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Abstract. This paper deals with the finite-time chaos synchronization of the delay Lorenz system with
disturbance via a single controller. Based on the finite-time stability theory, a control law is proposed to
realize finite-time chaos synchronization of delay Lorenz system with disturbance. Finally, numerical
simulation results are given to demonstrate the effectiveness and robustness of the proposed scheme.
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1. Introduction

Chaos synchronization has attracted much attention of many researches since the seminal work of
Pecora and Carroll [1]. From then on, chaos synchronization has been developed extensively and intensively
due to its potential application in many fields, such as secure communication [2, 3], complex networks [4-7],
biotic science [8-13] and so on [14-26].

Nowadays, most of the results about chaos control and synchronization are derived based on the
asymptotic stability of the chaotic systems. In fact, it is more valuable to control or synchronize chaotic
systems as fast as possible. To obtain faster convergence, the finite-time control approach is an effective
technique. Moreover, the finite-time techniques have demonstrated better robustness and disturbance
rejection properties than that of asymptotic methods [27-37]. Therefore, the finite-time chaos control and
synchronization have attracted a great deal of attention over the last few decades.

On the other hand, it is difficult to know the external disturbance always occurs in the system. Thus, the
chaos control and synchronization of chaotic system in the presence of external disturbance are effectively
crucial in practical applications.

In this paper, we present a controller to realize finite-time synchronization of delay Lorenz system with
disturbance. The controller is robust and simple to be constructed. Numerical simulations are presented to
demonstrate the effectiveness and robustness of the proposed scheme.

2. Preliminary definitions and lemmas

Finite-time synchronization means that the state of the slave system can track the state of the master
system after in finite-time. The precise definition of finite-time synchronization is given as below.
Definition 1. Consider the following two chaotic systems:

X = £ (%)
X = h(Xm’ Xs) , (1)
where *m'%s are two N -dimensional state vectors. The subscripts ‘m” and ‘s’ stand for the master and

. n n . . .
slave systems, respectively. F:R" >R and N:R" = R" are vector-valued functions. If there exists a
constant T >0 sych that

lim|x,, — x,| =0
t>T ,
and

”Xm _XSH =0, if t>T

then synchronization of the system (1) is achieved in a finite-time.
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Lemma 1 [32]. Assume that a continuous, positive-definite function V (t) satisfies differential
inequality
V(1) <—cV7(t), V=1,V (t,) =0

)
where €>0, 0<nm< 1are constants, then, for any given b , V() satisfies inequality
VI (0) SV () —c(L-)(t - 1), t, <t <t @)
and
with b given by
1-n
g=%+!—gﬁ
cl-n) (5)

Proof. Consider differential equation
X(t) =—cX" (1), X(to) :V(to), (6)
although differential equation (6) does not satisfy the global Lipschitz condition, the unique solution of
Eq.(6) can be found as
XE(t) = X7 () —cL-m)(t— 1)

()
Therefore, from the comparison Lemma, one obtains
V() SVE (L) —cL-n)(t—t,), t, stéti, (8)
and
V(t)=0 Vit
with ¢, given in (5).
2
Lemma 2 [34]. If o > (%)3, it can be gotten that
1 3
(a|x1|+5x22)2+x1x220, (9)
where X; and X, are any real numbers .
2
Corollary 1 [34]. If o > (%)3 , it can be obtained that
1 3
|x1x2|£(a|x1|+§x22)2, (10)

where X; and X, are any real numbers .

3. Main results

A chaotic system is extremely sensitive to disturbance. In actual situation, the system is disturbed and
cannot be exactly predicted. These uncertainties will destroy the synchronization and even break it.
Therefore, it is important and necessary to study the synchronization of systems with disturbance. In this
section, the dynamic behaviors of the delay Lorenz system is to be explored and the finite-time
synchronization of the delay Lorenz systems will be discussed.

3.1 Dynamics of delay Lorenz system with disturbance

Delay Lorenz system with disturbance is considered as

¥ =a(X,—x) ’
X, =CX;—X, —X X, + AX, sin(wt)

X, = XX, —x,(t—7) ’ (11)
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where &, b, C, 7, A, ® are real positive constants. In this section, initial conditions of system (11) is
chosen as (—0.12,-0.4,—-0.7) and the parameters of the system are selected asa=10, b=3, ¢=28,

A=0.001, »=0.01. Figs.1-4 depict the dynamics of system (11) for different values of 7 . Fig.1 and Fig.3
indicate that the delay Lorenz system with disturbance is chaotic for certain values of 7 . Fig.2 shows that the
system has periodic-1 solution for 7 =0.24 . Fig.4 reflects that the system has periodic-2 solution for

