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Abstract: In this paper, the perturbed compound Poisson-Geometric risk model with constant interest and
a threshold dividend strategy are considered. Firstly, the integro-differential equations with boundary
conditions for the Gerber-Shiu function is discussed. Then the equation satisfying the ruin probability studied
when the claim size is exponential function. Finally, Integro-differential equations with certain boundary for
the moment-generation function of the present value of total dividends until ruin is derived.
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1. Introduction

Insurance company is a financial institution that operates risk business, whose operating condition is
uncertain. For this reason, scholars have proposed some indicators to describe the operating conditions. The
so-called bankruptcy of a company in the mathematical model refers to the probability of negative earnings
in a certain period. If some factors affecting the surplus are taken into consideration, the insurance company
may obtain a profit. The study of the insolvency theory can be traced back to the doctoral thesis published
by Filip Lundbery in 1903[1], who proposed a class of random processes for the first time, that is, the
Poisson process, and then Harald Cramer improved the results of Filip Lundberg and developed a strict
stochastic process theory. Therefore, the improved model is called a CLASSICAL risk one. Thus, the
surplus of an insurance company at time t can be given as

U) =u+ct—Yr9x,,t=o0.

There are many conclusions in the classical model [2]. With the deep research of this model, many
scholars have improved the classic risk model from different aspects. For example, the interference term or
the random factor is added to the model [3, 4]. As we all know, the risk event is equivalent to the actual
claim one in the classic risk model. The process which describes the number of claims is a homogeneous
Poisson process. In fact, there is a deviation between the number of risk events and the actual claims.
Therefore, a kind of composite Poisson-Geometric process is introduced, which is called PG Process [5-6].
The surplus of a Poisson-Geometric risk model at time t can be described as

U) =u+ct—YVOXx, + oW (t),t =0, (1.1)

where u > 0 is the initial surplus; ¢ > 0is the constant rate of premium; {X;,i = 1,2,--- } is a sequence
of independent income size random variables with a common distribution function F (x) which satisfies
F(0) = 0 and has density function f(x). {N(t) = 0,t = 0}is the Poisson-Geometric income-number
process; {W (t),t = 0} is a standard Brownian motion; ¢ > 0 is a constant representing diffusion volatility
parameter.{X;,i = 1,2,---}, {N(t) = 0,t = 0} and {W (t), t = 0} are mutually independent.

Suppose that the insurer could receive interest form its surplus of (1.1) at a constant force of interest
r > 0, then the surplus of the insurer at time t is

U(t) =ue™ +c¢ fot e"t=9)ds — thvé? e"(t=SX, + ¢ foter(t‘s) dW(s),t =0, (1.2)

where S; is the inter-time of the ith claim. Then (1.2) also can be rewritten as

U(t) =ue™ + 5 (e™—1) — thvz(? e t=Sox, + Jfot e" =) dqw(s),t = 0. (1.3)
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Gerber and Landry considered its expected discounted value of a penalty that is due at ruin [7]. With
the development of the industry, the issue of dividend strategies has received remarkable attention since De
Finetti first proposed the so-called barrier strategy to reflect the surplus cash flowed in an insurance
portfolio [8]. Classical risk model with constant interest and a threshold dividend strategy were discussed [9,
10]. The expected discounted dividends before ruin under threshold-type dividend strategy was analyzed
[11]. The constant barrier for the compound Poisson-Geometric risk model was studied in [12].

In this paper, we consider the modification of the surplus process by a threshold strategy with a
threshold level b(b > 0). when U (b) is below b, the surplus decreases at the original rate ¢;; when U (b) is
above b, the surplus decreases at a different rate c,(c, < c¢;) and dividends are paid at rate ¢; — c,.
Incorporating the threshold strategy into (1.3) yields the surplus process U,(t), t = 0 which can be
expressed by

AU, () = { cydt + rUp (£)dt -dS(t) + odW(t) if U, (t) <b
b cpdt + rU, ()dt -dS(t) + odW(t) if Up(t) > b’
where S(t) = XVP x;, U, (0) = w.
Let T, = inf{t > 0,U,(t) < 0} be the time of ruin, the Gerber-Shiu discounted penalty function is
@, b) = E[e="w(U,(T =), [U(MDI(T, < =), (1) = u],
where & is a nonnegative parameter, w(x,y)is a nonnegative bounded measurable function of (0, o) x
(0,0), and I(A) is an indicator function.

