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Abstract. In this article, Shannon wavelet packets are studied together with their properties and
focused the properties of packets through inner product.

Keywords: Shannon wavelets, Shannon wavelet packets, Inner products

1. Introduction

The bases of wavelet have poor frequency localization when sufficiently large value of j. Especially, in
the signal processing, it is more convenient to have orthonormal bases with better frequency localization. This
will be managed by the wavelet packets [1] which are obtained from wavelets associated with multi resolution
analysis. Suppose s is an orthonormal wavelet generated by an multi resolution analysis then we use W;, Vj €
Z to denote the closure in L, (R) which represent linear space generated by the set of wavelet basis {W;;:1,j €
Z}. Since W, Vj € Z is the direct sum of the two subspaces. Therefore an element which is localized in
frequency domain can be expressed as linear sum of elements of direct sum of two subspaces with better
frequency localization than the original ones. With respect to that the frequency localization is further reduced
by breaking up the new subspaces. Coifman, Meyer and Wickerhauser [2] proposed the decomposition of
wavelet spaces Wj, Vj € Z. Their idea was to "split” these spaces into two orthogonal subspaces using the
splitting rule as Vi;; = V; @ W;. They called as resulting basis functions (constructed from ¢(x) and y(x))
for the resulting spaces wavelet packet functions. Take all the wavelet packet functions form an orthonormal
basis for L, (R).

Here, we study the shannon wavelet packets before that lets have a look on Shannonwavelets.
Shannonwavelets [3] have more advantages than other families of wavelets, they are as follows. In fact,
Shannon wavelets

1. are analytically defined;

2. are infinitely differentiable;

3. are sharply bounded in the frequency domain, thus allowing a decomposition of frequencies in narrow
bands;

Shannon wavelets are the real part of the so-called harmonic wavelets [4, 5]. Also, some literatures on
Shannon wavelets methods in solving differential equations given in [6, 7, 8, 9] and Time—frequency
localisation of Shannon wavelet packets [10]. Fortunately, no one discussed the properties of Shannon wavelet
packets. So, we thought of to discuss properties of Shannon wavelet and Shannon wavelet packets.

The organization of the rest of the paper is as follows. In section 2, Preliminaries of Shannon Wavelets
and Shannon wavelet packets are discussed. Results based on Shannon Wavelets and Shannon wavelet packets
are presented in section 3. Finally conclusions are drawn in section 4.

2. Preliminaries of Shannon wavelets and Shannon wavelet packets

Shannon Wavelets
Let Shannon scaling and wavelet functions defined as [3]:

sin(mx)

dx)=——
and

sinﬂ(x—%)—sinZTr(x—%)

v(x) =

s (x—%)

After doing translation and dilation we obtain,
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B sinm(2"x-k)
b (0 = 22— oo 2.1)
and

1 1
1 sinm(2"x—k—>)—sin2m(2"x—k->)
P (x) = 22 . T 2
n(an—k—E)

2.2)

Shannon scaling and wavelet functions satisfies the following properties:
< Gp(x), Pp(x) >= 8
<OV, PP () >=0 m=0.
< Y, ¥y () >= 8ymbin.
Definition 2.1 (Multiresolution Analysis) Let V;, Vj € Z, be the sequence of subspaces of L,(R). Then {V;},

Vj € Z is a multiresolution analysis (MRA) of L, (R) if
1-Vn c Vn+1
2. Ujez V; = L2 (R)

3. Njez V; = {0}
4. f(x) €V, © f(2/x) =V,

and there exists a function ¢(x) € V,, with fR d(x)dx # 0, called scaling function, such that {&(x — k) }xez

is an orthonormal basis for V.
Definition 2.2 (Wavelet Packet Functions) [11] Suppose that ¢(x) generates an orthogonal multiresolution
analysis V;, Vj € Z with associated wavelet function y/(x). The wavelet packet functions are defined by

WOo(x) = ¢(x), WH(x) = y(x) and forn = 2,3,...
W22 (%) = V2 Eez W" (2x — K) (2.3)
W2 (x) = V2 Tiez 81 W" (2x — K) (2.4)
Definition 2.3 (Shannon wavelet packets) [10] Clearly ¢™(x) = sinc(x) is called Shannon scaling function.

