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Abstract. In this paper, we develop a new series of Fibonacci n-step polynomials. Based on these series of
polynomials, we introduce a new class of square matrix of order n. Thereby, we define a new coding theory
called Fibonacci n-step polynomials coding theory. Then we calculate the generalized relations among the
code elements for all values of n. It is shown that, for n = 2, the correct ability of this method is 93.33%
whereas for n = 3, the correct ability of this method is 99.80%. The interesting part of this coding/decoding
method is that the correct ability does not depend on x and increases as n increases.
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1. Introduction

The Fibonacci numbers Fp, (k = 0,+1,+2,43,...) is defined by the second-order linear recurrence
relation:
Fry1 = Fe+ Frq (D
with the initial terms Fy = 0,F; = 1.
The Fibonacci polynomials are the extension of the Fibonacci numbers, defined by the recurrence relation

Fiep1(x) = xFe(X) + Fre_1(x) (2)
with the initial terms Fy(x) = 0, F;(x) = 1.

The Fibonacci n-step numbers [15] Fk(") are the generalizations of the Fibonacci numbers, defined by the
recurrence relation
m _ p(m (m) m
w o o . B =F_+ ES+ o+ F,
n n n n
Y =F"Y=.-=EFE"=0FE"=1 3)

fork=0,+1,+2,+3,...andn=1,2,3,....
The first few sequence of Fibonacci n-step humbers are summarized in the Table 1.

Table 1. Fibonacci n-step Numbers

k -5 -4 -3 -2 -1 0 1 2 3 4 5 Name

EY 11 11 1t 1 1 1 1 1 1 Degenerate

Fk(z) 5 -3 2 1 1 0 1 1 2 3 5 Fibonacci Numbers
Fk(g) -3 0 -1 1 0 0 1 1 2 4 Tribonacci Numbers
E® 0 -1 1 o o0 o0 1 1 2 Tetranacci Numbers
Fk(s) 0 1 1 0 0 0 0 1 1 Pentanacci Numbers

(n)
F . .
For k =2n—-1,n = Ilim F’(‘—n) exists, called n- annaci constant and is the real root > 1 of the equation
— 00 k—1

XM — Ml 2— - x—1=0
For even n, there are exactly two real roots, one is > 1 and one is < 1 and for odd n, there is exactly one real
root, which is always > 1, the equality sign hold if and only if n = 1.
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Actually, r; = 1,7, = 1.61803 called Golden mean, r; = 1.83929  called Tribonacci constant, r, =
1.92756 called Tetranacci constant, rs = 1.96595 called Pentanacci constant etc. and lim r,, = 2 [6].
n—-oo

In 2006, A. P. Stakhov introduces a new coding theory on Fibonacci matrices [14]. In 2009, M. Basu and B.
Prasad describe the generalized relations among the code elements for Fibonacci coding theory [1] and Coding

theory on the m-extension of the Fibonacci p-numbers [2]. In 2010, M. Esmaeili and M. Esmaeili introduce

a Fibonacci-polynomial based coding method with error detection and correction [12]. After that, M. Basu
and M. Das present a new coding theory on Tribonacci matrices [3], coding theory on Fibonacci n-step
numbers [4] and coding theory on constant coefficient Fibonacci n-step numbers [5].

In this paper we define Fibonacci n-step polynomials and Fibonacci n-step polynomial matrix of order n.

Thereby, we illustrate a new coding theory called Fibonacci n-step polynomials coding theory along with
its properties.

Definition 1.1. The Fibonacci n-step polynomials F(”) (x) are defined by the recurrence relation

FM () = x" M (0) + x™ ZF(nZ(x) + ot FM (), (4)
with the initial terms F\™ (x) = FV(x) = - = Fn(f;(x) =0, Fn(f)l(x) =1, for k = 0,+1,+2,+3,... and
n=1273, ...

The first few sequence of Fibonacci n-step polynomials are summarized in the Table 2.

Table 1. Fibonacci n-step polynomials

k -5 -4 -3 2 -1 0 1 2 3 4 5

FM ) 1 1 1 1 1 1 1 1 1 1 1

FP@) x*+3x2+1  —(x%+2x) x2+41 —x 1 0 1 x  x*+1 (x3 + 2x) xt+3x2+1

Fk(3)(x) —(x* + 2x) ¥+ 1 0 —x 1 0 0 1 x? (x*+x) x6+2x3+1

FPw  @t+1) 0 0 -x 1 0 0 0 1 x3 x + x?

F® ) 0 0 0 -x 1 0 0 0 0 1 x*
F >( ) )

Definition 1.2. n- annaci polynomial ratio is defined by —¢ " ),k >n —1. Taking k — oo, we have
k—1 X

lim A e exists [13] and 1 " @ _ say which depends on

kl—>oo (n)( x) 1 (n)( x) - rn(x), y p x.

xvxZ+a

For example, r,(x) =
r3(x2 1 1
_23x% + (2x° + 9% + 27 +V—19x° + 378x3 + 729)3 + (2x° + 9x® + 27 — V—19x° + 378x3 + 729)3

2 ’

1
23 X3

Definition 1.3. Fibonacci n-step polynomial matrix M,,(x) is a square matrix of order n and is given by
n-1 n-2 n-3