Let D(t) denote the cumulative amound of dividends paid out up to time t and B be the force of

interest, then the present value of all dividends until T}, is

Tp(t)
Pup=[ e Pan,
0

where Ty, (t) = inf{t > 0: U,(t) < 0} is the time of ruin. An alternative expression for D, ;, is

Dyp = (c1 — ) 0 e~BLI(U, (0) > b) dt.
In the sequel, we are interested in the following moment generating function
M(u,y,b) = E[e¥Pub]

(1.4)

and the nth moment function
Vo(u,b) = E[D]},], for Vo(u,b) = 1.
2 Gerber-Shiu discounted penalty function

Firstly, the compound Poisson-Geometric process and its properties are introduced as Definition 2.1
and Definition 2.2.

Definition 2.1[5] If the probability generating function of random variable € is
G(t) = exp ll(:;)
then ¢ has the compound Poisson-Geometric distribution as PG(4, p).

Definition 2.2[5] N(t) (t = 0) is called a compound Poisson-Geometric process with parameter A >
0and 0 < p < 1, if the conditions

(HN(@©) = 0,

(2) N(¢t) (t = 0) has has stationary and independent increments,

(3) For t > 0, N (t) has the PG(4, p) distribution, and

(1+p)

EN(t) = 1; VarN(t) = m

are satisfied.

Remark 2.1 In definition 2.2, p is defined as deviation parameter and describes the difference
between risk event numbers and claim event numbers. When p = 0, the compound Poisson-Geometric
process is the Poisson process. So the Poisson-Geometric process is a generalization of the Poisson process.

Lemma 2.1 N (t) is a process of a compound Poisson-Geometric process with parameter 4, p. Let

o= @, if p = 0,a = 4, then we can have that when t — 0,

PIN®O)=0)=e M =1-21+40(t),
P(N(t) = k) = ap*t + A, ()o(t), k = 1,2, ...,
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can be obtained, where 4, (t) = p* + (k — D[p(1 + at)*72], o(¢t) is independent of k, and Y5, A, (t) is
uniformly convergence.

Then we discuss the Gerber-Shiu discounted penalty function ¢ (u, b) which includes two parts, the
expected discounted penalty function ¢, (u, b) with the ruin caused by a claim

@s(u,b) = E[e“Swa(Ub(T(—), U, (TYDI(T), < 00,Up(Tp) < 0)|U, (L) = u]

and the Laplace transform ¢, (u, b) of ruin time Tb with the ruin due to the oscillation

®a(u,b) = E[e™0TvI(T), < o0,U,(Tp) = 0)|Up(¢) = ul. 2.1)
Let
Ps1(ub) if 0<u<b
u,b) = { )
#s(.b) Ps2(ub) if u=b
and
Pa1(ub) if 0<u<b
u,b) = { )
#a(u,b) Paz(u,b) if u=b
Then we can get
_ (Piwb) = Psiub) T Parp)y f 0<u<b
o(u,b) = _ _ .
O2ub) = Ps2(ub) T Pazup)y f U=

Furthermore, the main results can be given as following Theorems.

Theorem 2.1 For 0 < u < b, we have
2

%%& (u,b) + (ru + c)@g1 (W, b) = (A + 8) gy (u, b) — 2 f @s1(u — x,b)f, (x)dx
0

-1 fuoo w(u,u—x)f,(x)dx. (2.2)

for u = b, we have
2

o u->b
7¢§’2(u, b) + (ru + c)pe,(u, b) = (A + 8) s, (u,b) + Af @s2(u — x,b)f, (x)dx
0

—A [y P51 = %, D), ()dx = A [, w(w,u = x)f, (¥)dx, (2.3)
where boundary conditions are
Ps1 (0,b) =0, 1}1_{120 Ps2 (u,b) =0, Ps1 (b7, b) = Ps2 (b, b).

Tt _
Proof. When 0 << u <b, we consider an infinitesimal time [0,t], v(¢t) =ue”+—cl(e )

+

o-foter‘s dW (s). On the occurrence of claim on the time, applying Lemma 2.1 and the total probability
formula. we can get

ber (b)) = (1= 2t + 0(0))e P Elpsy (w(®), )] + Y (apt + 4 (Do(®)) ™"
k=1

E[J7 01 (w(®) = x, bYAF™*(x) + [ w(u,x —w)dF™(x)] (2.4)
where F*¥(x) is k-convolution of F(x) and £**(x) is k-convolution of f(x).

