp3=0 (35)

b<c
The maximum probability of Awith ¢ - %<u < ¢ when a and b belong to the fourth category of Table 1 will

be:

{C —l<a<c 5 _ (c—a)(2l+a—c) | (b—c)(2r+c—b) (36)

c<hb<cH+r *T  ap-wi 4(b—p)r

» @

» &

c-f

b=-a+2c
b=-c2c-]

er ¢ N N @
Fig 9. The area involved in calculation of the maximum probability (P4) whenc - I/2<pu<c
With a and b lying in the fifth category of Table 1, the maximum probability of Awith ¢ - é<;¢ < ¢ can be
calculated as:

u—c+l

{c—lSaSc

- maxPs =
b<c 5

(37)
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NL @
!

» &

| b=-g+2c
b=-a*2c-|
T o T . T T T \' T g‘

Fig 10. The area involved in calculation of the maximum probability (P5) when ¢ - [/2<p <c¢
Theorem 2. P5> P4 is always true.

Proof:

¥

r(b —c)? +1(b — c)?
p_p, TG HUb=0)
4(b — Wlr
Finally, the maximum probability of Awith ¢ - %<,u < ¢ when a and b belong to the sixth, seventh and
eighth categories of Table 1 can be stated as:

>0- P, >P,

csas<c+r _
{c<b<c+r_)zc<a+ba+b52cp6_ (38)
c—r<a<c
{ c+r<bh _)2c<a+ba+b52cp7_0 (39)
csasc+r _
{ ctr<b —>20+r<a+ba:>+bSZCP8—0 (40)
According to the equation (34):
maxP, = maxP,; (41)
And based on Theorem 2:
maxP; > maxP, (42)

Therefore, when ¢ - %<u <c, equations (41) and (42) lead to the following equation:
maxP (u) = max{maxP,, maxPs} (43)
Theorem 3. If ¢ - %<u <c, then P5>P2 is always true.

Proof:

b _p. = —4r(u—a—1/2)(u—c+1/2) —l(b — c)?
2005 2(b —a)rl 0<u—c+i/2
c—l/2<usc—>c—l<u—l/2_)
a<c-l 0<,u—§—a

P,—P;<0
- P; > P,

Based on Theorem 3 if c- é</¢ < ¢, then maxPs>maxP is always true.
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! .
Hence, when ¢ - ZSH=c, itcan be concluded that:

c—é<u < ¢ » maxP(u) = maxPs

3.3 Third Interval (c < u < c+1/2)
With calculations Similar to second interval, we have:

c<u$c+§—>maxP(u)=maxP6=

3.4 Forth Interval (c +r/2 < p)

With calculations Similar to first interval, we have:

c+ g < u - maxP(u) = maxP,

Maximum of P7can be computed as:

Fuzzy Expected Value

(44)

(45)

(46)

maxP, = i —H(u—a?)

Where

lr+(c—a")2l+a"—c
{ ( ) ) c—Il<a*<c

l+7r

- * -1
e —I=n a*<c

a*=J(u—c+D2—lr—12+yu

Now, according to the equations (30) and (44)-(46), it can be inferred that:

maxP,
maxPg
maxPg
maxP,

maxP(u) =

Theorem 4. Minimum of maxPs equals 0.5.
Proof:

usc—1/2
c=l/2<u<c
c<u<c+r/2

c+r/2<pu

—c+l dmaxP
U N 5

maxPs; =
l du

Theorem 5. Minimum of maxPs equals 0.5.
Proof: Similar to Theorem 4.

1a
0.9 \
0.8 '
= maxPs |
0.7
0.6 \
0.5
04
03
0.2

maxP2 .-

0.1

0

>0—

max P(u)

_. L l
p=c—;

maxPs

t
+ —

l
C—E—L‘+l _

T T T
0 10 20 30

U

Fig 11. The maximum probability curve for the constant mean () for Example 1

40 50

(47)

(48)

After calculating the maximum probability of A the membership function of the piat three levels of the
possibility (L, U, and S) can be computed using equations (5)-(7).
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4. Calculating the membership function of the expected value of Z-number (L)
By replacing probability values (P), obtained from equation (47), in relevant equation of (5)-(7), the

membership function of the pican be determined.

0 p <c—0.5l
PSS c—05l<p<c-04l
Gy, (p) = 1 c—04l<p<c+04r

lm c+04r <p<c+0.5r

0.1r
0 c+05r<p
0 p <c—0.35]
g%ﬁw c—0350<p<c—025l
6o, (0) = 1 c—0.25l<p<c+0.25r
l”(’;% c+025r <p<c+035r
0 c+035r<p
0 p<c—0.21
PR c—020<p<c-0.1l
(@)= 1~ c=0ll<sp<c+0.lr
SEE o4 0Ar<p<c+02r
0 c+02r<p

Thus, the pin L, U, and S levels of the confidence are trapezoidal fuzzy numbers shown as:

g, = (c—0.5l,c—0.4lc+0.4r,c+0.57r)
iy = (¢ —0.35],¢c — 0.25],¢ + 0.257,c + 0.357)

fs=(c—0.2,c—-01Lc+01r,c+ 0.2r)
This result for Examplel is

0 p < 28.8
PES 288 <p <294
Gp)={ 1 294<p<306
2L 306 <p <312

0 31.2 <p

Or the fuzzy expected value is: i = (28.8,29.4,30.6,31.2).

(49)

(50)

(51)

(52)
(53)

(54)

(55)

We can compare this result with fuzzy expectation proposed by Kang et al [6]. In their method first, the

reliability of Z-number (B) is converted to crisp number with the center of gravity method.

a:fx#s(x)dx
[ us()dx
Then the weighted Z-number is obtained by adding the a to
(A, a) =((24,30,36);0.922).
Finally, weighted Z-number is converted to regular fuzzy number:

= 0.922

i= (\/0.922 * 24,v0.922 % 30,v0.922 * 36) = (28.8,5.76,5.76)

A).
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Chart Area

Our method

Kang etal method

Ly

G(w)

20 22 24 26 28 30 32 34 3b
u

Fig 12.The membership function of the possibility ofjt
As you can see in equations (52)-(54), in this approach the more reliability results smaller support set of
the obtained fuzzy expected value. Also the center of the first part of Z-number (A) doesn’t change in this
approach, however using the Kang et al [6] method, if the first part of Z-number (A) is positive, the more
reliability results the smaller fuzzy expectation, without any reason.

5. Conclusion

The main contribution of the present paper is converting a Z-number to a fuzzy number which is very
significant for application. Hence the probability density function of uncertain variable, X, in Z-valuation
(X, 4, B) is unknown, according to Zadeh’s simplifying assumption, a particular set of parametric
distributions can be applied based on available knowledge about the variable. But when the knowledge
available is not sufficient, the uniform distribution is proposed for a poorly known variable. Therefore, in
practice, most applications use linear membership functions to describe fuzzy sets, in this study linear right-
hand membership functions are used for reliability values. With above assumptions, that is proved that the
fuzzy expected value of a Z-number is a trapezoidal fuzzy number.
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