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Abstract. In this paper, a dynamic 12SR model based on rumor spreading with random noise interference is
proposed. Active state of the spreaders and the random noise interference in the homogeneous network can be
considered. This paper divided spreaders into high probability spreaders and low probability spreaders that can
be transformed. The existence and uniqueness of global positive solutions, extinction , and the spreading range
of rumors be proved. Through numerical simulation, we have three conclusions as follows: (1)The spreaders
can quickly reach to the peak in the shorter time with the bigger of the transmissions rate;(2)The high
probability spreaders not only pay more attention to rumors but also more likely to spread;(3)There have a
negative correlation between the spreading range of rumors and noise intensity.
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1. Introduction

Rumors are often defined as the spreading of things that are of interest to the public or the interpretation of
unconfirmed events through various ways. Rumor as an important method of social topics, its spreading pay more
attention to people's lives. Rumor can lead to people reputation damage to some extent[1], the community or the company
has an immeasurable consequences[2,3]. Because of its important role in society, many scholars began to study the
spreading of rumors[4,5].

Because of the importance of the infectious disease model, it is widely used in various fields, especially
the rumor spreading model [6], Delay and Kendall introduced the D-K model based on the classical epidemic
disease model in 1965, and the difference between the spreading of diseases and rumors was analyzed. In this
model, the total population is divided into three groups: one kind of people who has never heard rumors; one
who has heard and spread it; one is a person who knows but never spread it. These groups are called "ignorant",
"spreaders"”, "stiflers". Since then, many scholars have begun to study the relationship between rumor
spreading and epidemic disease models. Some scholars[7-9] have studied the methods of disease transmission
and the spread of rumor on complex networks based on the theory of mean field theory and infiltration. A
number of people [10-13] have studied the rumor of the social network topology .In reality, the spreaders
shows different interests and motivations due to the different characteristics of rumors and their connection
with the individual. Subsequently, Huo and Wang et al. considered the effect of spreaders with different
infection rates on rumor spreading in the homogeneous network [14]. However, epidemic disease models are
unavoidably disturbed by environmental noise [15-18]. The stochastic model can be used to predict the future
dynamic changes of the system. The stochastic differential equation model has also been widely used in the
model of noise interference. Cai et al. describes the influence of environmental fluctuation on the infection
rate coefficient about SIRS model, it is described as Gaussian white noise. Because of the similarity between
rumor spreading and the spreading of epidemic diseases, it is also disturbed by the noise during the rumor
spreading [19].

In this paper, we study the spreading of rumors from different perspectives and carry out a system
analysis. In reality, spreaders will show different interests and motivations due to the different characteristics
of rumor and their connection with the individual. Some people take the initiative to participate in the rumor
spreading, others are showing a lower interest. In this paper, we assume that the average degree of the system
in the homogeneous network is disturbed by random noise, and that the spreader's active state in the
homogeneous network is considered in the process of the rumor spreading, and the spreaders with high activity
is active and spread rumors with greater probability; And low active spreaders will show negative reactions,
and with a lower probability to spread rumors, under certain conditions they can be transformed into each
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other. Based on these two factors, we put forward a dynamic 12SR model based on the rumor spreading that
is provided with random noise interference at different infection rates. In this paper, we establish the model
of stochastic differential equation system on complex networks, and prove the existence and uniqueness of
global positive solutions, extinction and the spreading range of rumors. In the numerical simulation section,
we take into account the impact of each parameter on rumor spreading, and the results are analyzed and
summarized.

2. Model establishment and theoretical analysis
In this paper, we consider that the noise interference is <k> +6B(t) .where <k> is the average degree and

B(t) is the standard Brownian motion on the complete probability space, 0 indicates the noise intensity. We
analyze the following I12SR model with random noise interference

% =21 (1)8,(0) (k)= 4,1 S, (1) (k) - 41 ©S, (OB(R) - 4,1 (1S, (HIB(D)
dsét(t) = 41 (0)S, () (k) +aS,(t) - 5,5, (t) - BS,(t) + 41 (1)S, (D)FB(1)

1)
deZt(t) =4, 1(t)S,(t) <k> —as,(t)—35,S,(t)+ BS,(t) + 4,1 (1)S, (1) AB(t)
% =5,5,(1)+5,5,(t)

where I(t),S,(t),S,(t),R(t) represent the density of the ignorants, the low probability spreaders, the

high probability of spreaders, and the stiflers at time t respectively. When the ignorant nodes is touch with the
spreader nodes, some of the ignorant nodes becomes the low probability spreader nodes with the probability

4, and some of the ignorant nodes becomes the high probability spreader nodes with the probability 4, , we
suppose A, > 4. When the low probability spreader nodes S,(t) is contact with the stifler nodes, with the
probability o, becomes the stiflers, and when the high probability spreader nodes S, (t) gets contact with the

stifler nodes, with the probability d, becomes the stiflers. And with the shrinking of rumor and the increasing

of rumor’s heat, we consider the probability of low probability and high probability spreaders can be transform.
That is, we use the decay rate « to express high probability spreaders to low probability spreaders, the low
probability spreaders is transformed into the high probability spreaders with probability /.