Both sides of (2.3) is multiplied by et and it can be gotten that

[ee)

%51 (u, b) = E(951(v(t), b)) — AtE[gs1 ((8), b)] + Z (ap*t + 4k ()o(®))
k=1

E [fov(t) ?s1 (U(t) —x, b) dF*k(x) + fpozt) w(u’x - u) dF*k(x)] (25)

By Taylor’s expansion, we can get
©s1(W(t),b) = g1 (u, b) + (ru + c)teg, (u, b) + %t(pg’l (u,b) + o(t).

Substituting the above expression and e%t = 1 + 8§t + o(t) into (2.4), we can get
2

(1-2t) [<psl(u, b) + (ru + c)teg (u, b) + %<p;’1 (u, b)t] = (1+68t+0(t))ps; (w, b)

S (@pt = 400 E ] 01 (0(®) = 2, b) dF () = [, 0t x —w) dF ()] (26)
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Dividing both side of (2.5) by t and letting t — 0, we have
R+ 8301, = (ru+ et u, ) + s, ) + Z ap

(109 051 (w(©) = x,b) dF* @) + [7,, d F*k(x)]. @7
Substitute a = @ into (2.6) and let f,(x) = X3=1(1 — p)p*~1f**(x), where f**(x) is density
function of F**(x), and we can obtain(2.1) via using Lemma 2.1. When u > b, similarly, we also consider

an infinitesimal tome [0, t], v(t) = ue™ + M + af e Sdw(s). (2.2) can be gotten. The proof of

Theorem 2.1 is completed.
Theorem 2.2 For 0 < u < b, we can reach

%Zgozm(u, b) + (ru+ ¢z (w,b) = A+ 8)@a1(u,b) — 2 f(;i uqy (u — x,b)f, (x)dx. (2.8)

when u > b, we can get
2

%(p:iz(u, b) + (ru+c)euWw,b) = A+ 8)@q(u,b) — Af Ugp (U —x,b)f,(x)dx
0

A [, uar = x,b)f, (X)dx 2.9)
with boundary conditions
(psl(o' b) = 0' i’z@(‘pSZ(ul b) = 0! (psl(b_' b) = (pSZ(b' b)

Theorem 2.3 For 0 < u < b,
2

TP b) + G+ ) h) = G+ s b) = 2 [ (u = x,0)f, ()
0

-1 fuoo o, u —x)f,(x)dx (2.10)

can be followed. When u > b,
2

u—>b
TP B) + G+ ) h) = At Dy b) =2 [ s (= 2 b, )
0

-1 ff_b @1 (u—x,b)f,(x)dx — A fuoou) (u, u — x)f,(x)dx (2.11)
with boundary conditions
©,1(0,b) =0 ,Jggo 02 =0, @1(b7,b) = @s,(b, b)
can be achieved.

3 Closed form expression for ruin probability

In this section, we give the closed form expression for ruin probability ¢ (w) if claim size X; has
exponential distribution with parameter 0, that is
f(x) =6e %%(x > 0,0 > 0).
Then, f**(x) is the Gamma distribution With parameters (k, 8), that is

f*k( )__ k- 1e—9x_

(k-1)!
Thus, it can be known that
fo(x) = 6(1 — p)e~(=P)0x,
Let
o1(u,b), if0<u<b
(u'b):{(pz(u b), if u=b '’
set § = 0 and W(x y) = 1in(2.1) and (2.2), and we have that when 0 <u <b,

—¢1(u b) + (ru+ c)$(w, b) = (A + 8) (w, b) — 4 j $1(u— x,b) f, (x)dx

-2 fu w(u,u — x) f,(x)dy. (3.2)
Derivate on both sides of the equation (3.2), and we can get

=@, (u,b) + (ru+ )P, (u,b) = (A + &) P, (u, b) — Afou ®,'(u, b)f, (0) + Af,(w). (3.3)

(3.1)
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(3.2) multiplied by (1 — p)68 and plus (3.3), we can get
2 2
@, (u,b) + [(1 = p)OZ +1u+¢; | " (w,b) = [(1 = p)OGru+ ) — Ay (wb) = 0. (3.4)
Similarly, when u = b,