7=0.37.
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Fig.1. The phase portrait and time series of variables in system (11) for  =0.0019, (a) phase portrait
of X, and X,, (b) time series of X, .
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Fig.2. The phase portrait and time series of variables in system (11) for z =0.24, (a) phase portrait of
X, and X,, (b) time series of X, .
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Fig.3. The phase portrait and time series of variables in system (11) for r = 0.25, (a) phase portrait of
X, and X,, (b) time series of X, .
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Fig.4. The phase portrait and time series of variables in system (11) for z =0.37, (a) phase portrait of
X, and X,, (b) time series of X .

3.2 Chaos synchronization of delay Lorenz system with disturbance
System (11) is considered as the master system and the slave system is a controlled system as

Yy = a(yz_yl) ,
Y, =CY,=Y, — Y, Y5 + Ay, sin(wt) +u, ,
Y3 =YY, —Dy,(t= _ (12)

Let e =Yy, —X .6 =Y,—X,,€ =Y;—X;, and subtract Eq.(11) from Eq.(12), the error system
between systems (11) and (12) can be gotten as

e =a(e,—e) ’
€, =ce,+ee, —e Y, —Ye —e, + Ae,sin(ot)+u
€, =—€e,+eYy, +Ye, —be(t—7) . (13)

Our aim is to design a controller that can achieve the finite-time synchronization of the delay Lorenz
system (11) and the controlled system (12). The problem can be converted to design a controller to attain
finite-time stable of the error system (13).

To achieve the finite-time stabilization, the controller U is taken as

U=—-C€ —€e;+€Y;+Ye+€ — klsign(el) - kzsign(ez) - kssign(es) ’ (14)
where ki, Kk, K, are positive parameters to be designed.
Substitute (14) into (13), we can get the closed-loop plant dynamics

€ = a(e2_e1) ,
€, = Ae, sin(wt) —k;sign(e,) —k,sign(e,) —k,sign(e,)
€, =—€e,+eY, +Ye, —be,(t—7) _ (15)

Choose a candidate Lyaupunov function for the system (15) as
3

V=(ale] +%e22)2 +ee,

then the derivative of V along the trajectory of (15) can be derived as
1

V=2 Cafe|+Z e (asign(e)e, +e.6,) + e +eg,

1

= g (ale)] +%e22)2[asign(e1)a( e, —e)+¢e,(Ae,sin(wt) —ksign(e,)

—K,sign(e,) —k;sign(e;))] + a(e, —&,)e, +e,[Ae, sin(wt) —ksign(e,)  —k,sign(e,) —k;sign(e;)]
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1
< —g( ale +%e22)2 le,|[(k, —aa)sign(ee,) — Ae,sign(e,) sin(wt) +k,
+k;sign(e,e,))] + ae,” +[e,|[Ae, sin(wt)sign(e,) -k, —k,sign(e.e,) —k sign(e.e;) —ae,sign(e;)]

Lot “AM +k —k,—k;—aM 20 aa—k 20 k —aa—AM +k,~k, 20 le,| <M then we have

1
% s—g(a|el|+%e22)5|e2|[kl—aa—AM +k, —k,]+ae,” —[e|[-AM +k —k, —k, —aM]
Let
2
u=k —aac—-AM +k2—k3—§ﬁa

v=—AM +k -k, -k, —aM
then we can arrive

V< —iuez2 —vle|

22

1 ,32
<-m[(« |e1| + _922)2 PP
2 , (16)
where m=min {1 3—“}
a' 2]
Based on Corollary 1, we have
1 3 1 3
ele2+(ac|e1|+§e22)2 32((a|e1|+§e22)2). (17)
Substituting (16) into (15) leads to the inequation
. 1 1 2
V<-m=[(ale|+2e) +ee,lP= .5 (18)
2 2 e
23
1
where £ = m—=.
23
By solving the above inequality, one gets
1
V(1) < (V.3 —%)3. (19)

1 3 1
Due to V(t)>0, it follows that %gvtf, which means that t <—V,3. Therefore, there exists

3 1 . T _
constant T, = EVO3 such that lime, =lime, =0 Based on the second of system (15), we can conclude that

t-T, t—T,

lime, =lime, =0implies tl'j! ;=0 From Lemma 1, the error system (15) is finite-time stable. That is to

t>T, t-T,

saye, =0,e,=0,e, =0 after afinite-time T,. Therefore, when t >T,, y, =X, Y, =X,,Y; =X%;.