X XX o o x 1
1 0 o --- 00
1 0 1 o --- 00
w0 = (% o)=
0 0 0 1 0
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FU) xR )+ X" FO )+ +FP(x) - FR(X)
I:n(—nl) (X) Xn—Z Fn(—ng (X) + Xn—S Fn(f?), (X) et Fo(n) (X) e Fn(—ng (X)
- | L )
FOX) xR0+ X RO (0 + o+ FO(x) - KO ()
RO XPRP (04 xTRP )4+ FO, 00— R (9)
Where x is the row matrix (x*~1 xn=2 .. x), I, is the identity matrix of order n — 1 and 0 is the
column matrix of order n — 1 with each element 0 such that
detM,(x) = (-1 (6)
and
MI(x) = I, ()
The inverse of M, (x) is
0 1 0 0
0 0 1 0
_ 0 I,_.\ _
Mnl(x)= (1 _xl)—
0 0 O |
1 _Xn—l _)(n’2 cer e —X
Fn(—nz) (X) Xn72 Fn(—na? (X) + Xn73 Fn(fi (X) +eeet Ffln) (X) e Fn(—n?z (X)
FOMX) x"2FO®)+x"FRx)+-+FPx - FM(X)
- | L ®
FP() x"PEP )+ x"FQ )+ +FO () - FP(X)
FOK) XPEQ ) +xFP )+ +FO(X) - FP(X)
Fk(frzfl(x) anz Fk(frzfz (X) + ans Fk(f,:,g, (X) teeet Fk(n) (X) e Fk(f,),,z (X)
Fk(:-]r?l—z (X) X" Fk(fr:—s (x) + X" Fk(fr)l—A (X) 4+ Fk(—nl) (x) - Fk(-:—]r)l—S (x)
Theorem 1.1. M¥(x) =
FR0) XPRO 00+ X RA 00+ +FOL00 - RO
Fk(n) (x) X" Fk(—nl) (x) + X" Fk(—n% (X) 4=+ Fk(—nr1+1 (x) - Fk(—nl) (x)
fork=0, +1,+2,...
Proof: Case 1: k > 1.
11 -1 FO(x) xR )+ X" FO )+ + KV (x) - FR(X)
10 - 0 FOx) x"?FOX)+x"*FO(X)+--+F"(x) - F7(x)
M}l = = ' '
0.0 = 0 RV RO+ xRV )+ FRX) o R (9
00 -1 FO) x"FP )+ X" FOX) +-+FO,(x) - FP(X)
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Flsrnn)—l (X) X" Flinn)fz (X) + X " Flinn)fs (X) +---+ Fl(n) (x) - F1(+r:1)72 (x)
F1(+r:1)72 (x) X" Flinn)fs (X) + X" Fli?—4 (X) +---+ Fl(j) (x) - F1(+r:1)73 (x)
Flﬂ) (X) Xn_z Fl(n) (X) + Xn_s Fl(—r:]L) (X) +ee Fl(—r:1)+2 (X) o Fl(n) (X)
Fl(n) (X) anz Fl(j) (X) + ans F1£r12) (X) tet F1£?+1 (X) o Fl(—rl) (X)

The theorem is true for k = 1.
Let the theorem is true for k = m then

Fana () X" R0, () + X" Rl s () ++ BV (x) - B, (%)
Famn2 () X"2 R0 00+ xR0, (0 + -+ BB () o Fall (%)
M) = . . .
FOM XFEP)+ xRN0+ + FOL 00 - RO ()
Fal () X" R0+ X" F 00+ + B () - Fh(x)
Now,
MP*(x) = M7 (x)Mp(x) =
Faona () X2 R0, (0 + X" R () 4+ F3" (x) Fina(0](1 1 1
Fa o () X" F 00+ X Rl (0 ++ R0 () FlL(0||1 0 - 0
Fan(x) xR (04X () 4+ Fi o (X) Fa'(x) ||0 O 0
B (0 X2 R 00+ X" R (0 ++ B (%) Fri(x) JLO 0 1
Using the recurrence relation (4), we have
FEL00 X ROL00 X R 004+ FR0O - FOL00
Frona (0 X" R0, 0+ xR0 () ++ RV (%) Bl (%)
Mrrln+1 —
Fan () X" RO+ X0 )+ + FN () F()
FO0 X)X N0+ +F0L00 - RO ()
Hence by induction, for all k > 0 we can write
Fk(:-]r)1—l(x) Xn_sz(f%—z(X)+Xn_3Fk(+nr)1—3(X)+"‘+Fk(n)(x) Fk(fr)1—2(x)
FO L) X" RO 0+ x" RO, () +-+F9(X) - R0
My (x) =
FO0 X RP0)+ X RE )+ + FOL 00— RO (%)
FO0)  x"PRO)+x" RO )+ +FO (x) - FO(X)
Case 2: k <0.

Similarly, we can prove the theorem for all k < 0.
Hence the theorem.
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2. Some Properties of Fibonacci n-step Polynomial Matrix
ME(x) = x"2ME1(x) + xP2MET2 () + ..+ MET

Fk(+nr)1—1 (X) Xn_z Fk(+nr)1—2 (X) + Xn_3 Fk(jr)1—3 (X) +-t Fk(n) (X) e Fk(:-]r)1—2 (X)

Fk(fr)1—2 (x) x"? Fk(fﬂ_s (x)+x"° Fk(f%-4 (X) +---+ Fk(fl) (x) - Fk(fr)1—3 (x)
Proof: M¥(x) =

FO0) X RO+ X D00+ FOL00 - RO

Fk(n) (x) X" Fk(fl) (x)+x"° Fk(ig (X) +---+ Fk(—nr)Hl(X) Fk(—nl) (x)

Now using the recurrence relation (4), we can write
F (0 = x" U ESD 00 + xR (0 + et FY ()
FOD () = x" 1D 00 + xR () + et F (0