G;CDZ'"(u, b) + [(1 - p)@%2 +ru+ cz] ®,"(u,b) — [(1 = p)0QGu+cy) — AP, (u,b) =0 (3.5)

with boundary conditions

$2(u,b) = 0, lim ¢ (u,b) = 0 (36)
$1(b™,b) = ¢,(b, b) (3.7)
Z9,"(b7,b) + (ru + ¢)y' (b, b) = 2@, (b,b) + (ru + ¢;)®,'(b, b) (3.8)
can be obtained.
We define
K.o=%_ (1-p)6c*
17 2r !
K, =% _ (1-p)fc*
27 2r !
I'(b)

M(a,b,x) = [} e¥te 1 (1 - )P~ 1dt,b > a > 0,

I'(b—a)l(a)

U(a,b,x) = %fom e *tta"1 (1 —t)P=2"1dt,a > 0,

where M(a, b, x) is the standard confluent hypergeometric function and U(a, b, x) indicates its second form
[13], suppose for i = 1,2,

r(x+k-)2 2
] _ _—A-p)ox+—=* A1 r(xtky)
ql(x)_e ’ fj(Zr'Z' o2 )’
(xc+k)? 2
_ —(1-p)ox+"5y (1 A3 (k)
LG = G+ ke = M(+2,2 )

0w = [ a@dr, 0= a0,

0 u

Ly () = f LGOdx L) = f L(x)dx,
0 u

it can be followed that
®;(uw,b) =a,Q,(w) +a,L;(w), 0<u<hb,
®,(u,b) = azQ,(w) + asly(w), u=b,
the coefficient al-a4 is determined by the following equations,
( a;Q,(0) + a;L,(0) =0
a;Q1(b) + azL1(b) — azQ;(b) — asLy(b) =0
a;Q1(b) + ayL(b) — azQ3(b) — asLy(b) =0

<a%§WM+w+mm@)w4§MM+w+mmwy—- (3.9)

% (%2 Q2(b) + (rb + ¢3)Q; (b))) +ay, (%2 Ly(B) + (rb + c,) L, (b)> =0

We define vector 4 = (ay, a,, as, a,)”, vector B = (0,1,0,0)7 and
Q:(0) L,(0) 0 0
Q:(b) Ly(b) —Q2(b) —La(b)
Q1(b) Li(b) —Q3(b) —Ly(b)

Pi(b) S1(b) —Py(b) —S,(b)
Whenu = O0orb (i = 1,2), we have

M =
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2 " , 2, ,
Pi(w) = 2 Q;(w) + (ru + c)Qi(w), S;(w) = Z-Li(w) + (ru + ¢)Li(w).
Solving linear equations MA =B ,wecan get ai. Furthermore, we can obtain ¢; (u, b).

4 Integro-differential equations for M(u, y; b) and V,,(u; b)

In this section, we will discuss the moment generating function M (u,y; b) when its surplus u is
below or above the barrier level b. For this end, we set
. (Mi(u,y;b) ifo<u<b
M(u,y;b) = {Mz(u,y; b) if u=b (4.1)
We firstly derive the integro-differential equations satisfied by M (u, y; b).Some relative results
can be gotten as Theorem 4.1and Theorem 4.2.
Theorem 4.1 For 0 < u < b, we can have

g2 9%M, M1
w,y;b+ (ru+ cl) (u y; b) au —(u,y; b) + AM;(u, y; b)

2 ou?
+A fo Ml(u —x,y;b)f,(x)dx + AF,(u) . (4.2)
When u > b, we can get
0% 9*°M aM, oM
Ry 22 (u y;b+ (ru + cz)—(u y; b)) = ﬁya—uz(u,y; b) + AM,(u, y; b)

+ fo - Mz(u — %, D) f,(x)dx + A fu_b My (u — x,y; b) f, (x)dx + AR, (w) (4.3)

with boundary conditions
(c1—c2)y

M;(0,y;b) =1, lim My(u,y;b) =e #
uUu—>00
; M, (b™,y; b)a= M,(b,y; b),
M M
2 WY b)lu=p- = a_uz(ltl' Y b)lu=p- (4.4)
Proof. When 0<u<b, let h(t) =ue™ + @ + afote(r‘s)dW(s) , considering the
occurrence time(0,t] of the first claim, we have