4. Simulation results

In this section, initial conditions of the master system and slave system are chosen as
(-0.12,-0.4,-0.7) and (-0.13,-0.38,-0.71) , respectively. The system parameters of are taken as

a=10,b=3,c=28, A=0.001, »=0.01,k, =0.0021,k, =0.001, k, =0.001. Fig.5 and Fig.6 show
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the dynamical behaviors of error systems of the delay Lorenz system with differentz , which proves
that time-delay has influence on synchronous time.
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Fig.5. Synchronization errors of the delay Lorenz system when 7 =0.0019.
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Fig.6. Synchronization errors of the delay Lorenz system when 7 = 0.25.

5. Conclusion

This paper is concerned with finite-time synchronization of the delay Lorenz systems with disturbance.
Based on the finite-time stability theory, a control law is proposed to realize finite-time chaos
synchronization of the delay Lorenz systems with disturbance via a single controller. Finally, numerical
simulations are given to demonstrate the effectiveness and robustness of the proposed scheme. From the
proof process we can see that the proposed method can be extended to other systems.

6. Acknowledgement

This work is supported by National Natural Science Foundation of China (Grant Nos. 11472238 and
51777180).

7. References

[1] Pecora, L.M., Carroll, T.L.: Synchronization in chaotic systems. Phys. Rev. Lett. 64, 821-824(1990)

[2] Liao, T.L., Tsai, S.H.: Adaptive synchronization of chaotic systems and its application to secure communications.
Chaos Solitons Fractals 11, 1387-1396 (2000)

[3] Hoang, T.M.: A New Secure Communication Model Based on Synchronization of Coupled Multidelay Feedback
Systems. International Journal of Computer Systems Science & Engineering 4, 240-246(2010)

[4] Cao, J.D., Wang, L.: Periodic oscillatory solution of bidirectional associative memory networks with delays. Phys.
Rev. E 61, 1825-1828(2000)

[5] Yu, WW.,, Chen, G.R., L{ J.H.: On pinning synchronization of complex dynamical networks. Automatica 45,
429-435(2009)

[6] Wang, Z.L., Shi, X.R.: Chaotic bursting lag synchronization of Hindmarsh-Rose system via a single controller.
Appl. Math. Comput. 3, 1091-1097(2009)

[71 Lu,J., Daniel, W., Cao, J.D.: A unified synchronization criterion for impulsive dynamical networks. Automatica
46, 1215-1221(2010)

[8] Enjieu Kadji, H.G., Chabi Orou, J.B.,Woafo, P.: Synchronization dynamics in a ring of four mutually coupled
biological systems. Commun. Nonlinear Sci. Numer. Simul. 13, 1361-1372(2008)

[9] Li, F., Liu, Q.R., Guo, H.Y., et al.: Simulating the electric activity of FitzHungh -Nagumo neuron by using

JIC email for subscription: publishing@WAU.org.uk



318 Yan Zhou et al.: Finite-time chaos synchronization of the delay Lorenz system with disturbance via a single controller

Josephson junction model. Nonlinear Dynam. 69, 2169 -2179(2012)

[10] Ma, J., Huang, L., Xie, Z.B., et al.: Simulated test of electric activity of neurons by using Josephson junction based
on synchronization scheme. Commun. Nonlinear Sci. Numer. Simul. 17, 2659-2669(2012)

[11] Bondarenko, V.E.: Information processing, memories, and synchronization in chaotic neural network with the time
delay. Complexity 11, 39-52(2005)

[12] Shi, X.R., Han, L.X., Wang, Z.L., et al.: Synchronization of delay bursting neuron system with stochastic noise via
linear controllers. Mathematics and Computation 233, 232-242(2014)

[13] Shi, X.R., Han, L.X., Wang, Z.L., et al.: Pining synchronization of unilateral coupling neuron network with
stochastic noise. Mathematics and Computation 232, 1242-1248(2014)

[14] Ucar, A, Lonngren, K.E., Bai, E.W., et al.: Chaos synchronization in RCL -shunted Josephson junction via active
controller. Chaos Solitons Fractals 3, 105 -111(2007)

[15] Chen, M.Y., Han, Z.Z.: Controlling and synchronizing chaotic Genesio system via nonlinear feedback control.
Chaos Solitons Fractals 17, 709-716(2003)

[16] Rafikov, M., Balthazar, J.M.: On control and synchronization in chaotic and hyperchaotic systems via linear
feedback control. Commun. Nonlinear Sci. Numer. Simul. 13, 1246-1255(2008)