Now, denote T (x) = ¢™(x). The Shannon wavelets packets ¢T (x);n = 1,2,3,... associated with the finite
sequences h and g are defined recursively as,

$Zn (%) = 2 Xez hedn (2x — K) (2.5)
$Zn+1 (%) = 2 Ykez 8xPn (2x = K) (2.6)

Proposition 2.4 (Properties of scaling filter) [11] Suppose that {V;} Vj € Z is a multiresolution analysis of
L, (R) with scaling function ¢(x). If h is the scaling filter with real valued elements from the dilation equation
b (%) = V2 Tez hed(2x — k) where, hy =< (%), d1(x) >. Then

1) Tkez hie = V2

* ii) Ykez hihg—21 = 8, forall1 € Z

« iii) Yez hf = 1

3. Results

Theorem 3.1 Let ¢p(x) and Ys(x) are Shannon scaling and wavelet functions respectively. Then
W) = x =) — 2h(2x— 1).

Proof. Since, d(x) = ?
1, _ sinn’(x—%)
Therefore, dx—2) = ol
sin2m(x—2)
i — 2
(b(ZX 1) Zn(x—%)
1 sin‘rt(x—l) sin2‘rr(x—1)
— ) — _ — 2/ _ 2
$(x—3) = 2p(2x— 1) = T - 25
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sinn(x—%)—sinZT[(X—%)

b(x—2) = 2¢(2x— 1) =

n(x—%)
d(x— é) —2¢(2x—1) = Y(x) is called Shannon wavelet function.

Theorem 3.2 Let ¢p(x) and Ys(x) are Shannon scaling and wavelet functions respectively. Then
G(2%) = W(2x+2) + 20 (4%)
$2x—1) = 2 (d(x—3) — W(x))
Lemma 3.3 Let ¢(x) and Yi(x) are Shannon scaling and wavelet functions respectively. Then
P(2%) = p(2x +3) + 2620
G(2x = 1) = 2 ($(2x = 2) = W2 X))

‘This lemma follows by replacing x by 2)=1x in above theorem. This lemma can be used to decompose
¢(2'x — k) in to its Wy, components.
Theorem 3.4 Let ¢ (x) is defined as in the definition 2.3 Vj, k € Z then
1 pm N Lpm =1s
<E¢n(x_])rﬁ¢n(x_k) >= 28],k-

Proof. We know that, suppose that f(x) and g(x) are functions in L,(R) Vk,1, m € Z. Then
<f(x—k),g(x—1) >=< f(x),g(x — (1 - k)) > (3.1)

< f(2™x — k), g(2™x — ) >= 2™ < f(x),g(x — (1 — k)) > (3.2)

Therfore it is sufficient to show that, < ¢ (x), by (x — k) >= 5. We can proceed by mathematical
induction on n.
Case |I: Consider n = 1 then we have,

< OT(X), PT(x — k) >=< ¢™(x), "™ (x — k) >= 5y
Since, {d(x — k) }xez is an orthonormal set of functions. Hence,
< SOOI, 5 0T (x— k) >= 780

Case I1: Now assume that,
1 1 1
< SO, SO (x— k) >= 80 for 1<l<n.

