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Abstract: In this paper, the dynamical behaviors and projective synchronization of a five-dimensional
hyperchaotic Lorenz system are investigated. First of all, a hyperchaotic system is constructed by introducing
two state variables into the Lorenz chaotic system. Secondly, the dynamical behaviors of the proposed
system, such as the dissipative property and equilibrium point, are discussed. Thirdly, based on the stability
theory, the projective synchronization of the systems can be achieved. Finally, some numerical simulations
are given to verify the projective synchronization scheme.
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1 Introduction

Chaos is a very interesting nonlinear phenomenon. In 1963, Lorenz discovered the famous Lorenz
chaotic system [1]. After that, chaotic systems have been researched extensively, such as the Lusystem [2-
4], the Chen system [5] and the Ré&sler system [6]. Recently, much work has been done in constructing
hyperchaotic models [7-9]. However, there is no universal method to get hyperchaotic systems. Compared
with chaotic systems, hyperchaotic systems must have at least two positive Lyapunov exponents, and the
dimension must be four or more [10]. Hyperchaotic systems can be obtained by adding one or more state
variables to a three-dimensional chaotic system [11, 12]. Hyperchaotic systems have more abundant
dynamical characteristics and complex behaviors than chaotic systems [13, 14]. So they are better suitable
for some engineering applications, such as chemical reactions, electric circuits [15], cryptography [16, 17],
fluid dynamics and secure communication [18-20].

Chaos synchronization is another fascinating concept. Pecora and Carroll proposed a drive-response
chaotic synchronization scheme in 1990 [21], and realized the synchronization of two chaotic systems in the
circuit, which promoted the theoretical study of chaotic synchronization and chaos control. Since then, many
effective chaotic synchronization methods have emerged, such as complete synchronization [22, 23],
generalized synchronization [24], phase synchronization [25], lag synchronization [26, 27], projective
synchronization [28], anticipating synchronization [29] and exponential synchronization [30]. In recent
years, the synchronization of chaotic fractional differential systems [31, 32] has attracted more and more
attention because of its potential applications in secure communication and control processing [33-35].

The research of projection synchronization has received extensive attention from experts at home and
abroad in recent years. Projection synchronization is that under certain conditions, the output of the coupled
drive system and the response system state is not only phase locked, but the amplitude of each
corresponding state also evolves according to a certain scale factor relationship. The method has been
widely observed and discussed in coupled integer order chaotic systems.

The other parts of article is organized as follows. In section 2, a new five-dimensional hyperchaotic
Lorenz system is constructed and the dynamical behaviors of the hyperchaotic system are discussed, such as
attractor, dissipativity and equilibrium point. In section 3, the projective synchronization scheme of the
hyperchaotic system is designed and some numerical simulations are completed. In section 4, some
conclusions are given.

2 System description
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2.1 A new hyperchaotic Lorenz system
The famous Lorenz chaotic system can be represented by the following autonomous differential
equations
X1 = a(xz — %)
X, = CXq — X3 — X1X3, €))
X3 = X1X, — bx;

where a, b and c are real constants. When the parameters are chosen as a = 10, b = 8/3 and ¢ = 28,
the system (1) is chaotic.

A new five-dimensional system is constructed by adding two variables into Lorenz chaotic system. In
the first equation of the system (1), x, is introduced and the rate of change of x, is X4, = —x,X3 + dx,. In
the second equation of the system (1), another state x5 is introduced and the rate of change of x¢ is Xz = rx;.
The new five-dimensional system can be described as

(%1 =a(xXz —X1) + X4
X, = CXq — X3 — X1X3 + X5

5(3 = X1Xp — bX3 , (2)
X4 = _X2X3 + dX4
X5 = I'Xg

where a, b, ¢, d and r are real constants. When the parameters are chosen as a = 10, b = 8/3,¢c = 28,d =
—6 and r = =5, the system (2) is hyperchaotic. The chaotic attractors of the system (2) are plotted in Fig. 1
with the initial state (xq,X5,X3,%X4,%5) = (1, 1, 1, 1, 1).
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Fig. 1. Chaotic attractors of the system (2) in 2D spaces witha = 10, b =8/3,¢c = 28,d = —6and r = —5.

2.2 Dissipativity
The divergence of system (2) is calculated as
_ O O | Ok | Ok | Ok _

W= et o T o o = —19.667. 3)
When Vv < 0, the system (2) is a dissipative system and the exponential shrinkage is -19.667. That is, in the
dynamical system (2), when t — +o0, each volume containing the dynamical system trajectory shrinks to
zero at an exponential rate of -19.667. The orbit of the dynamical system is ultimately limited to a specific
subset of zero volume, and the asymptotic motion is located on the attractors of the system (2).