2.1. Existence and Uniqueness of Global Positive Solutions

Theorem 2.2.1 For any given initial value (1(t),S,(t),S,(t),R(t)) e R?, Then system (1) has a unique
positive solution when t >0, and the solution will stay in Rf with probability 1. where
R = {(I (t),S,(t),S,(t),R(t)) | 0 < I(t),S,(t),S,(t), R(t) < N, I(t)+S,(t) +S,(t)+R(t) =N }

Proof Because the coefficients of the system satisfy the local Lipschitz condition, then for any given
initial ~ value (1(0),5,(0),S,(0),R(0))e R .System (1) has a unique local solution

(1(),S,(t),S,(t),R(t)) € R! ont €[0,7,), where 7, is explosion time.
To prove that this solution is global, we just have to prove that 7, = a.s is true. To achieve this objective,
we assume that K, > 0 is large enough that 1(0),S,(0), S, (0), R(0) falls entirely on interval [%O : koj, and

for each integer K > K, we define the following stopping time
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rk:inf{te[O,z’e):‘Pi(t)g(%,kJ,i:1,2,3,4}. (2)

where (‘P (1), 'V, (t), ¥, (t), ¥, () =(1(t),S,(t),S,(t),R(t)) , in this paper we set infJ=o0
(< is an empty set) .Obviously, 7, is increasing withk — oo, letting z, =lim, ,z,,and thenthe 7, <7,
a.s.

If we assume that 7  =ooas.is true, then 7, =oo is true. In other words, we just have to prove that

7, =00 as. is true. If this statement is wrong, there must be a pair of constants T >0 and ¢ € (0,1) , such
that P{z, <T}> ¢ . Therefore, there exists an integer k, > K, such that

P{r, <T}>e,Vk 2Kk, (3)

Let's consider function V (y): R} — R, (R+ ={VIV=0Ve R}) , and we define the following function

V(1(t),S,(t),S,(t),R(t)) =(1 -1-In1)+(S,-1-InS) +(S,-1-InS,)+ (R-1-InR).  (4)

The non-negative properties of this function can be obtained from the following inequalities
u—-1-Inu>0,vu=0,

Soforany (I(t),S,(t),S,(t).R(t)) e R?, because V is non-negative, then the application of It6 formula
can be obtained

dv = (1——)d|+§|—2(dl) +(1——)dS ( )
11 1 1 2
+(1_S_2)d82+582 ~(dS ) (1——)d —?(dR)

:{(1-%)(—21I81<k>—12I82(k))dt

+ (1—Si)(/11ISl<k>+ocS2 —-96,S, - pS,)dt

1

; (1—Si)(,tz|sz (kK)+ BS, - 5,3, — aS,)dt

2
" 1—%)(5151 +5252)dt+%(Alsle+/12529)2dt
1 2122 1 2122 1
+§/11 1°6 dt+§ﬂzl 0 dt}+T(21I810dB(t)
+AZI820dB(t))—SiﬂilsledB(t)—Siﬂ,zlszedB(t).
1 2
The above formula can be written as follows

dv = A)dt + (Il —Si)ﬂilsledB(t) + (I1 —Si)zZ 1S,0dB(t), (5)

where
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At) = (1—%)(—/11I81(k)—/12I82 (k))+ (1—81)(/11|sl(k)+oes2 -5,S,-BS,)
+ 1—Si)(/12|52(k>+ﬁsl—5252—asz)+(1—%)(5lsl+5zsz)

+%(21819+/12529)2 +%ﬂfl 20? +%/122I 29°.