+

FM () = x" 1 FE, (6) + 2" 2F (0 + ot B (0

Hence by using the property of matrix addition, we can write

Fk(:r?l—z (X) X" Fk(:r:—3 (x) + X" Fk(fr:—4 (X) +---+ Fk(—nl) (x) - Fk(+nr)1—2 (x)
Fk(fr)1—3 (x) x"? Fk(fr)1—4 (x)+x"° Fk(fﬂ_s (X) +--+ Fk(—n% (x) - Fk(fr)1—3 (%)
HOEE ol |
Fk(n) (x) X" Fk(fl) (x) + X" Fk(fg (X) +---+ Fk(2+1(x) Fk(—nl) (x)
Fk(—nl) (X) X" Fk(—n% (x)+x"° Fk(—ng (X) + oo+ Fk(_? x) - Fk(—n% (X)
-2 3
Fk(fﬂfg (x) x" Fk(+nr)1—4 (x)+x" Fk(fr)1—5 (X)+-ee+ Fk(f% (x) - Fk(+nr)1—4 (x)
Fk(fr)1—4 (x) X" Fk(fr)1—5 (x)+ X" Fk(fr)1—6 (X) 4o+ Fk(fe{ (x) - Fk(fr)1—5 (X)
+x"2 . .
Fk(—nl) (x) X" Fk(—n; (x) +x"* Fk(-ns2 (X)+-ee+ Fk(—nr)1 (x) - Fk(—n% (x)
Fk(—n% (X) X" Fk(fs) (x)+ X" Fk(—nz)t (X)+--+ Fk(—nr)1—1 (x) - Fk(fez (x)
Fk(—nl) x"? Fk(—n% +x"° Fk(—ns) teee Fk(—n% e Fk(lg
-2 -3
Fk(—nl) x" Fk(—n?), + X" Fk(—nz)l +eeet Fk(frZ—l Fk(—ns)
+
Fk(—nl) Xn_z Fk(_”z + Xn_s Fk(—an—l +eeet Fk(izmz Tt Fk(_”z
) -3
Fk(—nl) x" Fk(—nrz—l + X" Fk(_”ﬁ_z +eeet Fk(ignﬂ Fk(—nrz—l
= x"IMETI(x) + xVTEMETZ () + ..+ METT (9

1. Using the basic property of matrix, we have
(LO)My; ()M5 (x) = MaCOMz(x) = My+(x), k=0,41,£2, 43, ..

2. detMk(x) = (detMf (x)* = ((~1)™1)k = (=1)(+Dk (11)
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3. Fibonacci n-step Polynomial Coding/Decoding Method

We take the initial message P having at least n(n — 1) + 1 characters. Now we represent P in the form
of square matrix P = (p;j)nxn, Where n is any positive integer. p;; (= 0)i,j = 1,2, ...,n depends on the
decision makers choice considering the fact that for each i at least one p;; # 0. Otherwise this method is
defunct one. We take the matrix M¥ (x) as a coding matrix and its inverse matrix M,;*(x) as a decoding matrix
for an arbitrary positive integer k. We name the transformation P x M¥(x) = E as coding, the
transformation E x M;*(x) = P as decoding and define E as code matrix.

3.1 Determinant of The Code Matrix E

We define the code matrix E by the following formula
E=P x Mt(x)
Using the basic property of determinants, we have

detE = det (P X M,’f(x)) =detP x detMK(x) =detP x (—1)™+Dk (12)
Example:
We consider n = 3. We represent the initial message p11p12013P21P22P23P31P32P33 in the form of

square matrix P of order 3 as
P11 P12 P13
= <p21 P22 p23> (13)
P31 P32 P33
pij (= 0)i,j = 1,2,3 depend on the decision makers choice considering the fact that for each i at least one

pij # 0. We select for any value of k, the matrix MZX (x) as the coding matrix.
Without any loss of generality, we assume that k = 3. Then,

FP@) xFP 0+ FP@) FP )
Mi) = [ EP ) xFEP@ + EP @) FP ()
FP @) xFEP@ + FPw EP ()

x4+ 203+ 1 x°+2x% x*+ x
_ 4o 341 2 (14)
x? x 1

The inverse of M¥ (x) is given by

FP0 xFQ+ FP0 FQw) L a2y
M33(x) = F(S)(x) xF(g)(x) + F(3)(x) F(3)(x) = ( -x  x34+1 —2x? )
— D42 4 _ 3
F_(g)(x) F(3)(x) + F(S)(x) F(3)(x) 2x 3x x 14+ 3x

Then the coding of the message (13) consists of the multiplication of the initial matrix (14) i.e.
P11 P12 P13 x0+ 2x3+ 1 x5+2x? x*+ «x

P xM3(x) = <P21 P22 P23> < x* + x x3+ 1 x2 )
P31 P32 P33 x2 x 1

(8 + 2x3 + Dpyy + (x* + X)pay + x%2paz (X5 + 2xD)pyy + (3 + Doy + xp2z (X* 4+ 1)pay + x2pys + 023

((XG + 2x3 4 Dpig + (0 4 0pia +x2p1z (5 +2xD)pyy + (3 + Dpip +xpiz (e + 0)pyg + x%pi + 013
(x® 4 2x3 + Dps; + (¢ + sy + x%psz (05 + 2xD)p3; + (3 + Dpsy +xp3z (x* + X)psg + x2pay + pas

€11 €12 €13

= |€1 € €3 |=F (15)
€31 €32 €33

where
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erg = (x®+ 2x3 4+ Dpyg + (* 4+ 0)pip +x2p13, €12 = (0° + 2x%)pyqg + (3 + Dpyp + xpys,
er3 = (x* + X)p1y + x°p1z + P13

e1 = (x®+ 2x3 + Dpyy + (X" + X)pag + x2pa3, €3 = (x° + 2xH)pyy + (03 + 1)pyy + xp23,
ep3 = (x* + X)p21 + x%pyy + P23

e31 = (x+ 2x3 4+ sy + (x* + X)pay + x%p33, €33 = (x° + 2x%)p3y + (x> + Dpzy + xpas,
e33 = (x* + )p31 + x%p3y + pas.

Solving these we have,

P11 = e — Xej;—2x%eq3, P = —3x%ey; + (x* + Degy + Bx* — xeys,
P13 = —xell—szelz + (1 + 3x3)el3,
P21 = €31 — Xeypp—2x2es3, Doz = —3x%exy + (%3 + Deyy + (Bx* — x)eys,
P23 = _x921_2x2e22 + (1 + 3x3)623,
P31 = e31 — Xegp—2x%es3, P3p = —3x%e3q + (%% + Desp + (Bx* — x)ess,
p33 = _.xe31_2x2632 + (1 + 3x3)e33.