2.3 Equilibrium point and stability
Let
a(xy; —x1) +x,=0
X1 —Xp —X1X3+X5 =0

X1X2 - bX3 = O . (4‘)
—X5X3 + dX4 =0
rx; =0

The only equilibrium point E,(0, 0, 0, 0, 0) of system (2) is available. Then the Jacobian matrix of the
system (2) at the equilibrium point E is described as
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—a a 0 1 0 [—10 10 0 1 0]
[C_Xg -1 —-x; 0 1] | 28 -1 0 0 1]
Jo=| x, x, -b 0 o0o|]=l0 o0 -83 o0 0|.
0 —x3 —-x, d 0 [0 0 0 -6 OJ

r 0 0 00 -5 0 0 0 0

The corresponding eigenvalues of the Jacobian matrix J, are A, = 11.704, A, = 0.1866, A3 =
—2.667, A, = —6 and A5 = —22.890625, respectively. Here A; and A, are two positive real numbers,
A3, A, and Ag are three negative real numbers. Therefore, the equilibrium point E, is a saddle point and
unstable.

3 Projective synchronization of the new 5D hyperchaotic system

3.1 Projection synchronization theory of linear separation
Let chaotic system be

x() = fx(D), 1), (5)

where x(t) € R™ is the n-dimensional state vector of the system, f: R® — R™ defines a vector field of n-
dimensional vector space. The function f(x(t),t) is decomposed into f(x(t),t) = g(x(t)) + h(x(t),t).
Where g(x(t)) = Ax(t) is the linear part of f(x(t),t), A is a constant full rank matrix, and all the real parts
of its eigenvalues are negative. So h(x(t), t) = f(x(t),t) — g(x(t)) is the non-linear part of f(x(t),t). In this
way, the system (5) can be rewritten as
x(D) = g(x(1) + h(x(V), 1) . (6)
Construct a new system

y(® = gly(®) +hx(®),)/a, (7)

where y(t) = R™ is the n-dimensional state vector of the system (7). a is a preset synchronization scale
factor. The synchronization error between system (6) and system (7) is defined as e(t) = x(t) — ay(t), and
its solution is determined by the following equation.

e(®) = %) — ay(®) = g(x(®) — ag(y(®) = A(x(®) — ay(t)) = Ae(D) . (8)

The zero of e(t) is the equilibrium point of é(t), because all the real parts of the eigenvalues of A are
negative. According to the stability criterion of linear systems, synchronization errors are asymptotically
stable at zero, i.e. tligrn e(t) = 0. That is to say that state vector x(t) of system (6) and the state vector y(t)

of system (7) achieve projective synchronization according to the given synchronization scale factor a.

3.2 Realization of projection synchronization
Projective synchronization is interesting in view of its proportionality between the synchronized
dynamical status. It can be used for digital communication especially in secure communications. In this
section, we focus on researching projective synchronization of the new 5D hyperchaotic system (2).
According to the projection synchronization theory of linear separation, the system (2) can be
rewritten as

f(x1, X2, X3, X4, X5) = 8(X1, X2, X3, X4, X5) + h(Xq1, X2, X3, X4, X5) )
—a 0 0O 0 O X1
/ 0O -1 0 0 0 \ /Xz

g(Xy,X2,X3,X4,X5) = 0 0 —=b 0 0 X3 |, (10)
0 0 0 d o0 X4
0 0 0O 0 -1 X5

ax, + X4
CX1 — X1X3 + X5

h(x4q, Xy, X3, X4, Xg) = X1X2 . (11)
—X2X3
er + X5

Then the drive system can be written as
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X1 —a 0 0 0 0\ /X axy + X4
/5(2\ / 0 -1 0 0 O \ /Xz\ /cx1 —X;1X3 + XS\
3=l 0 0o -b 0o o0 |]|x]|+ X1X7 ) (12)
Xy 0 0 0 d 0 X4 —X2X3
Xs 0 0 0 0 -1/ \Xs rx; +Xs
And the response system is defined as
V1 —-a 0 0 0 0\ /M axy + x4
Y2 0 -1 0 0 O Y2 ) CX1 — X1X3 + X5
ys|=| 0 0 —b 0 0 [|¥3 ]|+ X1Xp ) (13)
Va 0 0 0 d 0 ||VYa —X;X3
Vs 0 0 0 0 -1/ \¥s rX; + Xs
where a is a projection factor.
Let

e () = x; () —ay, (t)
ex() = x,() — ay, ()
e3(D) =x3(t) —ay3 (D , (14)
e4 (D) = x4(t) — ay, ()
es(t) = xs(t) — ays(D)
and the error system can be obtained as

€1 —a 0 0O 0 O €1
€, 0O -1 0 0 O €2
es|=]0 0 -b 0 O €3 (15)
€, 0 0 0 d o €4
€5 0 0 0 0 -1 €s
Then the solution can be solved as
(e1(t) = mye™"
[ e,(t) = myet
e;(t) = mge Pt (16)

| e,(t) = myuedt

es(t) = mge™*

where my, m,, ms, m, and mg are real numbers with the parameter valuesa = 10, b = 8/3,c = 28,d =
—6 and r = —5. According to the stability criterion of linear system, the synchronization error evolution
converges to zero as t — +oo. Namely, the drive system (12) and the response system (13) will get
projective synchronization according to the predetermined synchronization scale factor.