where A(t) is bounded, we assume A(t) <K,K R, , so we have

dv < Kdt+(|1—Si)zl|sledB(t)+(|1—Si)12|329d13(t). (6)
1 2
For inequality (6) integral from 0 to 7, AT, we can get that
T AT T AT T AT 1 1 1 l
jo dv sjo Kdt + jo (T—S—l)allslm(rs—z)ﬂ,zlsze dB(t). (7)

where 7, AT =min{z,,T}.
And then we can take the expectation of both sides of the equation (7)
EV(I(z, AT),S,(z, AT),S,(z, AT),R(z, AT)) <V (1(0),S,(0),S,(0),R(0)) + KE(z, AT)
<V(1(0),S,(0),S,(0),R(0)) + KT. (8)
Set Q, = {z'k ST} be true for K >k, and take into account (3) can have P(Q,) > & . Observing the

definition of stopping time .we can know that there is at least one of I(@wA7z,), S,(wA7,), S,(@AT,),
R(wA7,) equalto k or % foreach of @ e Q, . Hence, we can get the following form

V(1(0),8,(0),S,(0), R(0)) + KT = E[l, (@)V (I(z, A ®),S,(7 A ®),S,(7, A ®),R(z, A ®))]
> g((k—1-Ink) A (% +1+Ink)), (9)
where |, indicates the indicator function of €2, . Setting k — oo, then we can obtain that
V((0),S,(0),S,(0), R(0)) + KT = oo, (10)

Because both V(1(0),S,(0),S,(0),R(0)) and K have a boundary, therefore, we come to the

contradiction, and 7, = oo is established. This means that in a short time I(t) and S,(t), S,(t) will not be
the outbreak of the situation, the proof come to an end.

2.2. The extinction of rumor diffusion
Theorem 2.2.1 For any given initial value (I(t),S,(t),S,(t),R(t))eR;, The system (1) has the

following properties

lim suplnstﬁJr lim,_,, suplnstﬁ < %—(5l +6,)+ a +B).

t—>w

Where {(I(t),S,(t),S, (t), R(t) [0 < I(t),S,(t),S,(t), R(t) <N, I(t) +S,(t) +S,(t) + R(t) = N}.
Proof We have related operations about the second and third equations of the system (1), then
InS, +InS, <[(4 + L)1 (k)= (6, +8,) + (e + B) + 2Jap1dt+ L16dB(t) + 2,1 0dB(t).
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Set B, = B(t) in the following operation, define the function
Vl(t) = (A4l (k>—5l+ﬁ+~/aﬂ)dt+21I0dB,,
Vv, (t) = (4,1 (k)—52 +a++JaB)dt+4,10dB._.

It can be seen that V., (t)(i =1,2) is quadratic differential about | and continuous differentiable about t,
then can be derived from 1t6 formula

dV1:[21I(k>—51+,6’+@—1/1fezl2]dt+/11I6’dBT
_[—<< >) 2_6,+ B++Japldt+ 4 10dB,

(<26?2 —6,+ B+Jap)dt+2,16dB..

4V, =[4,1 k)~ 5, +a+@—%4592|2]dt+429|dl3r

[6;2(<;2>) — 8, +a++Jap]dt+ 1,01dB,

(222 — 8, +a++Jap)dt+ 1,01dB..

Thereby, dV,+dV, <[<k> —(8,+68,)+ (Na ++/B)*1dt + 1,61dB_ + 1,01dB. .

We take the integral and limit about the above inequality, then we have
InS,(t)+InS,(t)—InS,(0)—InS,(0)

gj;[%—(al+52)+(JE+\/E)2]dT+j; (4 +4,)01dB,,

fim__ 15O Stl(t) lim,__ NS0
2
<tim,_ 8@ IS, k)
t—ow t t—o0 t 92

(6,+6,)+ (N ++JBY +|imm%j; (4,+4,)01dB.,.

since B_ is standard Brownian motion and B_ < N(0,1), then we can get

m.,. j 61(t)dB, =0.
Therefore,
Iimt%supmﬂimt%sup InSt(t) Q—(é +5)+(\/_ f)
In  particular,  lim,_ S (t)+lim__ S,(t)=0 can be established when 62=6,=

JIC email for subscription: publishing@WAU .org.uk



38 Hongxing Yao et al.: Research on the rumor spreading model with noise
inference in the homogeneous network

k 2
\/ < > .That means rumor will disappear when the time tends to infinity.