The code matrix E is sent to a channel and the decoding of the code message E is obtained by the following
manner:

€11 €12 €13 1 —3x2 —x
E X M33(x)= €1 €2 e3|x| —x x3+1 —2x2
€31 €32 €33 —2x% 3x*—x 1+ 3x3

e11 — xejp—2x%e;3 —3x%e;; + (X3 + ey + Bx* — x)eq;  —xe;—2x2%e;; + (1 + 3x3)eg;
= €y1 — x622—2x2623 —3x2621 + (x3 + 1)322 + (3x4 - X)323 —x321—2x2322 + (1 + 3x3)323

e31 — Xe3p—2x%e33 —3x%e3; + (k3 + Desy + (3x* — x)eg; —xez;—2x%eg, + (14 3x3)ess
=P

4. Relations Among The Code Matrix Elements

In this paper, we develop the relations among the code matrix elements. We write the code matrix E with
the help of the initial matrix P and the coding matrix M¥ (x) as

Pu P - P
Pa P = Pop
E=P X Mi(x)=| - S B

P Pnz " Pm
FOL00 xR0, 00+ X" RO 0+ +FP(x) - FD,() e e e
FOL00 X"2R0 0+ X" FO () +-+ R0 () - FOL(x) o s
k+n-2 k+n-3 + k+n-4 Tt k-1 k+n-3 e e e
21 22 2n
R0 XRO0 xR0+ + 0,00 o B0 ||
FOX) xR0 +x"*FOX)+--+F2, 0 - FOX) no "

k k-1 k-2 k-n+1 k-1

We choose k in such a manner that e;; > 0, for all i, ;.
After decoding, we have
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P=E x M;*k(x)

Fk(fr)l—l(x) " sz(fg 2 (X)+ X" Fk(fr)1—3(x) toeot Fk(n) (x) - Fk(fr)1—2(x)
€y & o &y (n) K2E M n-3p () (n) ()

Fk+n—2(x) I:k+n S(X)+X I:k+n—4()()-|""-|_|:k—1 (X) Fk+n—3(x)
€1 €y v By

= X

k(ff () xR+ xR0+ + R0 - FP(X)
€ € ot By E0) (y -2 () -3 E.(0) =0 =0
(X)) XTRI)+XTRL(X) e+ B, () o RE(X)
P Pz o Ppy
Pu P - Po
Pu Pz = Pm
Casel:n = 2.
We write the code matrix E and the initial matrix P as:
( (2)
P11 P12 Fa) F7M) €11 €12
= X k = X =
B M = [y ) (Fk(z)(x) F2) () (e ea) ae
and
P11 P12 —k €11 €12 —k
= = F X M = X M 1
(P21 Pzz) 2" (x) (921 322) 2" (%) a7)
Case 1.1 k is an odd integer. Then, we have
(Pn Plz) _ (6’11 312) % ( (2) 1(%) (2)(x) > (18)
- 2 2
P21 P22 €1 € k( )(x) k(+)1(x)

It follows from (18) that the elements of the matrix P can be calculated according to the following formulas :
P11 = —F,ff)l(X)eu + Fk(z)(x)elz (19)
P12 = F(Z)(x)en - F;Eil(x)eu (20)
P21 = —F;§21(x)ez1 + F (x)ezz (21)

and
P22 = F,EZ)(x)en - ,ﬁ)l(x)ezz (22)

Since p11, P12, P21 and p,, are integers, we have
~F& (e + FP (0)er, 20, (23)
Féz)(x)en - Fk(i)l(x)eu =0, (24)

—FZ ey + FP (0ez, 2 0 (25)
and
F (0)eyr — FE (0)ey; 2 0. (26)
From the equations (23) and (24), we have
R _en o KO @7

FPx) ~ ez — FP
From the equations (25) and (26), we have

B _ en _ BO® 28)
IEZ)(x) T e T (2) (0

Case 1.2 k is an even integer
Similarly, we have
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F(Z) x) F(Z)(x)
Ho =2t (29)
x (%) €12 F.2 (%)
and
F(Z) ) F(Z)(x)
oz ma G0)
r (%) €22 F.2, (0
Hence from (27), (28), (29) and (30), we have
Fea®) _en _ RO B _en  BO®
2 - - 2 2 - - 2
Fk( )(x) €12 Fk(_)l(x) Fk( )(x) €22 Fk(_)1 (%)
or
Fea®) _en RO B en | BO®
2 - - 2 2 - - 2
Fk( )(x) €12 Fk(_)l(x) Fk( )(x) €22 Fk(_)1 (%)
For large k, we have
PRF16) €3]
12
and
2 (%) (32)
22
x2
where , 7, (x) = = ; iy
Case 2: n = 3.
In this case, we can write the code matrix E and the initial matrix P as:
3) 3) 3) 3)
P11 Piz P13 Fk+2(x) ka+1(x)+Fk (JC) Fk+1(x)
E=P x Mk(x) = <p21 P22 p23> x| F@ ) xFP@) +FPx) FP)
P31 P32 P33 F,£3)(x) ka(i)l(x) +F,§?j)2(x) Fk(?_))l(x)
€11 €12 €13
= (€21 €22 €23
€31 €32 €33
and
3 3 3 3 -1
e e e\ [Fn® Q@ +EP® FH
P=E x Mj*(x) = (221 ez 223) x| 20 «FP @) +FP () FO @)
31 32 33
FOw  xFP0 +FY00 FY )
P11 P12 DPi3
= | P21 P22 P23
P31 P32 P33
Now
2
det M¥(x) = F&, (x) <xF,§3)(x)F,§i>1(x) +(F20) - xEP RS, () - FP RS, (x)>
2
+ (W + O @) ((F,§3>(x)) - F®,0F, (x))
2
+F® (%) <xF,§i)1 OF2. () + FO )F®, (0 — x (Fk(3) (x)) ~FP@F®, (x)>
-1 (33)

and

JIC email for contribution: editor@jic.org.uk



Journal of Information and Computing Science, Vol. 13(2018) No. 1, pp 056-073 65

Mz*(x) = adj MX (x)

det M¥(x)
F )2 - FP @S, F20FE,00 - FP R FEP00)?2 - F& 0FS, (0
=| GP@)? = FAOE ) FEEWRL0 - EL@EY@ (L) = P 0RD,®

(Fea()? = FPWRG® FYORRW — EAWRLE®  FLE)? - BRRE)
We choose k in such a manner that e;; > 0 fori,j = 1,2, 3.