[17] Chen, Y., Li, M.Y., Cheng, Z.F.: Global anti-synchronization of master-slave chaotic modified Chua’s circuits
coupled by linear feedback control. Math. Comput. Model. 52, 567-573(2010)

[18] Wang, T.S., Wang, X.Y., Wang, M.J.: A simple criterion for impulsive chaotic synchronization. Commun.
Nonlinear Sci. Numer. Simul.16, 1464-1468(2011)

[19] Ghosh, D.: Nonlinear-observer-based synchronization scheme for multiparameter estimation. Europhys. Lett. 84,
40012(2008)

[20] Li, C.L.: Tracking control and generalized projective synchronization of a class of hyperchaotic system with
unknown parameter and disturbance. Commun. Nonlinear Sci. Numer. Simul. 17, 405-413(2012)

[21] Khan, A., Shahzad, M.: Synchronization of circular restricted three body problem with lorenz hyper chaotic
system using a robust adaptive sliding mode controller. Complexity 18, 58-64(2013)

[22] Ho, M.C., Hung, Y.C.: Synchronization of two different systems by using generalized active control. Phys. Lett. A
301, 424-428(2002)

[23] Ge, Z.M., Chen, C.C.: Phase synchronization of coupled chaotic multiple time scales systems. Chaos Solitons
Fractals 20, 639-647(2004)

[24] Ma, J., Li, F., Huang, L., et al.: Complete synchronization, phase synchronization and parameters estimation in a
realistic chaotic system. Commun. Nonlinear Sci. Numer. Simul. 16, 3770-3785(2011)

[25] Shi, X.R., Wang, Z.L.: The alternating between complete synchronization and hybrid synchronization of
hyperchaotic Lorenz system with time delay. Nonlinear Dynam. 69, 1177-1190(2012)

[26] He, P., Jing, C.G., Fan, T., et al.: Robust decentralized adaptive synchronization of general complex networks with
coupling delayed and uncertainties. Complexity 19, 10-26(2014)

[27] Yang, X., Wu, Z., Cao, J.: Finite-time synchronization of complex networks with nonidentical discontinuous
nodes, Nonlinear Dynam. 73, 2313-2327(2010)

[28] Liu, X.Y., Yu, W.W., Cao, J.D., et al.: Finite-time synchronisation control of complex networks via non-smooth
analysis. IET Control Theory Appl. 9, 1245-1253(2015)

[29] Chen,C., Li, L.X., Peng, H.P., et al.: Finite-time synchronization of memristor -based neural networks with mixed
delays. Neurocomputing 235, 83-89(2017)

[30] Tan, M, Tian, W.: Finite-time stabilization and synchronization of complex dynamical networks with nonidentical
nodes of different dimensions. Nonlinear Dynam. 79,731-741(2015)

[31] Chen, W. S., Jiao, L. C.: Finite-time stability theorem of stochastic nonlinear systems. Automatica 46, 2105-
2108(2010)

[32] Feng, Y., Sun, L.X., Yu, X.H.: Finite time synchronization of chaotic systems with unmatched uncertainties. In:
The 30th annual conference of the IEEE industrial electronics society (2004)

[33] Liu, X.Y., Su, H.S., Chen, M.Z.Q.: A switching approach to designing finite-time synchronization controllers of
coupled neural networks, IEEE Trans. Neural Netw. Learn. Syst. 27, 471-482 (2016)

[34] Luo, R.Z., Su, H.P.: Finite-time control and synchronization of a class of systems via the twisting controller.
Chinese Journal of Physics 55, 2199-2207(2017)

[35] Cai, ZW., Huang L.H., Zhang L.L.: Finite-time synchronization of master-slave neural networks with time-delays
and discontinuous activations. Appl. Math. Model. 47, 208-226(2017)

[36] Zhang, D.Y., Mei, J., Miao, P.: Global finite-time synchronization of different dimensional chaotic systems.Appl.

JIC email for contribution: editor@jic.org.uk



Journall Information and Computing Science, Vol. 12(2017) No. 4, pp 312-320 319

Math. Model. 48,303-315(2017)

[37] He, G., Fang, J.A., Li, Z.: Finite-time synchronization of cyclic switched complex networks under feedback
control. Journal of the Franklin Institute 354, 3780-3796(2017)

JIC email for subscription: publishing@WAU.org.uk



320 Yan Zhou et al.: Finite-time chaos synchronization of the delay Lorenz system with disturbance via a single controller

JIC email for contribution: editor@jic.org.uk