3.3 Numerical simulations

In order to verify the validity of the proposed projective synchronization method, the simulation
results have been carried out. In the following numerical simulations, the parameters are always chosen as
a=10,b=8/3,c=28,d=—6and r = —5. The initial values of the addressed system are set as
(X1,X2,X3,X4,X5)=(1, 2, 3, 4, 5) and (y1,Y2, V3, V4 Vs)= (=1, —2, 3, 2, 1). The step size is selected as
0.001. The scale factor is chosen as a = —2 and a = 2, respectively.

Simulation results of two-dimensional projection synchronization phase diagram (a = —2 and a = 2)
are shown in Fig. 2 and Fig. 3. The three-dimensional projection synchronization phase diagram (o« = —2
and a = 2) is shown in Fig. 4. Reverse synchronization error curve(a = —2) is shown in Fig. 5. Phase
synchronization error curve( a = 2) is shown in Fig. 6.
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Fig. 2. The phase diagram of two-dimensional reverse projection synchronization (o = —2)
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Fig. 3. The phase diagram of two-dimensional projection synchronization(a = 2)

Fig. 4.
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Fig. 5. Reverse synchronization error curve(a = —2)
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Fig. 6. Phase synchronization error curve(a = 2)

4 Conclusions

In this paper, a new 5D autonomous hyperchaotic system is presented based on Lorenz chaotic system.
The hyperchaotic system has abundant and complex dynamical behaviors. The attractors of the system are
shown by some phase diagrams. Furthermore, according to the stability theory, the projective
synchronization of the new 5D hyperchaotic system is studied. The proposed projection synchronization
scheme is simple and does not require the calculation of the Lyapunov exponent. Detailed numerical
simulation results have been given to verify the effectiveness of the projection synchronization scheme.

Acknowledgments

Our work is supported by National Natural Science Foundation of China (Grant Nos. 11872327,
51777180) and the Qing Lan Project of the Jiangsu Higher Education Institutions of China.

References

[1] E. N. Lorenz, Deterministic non-periodic flow, J. Atmos. Sci. 20 (1963)130-141.
[2] J.H. LG G.R. Chen, A new chaotic attractor coined, Int. J. Bifurc. Chaos. 3 (2002) 659-661.

[3] G. A. Leonov, N. V. Kuznetsov, On differences and similarities in the analysis of Lorenz, Chen, and Lu systems,
Appl. Math. Comput. 256(2015) 334-343.

[4] F. C. Zhang, X. F. Liao, G. Y. Zhang, On the global boundedness of the LU system, Appl. Math. Comput.
284(2016) 332-339.

[5] G. Chen, T. Ueta, Yet another chaotic attractor, Int. J. Bifurc. Chaos 9(1999)1465-1466.
[6] O.E. Rossler, An equation for hyperchaos, Phys. Lett. A 2-3 (1979) 155-157.

[7] zarei, Amin, Tavakoli, et al., Hopf bifurcation analysis and ultimate bound estimation of a new 4-D quadratic
autonomous hyper-chaotic system, Appl. Math. Comput. 291(2016)323-339.

[8] J. H. Li, H. B. Wu, F. X. Mei, Dynamic analysis for the hyperchaotic system with nonholonomic constraints,
Nonlinear Dyn. 90 (2017) 2557-2569.

[9] G.H. Li, Modified projective synchronization of chaotic system, Chaos Soliton Fract. 32 (2007)1786-1790.

[10] M. L. Hung, J. J. Yan, T. L. Liao, Generalized projective synchronization of chaotic nonlinear gyros coupled with
dead-zone input, Chaos Soliton Fract. 35(2008)181-187.

[11] A. M. Chen, J. N. Lu, J. H. L{ et al., Generating hyperchaotic LUattractor via state feedback control, Physica A
364(2006) 103-110.

[12] X. Wu, L. Yang, Generalized projective synchronization of the fractional-order Chen hyperchaotic system,
Nonlinear Dyn. 57(2009) 25.