(51"'52)_(\/;"‘\/;)2

2.3. The spreading range of rumors

Based on the above theory, the non-zero rumor spread threshold A, is given.[20]if 4 ;, is higher than the

n

threshold A_, then the rumor will spread on the network and infect a certain number of people; and 4, below

min

the threshold A, the number is infinitesimal in a very large population. that is, compared with a large number

of people, rumor spread on the network will only infect infinitely small crowd, the number tend to zero. From
theorem 2.2.1 we can see that the above conclusion can be established, that is, when the noise intensity is large

enough to ensure that lim, , S, (t)+lim,_,_S,(t)=0. But we take into account the addition of random

variables, rumor spread the number of individuals infected does not necessarily tend to 0 when t — oo at any
noise intensity, at the same time, R(t) is a random variable, rather than a value, it is determined by the

distribution of B(t) at every moment. So, we consider statistical average of R(t) to study the threshold of
rumors.

For convenience, we define |(t),S,(t),S,(t), R(t) to be the density of an individual with three different
states in the following derivation. That is

t—o0

I(t)+S,(t)+S,(t)+R(t) =1. (12)
We analyze the stochastic differential equations by taking integral of I(t), considering that the initial
proportion of the initial conditions 1(0) =1, R(0) =0 and S,(0),S,(0) is too small. Therefore

| (t) - (0)e—ﬂ1<k>51(t)—12<k>82(t)—(ﬂ,l+/12)6'f;(51(t)+52 (t))dB,. (12)

The statistical average of the total number of infections can be obtained by satisfying the following
equation (11) and theorem 2.2.1

ER(c0) =1—El (0), (13)
where

R0 s, 0+ +2,)0[ (5, (0+5, (D),
I(t)=e 4 k ,
Hence, we have
% » A ©
“L{KR(©)-(A+4) | (S (1)+5, (1)dB, ~2L(K)ER ()-El(Ay+42) [ (S1(1)+S,(1))dB, ]
ER(o0) <1—E(e * h s ) <l-e?® f s , (15)
For the stochastic integral of Iow(Sl(t) +S,(t))dB, , we get

E( J.:(Sl(t) +5,(t))dB,) =0.
Meanwhile, the above inequality is established if and only if ER(c0) =0. So the above inequality can be
written as follows
A (k)ER ()
ER(w)<1-e : (16)

Define the function f(x)=1-e"*, where 7:%<k>,ER(oo):X. Then (16) can be written as
1

ER(o0) = f (ER(c0)) . Where f(0)=0 and f (1) <1. Since f(X) is monotonically increasing, the positive
solution exists if and only if f (0)>1, we have
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dER(0)

d

(1-e

A K)ER ()
) |ER(oo)=O >1.

A

. . . o (. A 1
The equivalent condition for the above inequality is —= > —. Similarly, we also can get == > —, and

: 1
Avin = mln{ﬁ,ﬁ}. Therefore, we can get rumor threshold A4, = —, when 4

1 2

5 (k) 5, (k)

below the threshold A,

<k> min

rumor gradually disappear, when A_,. higher than the threshold A, rumor spread on the network and infected

a certain number of people.

3. Numerical simulation

In this section, we discuss the theoretical model of rumor with noise interference on complex networks

through numerical simulation. In order to carry out the simulation model better, we construct a complex
network with a population number of N =10°.

Densities
=
o

—
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07}
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0.3F

0.2t

e o

25 30 0 5 10 15 20 25 30
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(c)
Fig.1. Theoretical model of Stochastic Differential Equations with different random noise intensity (a) @ =0. (b)
0 =100. (c) 6=150.
Fig.1 depicts the change in the stochastic differential equation system by adding different random noise
disturbances, which proves its theoretical value. Here, we take

4,=0.03 A4,=0.05 ¢,=06,=03 a=0.07, ,B=0.02,<k> =30 . From the figure we can find: the

number of infected individuals increases, reaches the peak, and then decreasing until it disappears. At the same
time, in the graphs (b) and (c) of the fig.1, we set the parameters to satisfy the condition of theorem 2.2.1, that

(k)
(6, +6,) - (Na +B)

is0=>0,= . Only susceptible and infected individuals are still in a steady state,
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and rumor disappear eventually, which is consistent with the conclusion of theorem 2.2.1. Compared with the
addition of noise, we can find that the spreading range is reduced relatively, the peak of the system is less than
no noise interference system on the complex network, and the life cycle of rumor is shorter than before.
Compared with the graph (b) and (c), we can observe that the longer the noise intensity, the longer the time
required for the infected individuals to reach the peak, and the smaller the peak value. In addition, we also
receive that the greater of the noise intensity, its spreading range is smaller, indicating that noise affects the
spreading of rumor on the network.