Case I11: @) If nis even and put p = 2k + j. Consider
< H ORI, 75 PR — 1) >=< 5 Tier hidF (2x— 1), 5 Biez yOF2(x — k) = >
< HORO0 G AR —K) >= 2 Tiez Tz iy < R (2x — 1), GFEQx k) =) >

1 1 .
< Zon(), 5 dn(x—K) >= 2Fiez Tjez hihp-zx < $8(2x — 1), pr (2x — p) >

From 3.4 (at m=1) we get,
< HOROO, PR —1) >= 2 Tiez Tijez Milp-aic < GECO, OR(x— (= 1)) >

We know that, 80_p_i = 8p’i and by case Il we obtain,
1 1 1 1
<35 cb}}(x),ﬁ dn(x = K) >= > Fiez Yjez hihp_218pi = 5 Xiez hihi—zic

by proposition 2.4 (ii)
< S OT00, HOR(x k) >= 8.

b) If nis odd and put p = 2k + j. Consider
< HOROY 5 PR —1) >=< £ Tiey iR (2x — 1), 7 Bz gOF2(x — k) = >
< HORO, ORI >= 2 Tiez Ty 8185 < GEQx— D), GEQx—k) =) >

1 1 :
< Z=dn(¥), S Pn(x—K) >= 2Fiez Ypez 8i8p-2k < $n(2x — 1), 5 (2x — p) >
V2 V2 2 2
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From 3.4 (at m=1) we get,
< H RO PR~ 1) >= 2 Tier Tpez Eip-ak < PEC), GECx— (0= 1)) >

We know that, 6, ,_; = 8,; and by case Il we obtain,
<SPI0, 5 R~ k) >= . Tiez Tpez 8ip-2pi = ; Viez 8-k
by proposition 2.4 (ii)
< H 0N, R(x— k) >= 8.
Theorem 3.5 Let ¢f (x) is defined as in the definition 2.3 Vj,k € Z and Vn,m € N then
< BN =D, B ORG—K) >= 28 mbc

Proof. We know that, suppose that f(x) and g(x) are functions in L,(R) Vk,l,m € Z. Then
<flx—=k),glx—=1)>=<f(x),g(x—U-k)) > (3.3)
<f@RMx—k),gRMx—-D>=2""< f(x),g(x—(—-k)) > (3.4)

Therfore it is sufficient to show that, < ¢ (x), py(x — k) >= 6, 1,80k If n = m then this theorem
reduces to theorem 3.4. So, we prove this by mathematical induction at m # n.
Case I: If m and n are sufficiently small values, assume that m = 1 and n = 2. Then,

<HE) FORD) >=Sum
Therefore,
1 ,n R
<HORE =B R = 1K) >= 2 6um

Case Il: Assume the resultistrue foralll1 <l <n, 1< k <m.
Case Ill: Letforalln,m e Nandp =2k +j

<P )~ ) >=< =Y hE2x— D= Y hyg2Cc— k)~ >
— n(x—j),—=m(x — =<—= Pn(2x —i),— idm2(x — k) —
\/E ! \/i \/E i€z 2 \/Ejez ' 2 !
1 ~N 1 7 _ T . p- .
<SHFn(x =) Zbm(x —k) >=2 < Xiez hz¢;(2x =), Xjez hj¢%2(x —k)—j>
< FORC =) ORE — k) >= 2Ties Tjez hihy < $E(2x — D), PR (2x — (2 + ) >
2 2
< GOR0 = D) PR =) >= 2 Biez Tper hihp-oe < $E(2x = 1), (2 = p) >
From 3.4 (at m=1) we get,
< FORC =) R0 — k) >= 2 Ticz Tpez hibpaic < F (), $h(x = (0 — D)) >
We know that, &, ,,; = &,,; and by case Il we obtain,
< H IR DR~ k) >= 3 8nm Biez Spez hihp-2k = 5 0nm Tiez hihiax
by proposition 2.4 (ii).
1 . x N Loam, _1
< \/_7 ¢n (X - ])! \/_7¢m(x k) >= 2 Sn,mso,k
Corollary 3.6 Shannon wavelets functions {1} (x)}, Vn € Z are linearly independent.

4. Conclusions

In this article, we expressed Shannon scaling functions genarally by sum of scaling and wavelet function.
Also, discussed the properties of Shannon packets under inner products.
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