Also, we have p11, P12, P13, P21, P22, P23, P31, P32, P33 = 0.
Therefore,

2 2 2
Py = ey ((F,fi>1(x>) - F,E”(x)F,E?Z(x)) + e1s ((F,?)(x)) - F,Ei)l(x)F,Ei)l(x)) + s ((F,E?l(x)) -

F,§3)(x)Fk(i)2(x)> >0 (34)

pr2 = en (FA@FES@ — P @FE®) + e (A, RS ) — L 0FP (@) +
e (F,§3>(x)p,§?3 (x) - E (0F2, (x)) >0 (35)
2 2
Pis = en ((F,E”(x)) - F&WF, <x)> e ((F,E?l @) -FP@ES, (x)) +ews (007 -
+1

F2 0FS, (x)) >0 (36)

2

2 2
P21 = ez ((F,Ei @) - FPOFS, (x)) +ex ((F,E”(x)) - EQ R, (x)) +ex <(F,§§>1 )

F,§3)(x)F,§i)2(x)> >0 (37)
P = e (FEACORS, () = FO@FP, () + ez (A R, 00 = R 00FP 0) +
e (Fk“) (OF () = FL (OFY, (x)) >0 (38)
2 2
Pas = en <(F,§3’<x>) - F,Ei’1<x)F,§i>1(x>> +ex ((F,E?l(x)) - F,g3><x)p,§§>2(x)) +exs (L ()7 -
E& 0FE, (x)) >0 39)
3 2 3 3 3 2 3 3 3 2
ps1 = e ((F,E_)l(x)) ~ Ff >(x)F,§_)2(x)) +es ((F,E @) - F,Eﬁl(x)F,E)l(x)) +es; <(F,§31(x)) -
F,§3)(x)F,§?2(x)) >0 (40)
P2 = e (FL RS, () - EP RS, () + e (EQ R 00 - B EP ) +
€33 (F,§3)(x)F,§i)3(x) —F® (0)F®, (x)) >0 (41)
and
2 2
pss = e ((Fé”(x)) - F,Ei’1<x)F,§i>1(x>> +esy ((F,E?l(x)) - F,§3><x)F,§§>2(x)) +ess (L ()7 -
& 0FE, (x)) >0 (42)

Dividing both sides of (34), (35) and (36) by e;; (> 0), we have
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(@ﬁk@f—%%@%ﬂ@ﬂﬁfzQﬁkm%ﬂ@y(ﬁﬁmfyﬂ+kaw%ﬂu%—

(Fiii(x))2> (43)

e3 €12
(F,g?l OF®,(0) — FP (0F®, (x)) < (F,Ef)l OF,(x) = F (x)ka(x)) o T

(2 @EE® - EP@E2 @) (44)
and
2
(007 - B R )2 = (R @RS - (AA0) )22+ (A om0 -
2
(o0 ) @9
2
Let a= (F®) - FP@R%00.b = EQ@EL® - P @ER . = (00 -
Fi COFE ().
Now 33 = 27 cases arise fora >=< 0,b >=<0,c >=< 0.
Case2.1:a >0, b > 0,c > 0. Then from (43), we have
@) (3 @) ©ING) @ )
e 5 . wihere u = 42 Fk+1(x)Fk2_1(x)—(Fk @)\ A (x)Fk_Zz(x)—(Fk_l(x)) (46)
(@) -FO@ED0 ) (AA0) RO @ED
Then from (44), we have
43 <y where
€11
_ ez (RO@AL@-FAQWEI® ) | R (RS 0-FP R () “7)
@11 \Fh R, @-FO R ) B R, 00-FP @R,
Then from (45), we have
2 2
ey [ O ORL@-(AD0) | A @R @-(R0w)
o, Z W, wherew = —=| —; ® (50 | T 0 Oe) (48)
€11 €11 (Fk+2(x))z_Fk+1(x)Fk+3(x) (Fk+2(x))Z—Fk+1(x)Fk+3(x)
From (46) and (47), we have
Y <10 Fiia ) A0 using (33) (49)
ez xFIEi)l(x)+FIE3)(x) ’ xFIE3)(x)+F,E3_’)1(x) ’ xF,Ei)l(xHFlgi)z ) g
From (47) and (48), we have
@) 3) (3)
e Fi2(0) Frez1 () F (®) :
ey - X xFS O+FS () xFS 0 +FS, (0 xFS), (0 +FC, () ) using (33) (50)
From (49) and (50), we have
3) (3) 3
min{ Fii2 (%) Fies1 () F™ (%) } < b
3 3 ! 3 3 ’ 3 3 -
xF2 () + EP 0 xFP (x) + E& () xF&, () + FE () ) ~ exz
£ 6o F o) PO
< k+2 k+1 k
= max {xF,Ei)l (x)+F,E3) () ’ xF,Eg) (x)+F,£i)1 (x) ’ xFIE3_)1 (x)+F]£i)2 ) (5 1)

Similarly, we have
min ka(i)l(x) + F,E?’) (x) ka(g)(x) + F,ﬁ)l (x) ka(‘?l(x) + Fk(:?z(x) _ez
F () FP () FE) ()

k+1

€13

3 ! 3 ’ 3
Fen () £ )

< max {ka(i)l(x) + Fk(3)(x) ka(g)(x) + F;E3)1 ) xF;Eﬂ(x) + Fk(?_’)z (x) }

and
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(3) (3) (3) (3 (3) (3
m{Fk+2(x> Fen () Fy <x>}<en<max{Fk+z(x> Fen () Fy (x)}