1:
X=01 |
0.9 A, =025
x=05 | |

0.8
0.7
o6k it
= [\
:0‘1- o5F
0.4 F : | '\.
] \ I\\\
03F N 5

| I
0.2t | P \

Fig.2. The density of S;(t) under different A,

Fig. 2 shows the density of S (t) at different rates of infection from ignorants to low probability spreaders
with time changes. And we take 4, =0.1,0.25,0.5.1t can be observed that with the infection rate increases,

the time of S;(t) to reach the peak is shorter and the greater the infection rate, the greater the peak.

— a=0.1
0.9k —-—-—a=025| 7
=05
0.8 '
0.7F
06F
~~05F
w
0.4k
0.3F
0.2F -'\

01k

Fig.3. The density of S, (t) under different &
Fig.3 describes the density of S, (t) at different decay rates @ over time. In the whole process, at first

Sl(t) increases, reaches the peak, then falls, and finally reduces to zero. In addition, when the value of & is

getting bigger, its peak value is growing at the same point, which we can see from the figure. With the
spreader’s interest in rumor diminishes and rumor diminish, more and more spreaders from high active to low
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active state. According to the different characteristics of rumors, we combine these problems with the
individual, and we receive that the decay rate has some effect on the spreaders.

09} 0.3 0.9 -;-:'; 03
05 - 05
08| 0.8 S
07F 07t R
06} ] 06}
& 051 i 1 Sosf
04t i 1 04t
0af ) 1 oaf i
02t A i 02+ ; /
0.1 01 il
e .
0 e . . . . ol i . . . .
0 5 10 15 20 25 30 0 5 10 15 20 25 30
t t
(a) (b)

Fig.4. The changes of R(t) over time in different & when (a)@=0. (b)  =50.

The graphs (a) and (b) of figure 4 depicts the changes of the spreading range over time with different «
before and after the addition of noise. & represents the decay rate of the high probability spreaders to the low
probability spreaders, the greater the value of « , the higher of the number of high probability spreaders to the
low probability spreaders, and the shorter the system reach the final steady state. From the figure, we can see
that the decay rate has little effect on the range of the rumor spreading,.However, after we considered the noise
disturbance, it became noticeably smaller.

1
—_—— .\220.1

0.9} 1
.\2=0.3

o8k 2,=07| |
o7t |\
06 |
jreg)
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0.4+ \
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03¢ I
o2l |

01F

0 P 1 L < Sl —

Fig.5. The density of S, (t) under different A,
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Fig.6. The density of S, (t) under different
Fig.5 illustrates how the density of S, (t) varies with time at different rates of infection. It can be seen

from the figure that S, (t) can reach the peak in a shorter time with a higher infection rate, and the lower the

peak, the infection rate is lower than the peak of the higher propagation rate. The high transmission rate of the
spreaders not only reflects that the spreaders itself is more concerned with rumors, but also reflects that the
spreaders is more likely to spread rumors, relatively speaking, the value of A, is greater. In view of the

characteristics of rumor and their connection with the individual, the rumor itself is related to personal interests.

Fig.6 discusses the density of S, (t) change with time under different /. In this process, the density of
S, (t) first rapidly reaches the peak and then decreases, and finally reaches to the balance. We can observe
that the larger of /3, the greater the number of S, (t) .In the whole process of converting the low probability
spreaders to the high probability spreaders, £ more larger, the density of S, (t) to reach the peak faster. From
the figure we can conclude that /£ has a certain effect on the density of S, (t) .

4. Conclusions

In this paper, we propose a dynamic 12SR model based on rumors with noise interference at different
infection rates, and complete the theoretical proof in the homogeneous network. In the numerical simulation,
we draw the following conclusions:

(1) The addition of noise reduces the peak and the spreading range of rumors. we receive that the greater
the noise, the infected individuals spends more time to reach the peak, and the smaller the diffusion range of
rumors. It can be observed that the noise makes the system subject to a certain degree of interference, and
reduces the spreading of rumors.

(2) The greater the probability of high probability spreaders to low probability spreaders, the bigger the
density of low probability spreaders. Furthermore, We conclude that the different characteristics of rumors and
the interests of the individual are very important in the process of communication.

(3) Through the analysis of different infection rates, we know that the probability from the ignorant to the spreaders
has a great influence on the spreading of rumors. The higher the probability of spreaders from ignorant to high probability
spreaders, the higher the probability that spreaders can reach a greater peak in a relatively short period of time. It shows
that high probability spreaders not only pay more attention to rumors, but also more likely to spread rumors. Furthermore,
rumors are related to the interests of the spreaders. In addition, we find that the decay rate has little effect on the final
diffusion range of the system, while the addition of noise reduces the spreading range of rumors significantly.
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