My (u,y; b) = (1 — At + o())E[My (h(¢), yePt,b)] + Z (apkt + Ak(t)o(t))
k=1

h * © *
E[fy 0 (w(®) — %, b)dF () + f7, w(u,x — w)dF*(x)] . (4.5)
Using Taylor’s expansion, we have
oM, (u,y; b oM, (u,y; b
Ml(h(t),ye_ﬁt; b) =M,(u,y;b) + (ru + cﬂt% — Byt%
+ g T 4oy,

2
Substituting the above expression into (4.5), d|V|d|ng both side by t and letting t - 0, we can get

(4.2). When u > b, similarly, we can obtain (4.3).
For simplicity, we denote
_ (Vuu(u,b), if0<u<b
V(. b) = {Vnz(u,b), if u=b"

Theorem 4.2 For 0 < u < b, we can get
— Vo, b) + (ru+ ¢V (u, b) = (A +np)Vy(u, b) — Af(;i Vo1 (uw — x, b) f, (x)dx. 4.7

when u = b, we have
2

G_VT’L’Z(u, b) + (ru+ c)Vpo(u, b) = (A +np)V,,(u, b) — Aqunz(u —x,b)f,(x)dx
0

(4.6)

2
+2 fy Vna (u = x,b) f, (x)dx (4.8)
with boundary conditions
V,1(0,b) =0
. _ [(c1—C2 n
lim Voo b) = (25%),
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3 an(b_rb) = Vnz(b,b),
Vn |7
a—ul(u:b)lu:b_ = auz (u, b)lu:b . (4.9)

5 Conclusion

In the context of a perturbed Poisson-Geometic risk model, we established the model with constant
interest and a threshold dividend strategy. Based on it, the integro-differential equations with boundary
conditions for the Gerber-Shiu function are obtained by Taylor expansion and the property of surplus process.
Especially, when claim size has exponential distribution, the closed form expression for ruin probability is
provided. Finally, in a similar way, we could derive Integro-differential equations with certain boundary for
the moment- generation function of the present value of total dividends until ruin.

References

[1] Lundberg, FI. Approximerad Framstallning av Sannolikhetsfunktionen. II, Atersforsakring av Kollektivrisker.
Uppsala: Almqvisrt & Wiksell, 1903.

[2] Cheng, SX. The Survey for Researches of Ruin Theory. Advances in Mathematics, 2002,31(5),403-422.

[3] zhao, YX; Yin, CC. A Generalization of the Classical Risk Model. Chinese Journal of Applied Probability and
Statistics, 2009, 25, 337-344.

[4] Kolkovska, ET; Martin-Gonzalez, EM. Gerber-Shiu functionals for classical risk processes perturbed by an alpha-
stable motion. Insurance mathematics & Economics, 2016, 66, 22-28.

[5] Mao, ZC; Liu, JE. A Risk Model and Ruin Probability with Compound Poisson-Geometric Process. Acta
Mathematicae Applicatae Sinica, 2005, 28, 419-428.

[6] Mao, ZC; Liu, JE. The Distribution About Numbers of Claims on Homogeneous Policyholders under NCD
System and Stop Loss Insurance. Acta Mathematics Applicatae Sinica, 2005, 13, 1-5.

[7] Gerber, HU; Landry, B.. On the discounted penalty at ruin a jump-diffusion and the perpetual put option.
Insurance: Mathematics and Economics, 1998, 22, 263-276.

[8] DeFinetti, B.; Su, un. Impostazione alternativa della teoria collectiva del rischio, in: Transactions of the XVth
International Congress of Actuaries 2, 1957, 433-443.

[9] Lin, XS; Willmot GE, Drekic. The classical risk model with a constant dividend barrier: analysis of the Gerber-
Shiu discounted penalty function. Insurance Mathematics & Economics, 2003, 33, 551-566.

[10] Gao, Shan; Liu, ZM. The perturbed compound Poisson risk model with constant interest and a threshold dividend
strategy. Journal of Computational and Applied Mathematics, 2010, 233, 2181-2188.

[11] Cheung Eric, CK.; Zhang, ZM. Periodic threshold-type dividend strategy in the compound Poisson risk model.
Scandianvian Actuarial Journal, 2019, 1, 1-31.

[12] Liao, JD; Gong, RZ. The Geber-Shiu Discounted Penalty Function in with Poisson- Geometric Risk Model. Acta
Mathematicae Applicatae Sinica, 2007, 30, 1076-1085.

[13] salter, LJ. Confluent Hypergeometric Functions.Cambridge University Press, London, 1960.

JIC email for contribution: editor@jic.org.uk