PO PINE = o )N 3N oG
Fa0 FP@ @) e R FP@) FE @)

Case2.2:a=0, b>0,c>0.
Then from (43), we have

(3) (3) (3)
e . Floy2(%) Fry () F™ (%) .
MmN — e — ) o 0,since a =0
12 XF (O+FT (X)) xF () +F, 2 () xF 2 (0)+F 25 (%)
From (44) and (45), we have
f11 - Flgi)z(x) Flgi)ﬂx) FIES)(") ; —
—— 2 max)—g, EPG) OPNO) ©) ,using (33) and a =0
12 ka+1(x)+Fk (x) xFy (x)+Fk_1(x) ka_l(x)+Fk_2(x)
From (49) and (50), we have
3 3 3
A RAE) Fth () FO®) en
e O 2P ) + FO () xFO PO
xF () + F7(x) xE.7(x) + B2 () xF,2(x) + F,25(x) 12
< max ) @ Fih () A0
- xF 0)+FP ) xFP 0 +F3 )" xF® (0)+F3). (%)
k+1 k k k-1 k-1 k-2

Case2.3:a <0, b<0,c<0. Then from (43), we have

ers A 0-(F0w) \  FP w0~ w)

P W W e @ (1)) @ ()
(A0) -RP@R2@ ) (0) AP 0RZw

Then from (44), we have

o1z (F,S_i)l(x)F,Ei)z ()=Figs (OFL” (x)> Fipy COF 00=F ()R ()

FO 0FD,0-FP 0,00 ) FE 0FE,0-FP 0FS), (0

€12

Y13 > wherev =

€11 €11

k+2 k+3 k+2 k+3

Then from (45), we have

2 2
o ery [ ARG -(F ) R ORG 0-(FP ()
—= <w,wherew = —=| —; 3 ©) ©) ©) ©)
e11 €11\ (Fiy, (0)2-F ) (OF 5 (0 (Fry2 02 =Fi sy (OF 5 (%)

k+1 k+1
From (55) and (56), we have
£

mgmax{ i () pSYLC)) ) }’using 33)

e1z xF,S_)1 (%) +F,£3) (%) ’ xF,£3) (x) +F,E3_)1 () ’ xFIEi)l (%) +F,Ei)2 %)

From (56) and (57), we have
eny o AB® Feh @) F )
e, = ©) @y o3 @ oy o3 ©)
12 XF G (O +E () xF () +F 2 (x) xFZ (0 +F, 2, ()
From (58) and (59), we have
_ Fp, (%) FP (x) F () el
mim =) @ ® (N 2 p 3 @ =
xF: 1 (0) + F7 () xE™7 (%) + B2 (x) xF,2 () + F.25(x) €12

}, using (33)

< max ] @ Ay () A0
= (3) B yy’ g3 (3) [ E)) (3)
XF (0 +E7 () xF (0)+F 2 () xF” (0)+F, 2, ()

Similarly, we have
min {ka(i)l (x) + F,E‘?’)(x) ka(3)(x) + F,Ei)l (x) ka(?j)l (x) + Fk(i)z (x) } e12

< =<
3 ! 3 ! 3 -
ES) () E® (x) E®) (x) €13

< max {ka(j?l (x) + Fk(3)(x) ka(3) (x) + Fk(i)l (%) xF,Ei)l (x) + Fk(i)z (x)
ES) ) E® ) ES) ()

+

and

67

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)
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mi {Fk(i)z(x) Flgi)1(x) Fk(3)(x) } <el_1< maX{Fk(i)z(x) Fk(i)l(x) Fk(3)(x)}
FE ) EP @) ES )~ es E& ) EP @) ESx)
Similarly it can be proved for the rest cases.

Hence, we have
3 (3) 3)

F, X F, X Fy/(x e

min{ en () e () @) }< 11

xF2 () + EP 0 xFP (x) + E& () xF&, () + FE () ) ~ exz

3) 3) 3)
< max{ Fieia (9 Fletr ) fie () } (61)
X

- F 0+FD () xF 0 +F, (1) %), 0+, ()

- {xF,Ei)l )+ FP @) xFP (x0) + F2 00 xF2 0 + F&,(x) } _ez

Fey () FD(x) F ()

€13

(62)

< ma {xFé?l @) +FV 00 xFP 00 + F 00 xF2 ) + FE @) }
E&) () E® ) E&) (0

+
in{Fk(i)z(x) e F:§3)(x)}<el_1< maX;F 2 R () F "(3)(’“)} (63)
EQ ) FP ) &) ED ) FP @) F2
Similarly, we have

3) 3) 3
F X F, X F, 7 (x e;
min{ k+2( ) k+1( ) k ( ) } < i1

xE )+ FP ) xFEP 0 + F&, 0 xS, () + E&,(x) ) ™ eiz

- F3 00 i (0 S )
xF,S_)1 (€3) +FIE3) () ’ xFIE3) (€3) +FIE3_)1 x) ’ xF]Ei)l x) +F,Ei)2 x) ’
o {ka(i)l () + F,§3) (x) ka(3)(x) + F,S)l (x) xF,Ei)l (x) + Fk(i)z (%) } _ G2
3 ’ 3 ’ 3 — p.
ES) () F®(x) E® (x) e
3 3 3 3 3 3
o {xF,er)l(x) +FP ) xFP @) + F2 (x) xF2, () + F2, (%) }

Fey () F(x) F) ()

€13

<

and

(3 (3) (3) (3) (3) (3)
mi {Fk+2(x) Fk+1(x) Fk (x) } < ei < max{Fk”(x) Fk+1(x) Fk (X) },fori — 2’3

3 ’ 3 ! 3 - p.. 3 ’ 3 ! 3
E& ) FPw) F& ) ™ es E® ) FP ) 2 (x)
For large k, we have

2
e r3(x e 1+xr3(x) ¢
MY 5 () L 3( ),LZ ~r;3(x) fori=1,2,3 (64)
e T+ars(x) e r3(x) e
Case 3: Generalized relations among the code matrix elements
In general, we can establish the relations among the code matrix elements as:

(n)

F, o (x e:

min{ n-2 (M n—3 k(;;( ) ) r=0,1,.n— 1} < L
x"2F N () + x"3F () + -+ F, (x)

kz—r)—n+1

n

Fk+r(x) 'r
X2 () X () + o B Ly ()

FD (%)

min { e :
XML GO0+ XML 00 + ok B ()

e st

MR @)+ xR 00+t BT (0

k+r— k+1r—

< max{

r=0,1,...n—1}£—

< max{

) (n)
F, X e; F, X
min{L()'r =0,1,..n— 1} <2< maX{L()'r =0,1,..n— 11

E®™_ (x) €in FD_ ()
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(xR () + PR () 4 i ()
min — — o) r=0,1,..n—1 Se_-
X Fk+r—1(x) +x Fk+r—2(x) oot Fk+r—n+2(x) 13
X" Fiy (0 + X" PR () 4+ Bl ()
< max o) o) o) r=20,1, ...
xn_3Fk+r—1(x) + xn_4Fk+r—2(x) ot Fk+r—n+2(x)
X" 2FM () + x?3FM () 44 FD X e;
min{ k(':l;_l( ) k(;:)r_z( ) ’Eg‘n“( ):r =0,1,.n—1{ <2
xn_4Fk+r—1(x) + xn_SFk+r—2(x) ot Fk+r—n+3(x) Cia
X 2E () + X" ED () 4 Bl (%)
< max ) - o) r=20,1, ...
X Fk+r—1(x) +x Fk+r—2(x) ot Fk+r—n+3(x)
2 3 ) )
. {x" 2P () +x™ 31(;'2;r_2(X) + ot B () =01, 1} < €i2
Fk+(r 31(X) (n) (n) "
— n _ n n
< max {xn *Fir—a () + 27 31(%)#—2 (%) + -+ Fe iy (X) r=0,1,..
Fk+r—1(x)
(AR @ xR 00 4+ B ()
min — —m o) r=0,1,.n—1 Se_-
X Fk+r—1(x) +x Fk+r—2(x) Tt Fk+r—n+3(x) i
. {x“ﬂ&’i’r_l(x) FATR L0 R ()
XAEG 100 + XSG G0+ B ()

min {xn_3Fl<(?r—1(x) + X""*Fk(?r-z(x) +ot Fk(z)r—n+2(x) )

XSES) () + 2R () 4+ By (0

r=0,1,...n—1}_ 3

n—1},
n—1},
n—1},
n—1},

< {x"‘3Fé21_1<x> AR 00+ B () _ }
<m r=0,1,..n—1;,
XMHRG (O + XM SE (0 4 B4
(AR @)+ xR 00 4+ B, ()
mm{ o :r=0,1,...n—1}sf
Fk+r—1(x) éis
< max {xn_gFlgfll-z‘—l(x) + xn_4l(:‘k(‘)fll-2'—2 (X) + -t Fk(:f)r—n+2(x) cr o= 0] 1’ n - 1} ,
Fk:-lr—l(x)
min {ka(?r—l(ég + Fzﬁ)r_z(x) = 0, 1' n— 1} < €in—1
Fetr—1 () o o éin
n n
< max{ka”_l((Jg T Fierr—2 (%) r=0,1,..n— 1},
Fk+r—1(x)
fori=1,2,..,n.
Hence the large value of k, we have
en ()™ en
e 1+xm(x0) + x2(1(0))2 + -+ + x" 2 (1)) e
(1 ()" 2 €i1
3r e — = 1,(x)

~ 14+ x1,(x) + x2 (15, (%)% + -+ + x 3 (1, (x))*™

in
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e _ 14 Xm0 + X () + o+ 2 () e
ez )+ X202+ B0 ey
1m0+ x2(1(x)?% + -+ xV 2 (1, (x)) 2
(1 ()2 + x(1,(x))3 + -+ x" (1, ()2 T
e 1+xr(0) + 2207 + - + 2" 2 (R ()2

€in (Tn (x))n—z

ez 14+ x7,(x) + x2(1,(0)2 + - + 23 (1,(0)" 3 e
a ~ () + x (1, (X))2 + -+ + x4 (13, (x))"3 ,a
14 x7, () + X215, (1))2 + - + x™3 (1 ()73
S TGO+ x(1, (X)) + o+ xS (r, ()8
eiz 14 xm,(x) + x2(1,(x))% + -+ x™ 3 (1, (x))" 3

€in (Tn (x))n—z

ein-1 _ 14+ xm(x)

€in T (%)

Jfori=1,2,..n (65)

5. Error detection and correction

To develop a new coding theory it is mandatory to show the corrected ability of this method. The most
important feature of this method is the error detection and correction ability. This coding/decoding method
gives property to detect and correct errors in the code message E. The error detection and correction is based
on the property of the determinant of matrix given by (12). At first we calculate the determinant of the initial
matrix P, then we determine the code matrix elements of the code matrix E and send it to a communication
channel. We treat Det P as the checking elements of the code matrix E received from the communication
channel. We calculate the determinant of the matrix E received and compare it with the given det P by the
relation (12). If they satisfy the relation (12), then we conclude that the elements of the code matrix E
received are without errors otherwise there are errors. If there are errors, then we try to correct these errors
using the relations (12) and (65).

Next we consider the error detection and correction.

Casel:n = 2.