[13] Q. G. Yang, M. L. Bai, A new 5D hyperchaotic system based on modified generalized Lorenz system, Nonlinear
Dyn. 88(2017)189-221.

JIC email for contribution: editor@jic.org.uk



Journal of Information and Computing Science, Vol. 14(2019) No. 1, pp 003-009 9

[14] G. A. Leonov, N. V. Kuznetsov, T. N. Mokaev, Homoclinic orbits, and self-excited and hidden attractors in a
Lorenz-like system describing convective fluid motion, Eur. Phys. J. Spec. Top. 224 (2015)1421-1458.

[15] T. Q. Luo, Z. Wang, Dynamics and SC-CNN circuit implementation of a periodically forced non-smooth
mechanical system, Nonlinear Dyn. 85 (2016) 87-96 .

[16] Y. Xu, H. Wang, Y. G. Li, et al., Image encryption based on synchronization of fractional chaotic systems,
Commun. Nonlin. Sci. Numer. Simul. 19 (2014) 3735-3744 .

[17] X. J. Tong, M. Zhang, Z. Wang, et al., A joint color image encryption and compression scheme based on hyper-
chaotic system, Nonlinear Dyn. 84 (2016) 2333-2356 .

[18] J. L. Mata-Machuca, R. Martinez-Guerra, R. Aguilar-Lpezb, et al., A chaotic system in synchronization and secure
communications, Commun. Nonlin. Sci. Numer. Simul. 17 (2012) 1706-1713 .

[19] S. Zhang, T. G. Gao, A coding and substitution frame based on hyper-chaotic systems for secure communication,
Nonlinear Dyn. 84 (2016) 833-849 .

[20] M. F. Hassan, Synchronization of uncertain constrained hyperchaotic systems and chaos-based secure
communications via a novel de-composed non- linear stochastic estimator, Nonlinear Dyn. 83 (2016) 2183-2211 .

[21] C. G. Li, X. F. Liao, J. B. Yu, Synchronization of fractional order chaotic systems, Phys. Rev. E. 68 (2003)
067203.

[22] E. Rybalova, N. Semenova, Transition from complete synchronization to spatio-temporal chaos in coupled chaotic
systems with nonhyperbolic and hyperbolic attractors, Eur. Phys. J. Special Topics. 226 (2017)1857—-1866.

[23] J. Ma, F. Li, L. Huang, et al., Complete synchronization, phase synchronization and parameters estimation in a
realistic chaotic system, Commun. Nonlinear Sci. Numer. Simul. 16 (2011)3770-3785.

[24] J. Z. Yang, G. Hu, Three types of generalized synchronization, Phys. Lett. A 361(2007)332—335.

[25] Vijay K, Yadavl, S. K. Agrawal2, et al., Phase and anti-phase synchronizations of fractional order hyperchaotic
systems with uncertainties and external sturbances using nonlinear active control method, Int. J. Dynam. 5(2017)
259-268.

[26] H. M. Liu, W. G. Sun, Ghada Al-mahbashi, Parameter identification based on lag synchronization via hybrid
feedback control in uncertain drive-response dynamical networks, Adv. Differ. Equ-ny. 2017(2017)122.

[27] Q. Y. Wang, Q. S. Lu, Z. S. Duan, Adaptive lag synchronization in coupled chaotic systems with unidirectional
delay feedback, Int. J. Non-Linear Mech. 45(2010)640-646.

[28] Q. J. Zhang, J. A. Lu, Z. Jia, Global exponential projective synchronization and lag synchronization of hyper-
chaotic Lisystem, Commun. Theor. Phys. 51 (2009)679-683.

[29] H. U. Voss, Anticipating chaotic synchronization, Physical Review E. 61(2000) 5115-5119.

[30] J. H. Park, Exponential synchronization of the Genesio-Tesi chaotic system via a novel feedback control, Phys.
Scripta.76( 2007)617-622.

[31] J. G. Lu, Chaotic dynamics and synchronization of fractional-order Arneodo’s systems, Chaos Soliton Fract.
26(2005)1125-1133.

[32] C.P. Li,J. P. Yan, The synchronization of three fractional differential systems, Chaos Soliton Fract. 32(2007)751—
757.

[33] M. S. Tavazoei, M. Haeri, Synchronization of chaotic fractional-order systems via active sliding mode controller,
Physica A. 387 (2008) 57-70.

[34] Y. Wang, Dynamic analysis and synchronization of conformable fractional-order chaotic systems, Eur. Phys. J.
Plus133 (2018) 481.

[35] L. M. WANG, Model-free adaptive sliding mode controller design for generalized projective synchronization of
the fractional-order chaotic system via radial basis function neural networks, Pramana — J. Phys. 89 (2017) 38.

JIC email for subscription: publishing@WAU.org.uk