Our first hypothesis is that we have the case of “single error” in the code matrix E received from the

communication channel. It is clear that there are four variants of the “single error” in the code matrix E:
X1 €12 €11 X12 €11 €12 €11 €12
() (921 922) (b) (921 622) © (x21 322) () (921 xzz)
where x4, X12, X1 and x,, are possible “destroyed” elements.
For checking the hypothesis (a), (b), (¢) and (d) we can write the following algebraic equations based on the
“checking relations” (12):

X11€22 — €12€; = detP X (—1)3* (a possible single error in the (1,1)cell) (66)

e1162 — X126, = detP x (—1)3F (a possible single error in the (1,2)cell) (67)

e11622 — €12X2; = detP x (—1)3F (a possible single error in the (2,1)cell) (68)
and

e11X22 — 1267 = detP x (—1)3F (a possible single error in the (2,2)cell) (69)

It follows from (66) — (69) that four variants for calculation of the possible “single error” are
(1) + ejpeq4

X11 = (70)
3k322
(—1)°* + eqqe5
X1 = (71)
€21
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(—1)3* + ejqe,

Xor = (72)
21 e
and
(=13 + ej,e
Xy = 12€21 (73)
€22

To obtain the correct variant, we have to choose the integer solutions of x;4, x1,, X1 and x,, satisfying the
additional “checking relations” (31) and (32). If this fails then we have to conclude that our hypothesis about
“single error” is incorrect or in other words there is more than one error in the code matrix E received.

Now, we consider one of the “double errors” in the code matrix E received as

X11 X12
(‘321 322) (74)
Using the “checking relation” (12) we have the following algebraic equation for the matrix (74):
x11622 - X12621 = detP X (_1)3k (75)

It is important to emphasize that the equation (75) is “Diophantine” equation in two variables. As the
“Diophantine” equation has many solutions, we must select such solutions of x;; and x;, which satisfy the
additional “checking relations” (31) and (32). In this way we can correct all possible “double errors” in the
code matrix E received which satisfy the “checking relations” (12), (31) and (32). Otherwise, there may be
“triple errors” in the code matrix E received and we try to correct all possible “triple errors” by the similar
approach.

X11 x12)
X21 €22/

Thus, we try to correct the errors in the code matrix E received based on different hypotheses “single error”,
“double errors” and “triple errors” using the “checking relations” (12),(31) and (32) together with
considering the integral elements of the code matrix E received.

Code matrix E received is “erroneous” or the case of “fourfold errors” if at least one of the previous solutions
is not integer. In this case we reject the code matrix E received.

D+ +G)+()=2"-1=15
cases of errors in the code matrix E received.

Our method shows that it allows correcting all possible “single error”, “double errors” and “triple errors” i.e.
14 cases among them. Hence the correct ability of errors of this method is % = 0.9333 = 93.33% which
does not depend on the value of x.

Let one form of the incorrect code matrices E received having “triple errors” be (

Thus we have

Case2:n = 3.
At first, we consider “single error” in the code matrix E received. It is clear that there are nine variants of
“single error” in the code matrix E received. For example, one of them is
X11 €12 €13
€1 €22 €33 (76)
) ) €31 €33 3_33
where x4 is the possible destroyed element in the (1,1) cell.
Using relation (12), we have the algebraic equation of the matrix (76):
x11(ex2633 — €33€32) + ejp(ex3e31 — ex1€33) + ej3(eze3; — exze31) = detP (77)
There are nine equations similar to (77) for nine possible variants of “single error” xij,Lj = 1,2,3. But we
have to select the correct variant only among these cases of the integer solutions of x;; ,i,j = 1,2, 3 satisfying
the relations (64). If there is no integer solution, we conclude that our hypothesis about “single error” is
incorrect or we have more than one error in the code matrix E received.
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Now we check all hypotheses of “double errors” in the code matrix E received. We consider one of the “double

errors” cases in the code matrix E received as:

X11  X12 €13
<€21 €22 6’23) (78)
€31 €32 €33
Using relation (12), we have the algebraic equation of the matrix (78):
x11(€22€33 — €33€37) + X12(€x3€31 — €x1€33) + ey3(ez1€3, — €33631) = detP (79)

According to the relation (64) there is the following relation between x;; and x;5:
2
5 (x)

~ 3N 80
X11 r3(x)+1x12 (80)

Equation (79) is “Diophantine”. As the “Diophantine” equation (79) has many solutions, we have to choose
integer solutions x;; and x;,, which satisfy the relation (80).

It is clear that there are (3)2 36 variants of “double errors” in the code matrix E received and by using similar

approach, we try to correct all “double errors” in the code matrix E received.

Now there are

9 9 O _ 32 4 _
(1)+(2)+ +(9)_2 1=511
possible cases of errors in the code matrix E received. We try to correct all possible triple, fourfold ..., eightfold

errors in the code matrix E received using this approach. But we know that it is not possible to correct the
“nine fold errors” in the code matrix E received.
Hence the correct ability of errors in this method is % = 0.9980 = 99.80% which is independent on the

value of x.

Case 2: n = m, where m is large.

2
2m=—2
m2

In this case, the correct ability of the method is o

of
x. The interesting feature of this method is for large value of n the possibility to correct errors is
2 —

which depends on the value of n but not on the value

~1=100%

2" —1
which does not depend on the value of x.

6. Conclusion

The Fibonacci n-step polynomials coding/decoding method is the main application of the M,, (x) matrices.
This coding/decoding method differs from the classical algebraic codes by the following peculiarities:

1. Fibonacci n-step polynomials coding/decoding method converts to matrix multiplication which is very

well known method and not time consuming via modern computers.

2. The correct ability of errors of this method for the case n = 2 is 93.33% which corrects up to triple
errors among four fold errors, for the case n = 3 is 98.80% which corrects up to eight fold errors
among nine fold errors.

3. The correct ability of errors of this method increases as n increases and for large value of n the correct
ability is approximately equal to 1 which does not depend on the value of x.

4. M.S. EL Naschie [7] shows that the Fibonacci series and the golden mean plays a very important role
in the construction of a relatively new space-time theory, which is referred to as €(* Cantorian-fractal
space time or E-infinity theory [8, 9]. He [10] also shows that there are relations among E-infinity
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theory, string theory, exceptional lie symmetry group and various physical quantities. He [11] explains
the existence of these relations using the geometric and topology of space-time as claimed by E-infinity
theory. It is certain that based on these theories, Fibonacci n-step polynomials will give a better result
in E-infinity theory, string theory etc
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