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Abstract: The existence of positive periodic solutions is studied for the Rayleigh equation with a singularity
of attractive type
x"(t) + F('(D) — p(Ox(t) + 22 = h(®),
a(t)

Where f: R = R is continuous function, which has a singularity at x = 0, that is ll'ngx—u = co0. A new result
X—

on the existence of T-periodic positive solution to the above equation is obtained. The methods are based on
Mawhin’s continuation theorem of coincidence degree theory.
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1. Introduction

Second order differential equations are often used to model some dynamic problems in real world, where
the problems are related to the first derivative with respect to the state variable, such as the resistance of air
to a body in free falling movement, the resistance of moving charges in liquid, etc. Differential equation with
a singularity is derived from physics, biology and other fields. For example, the famous Rayleigh-plesset
equation[1-2]

4u 1 58
u"(t) ———u'(®) + p(OuUs(t) + —= — =20
us(t) u 5 (t) us(t)

describes the oscillation of spherical bubbles affected by periodic sound fields in a liquid. The Rayleigh-plesset
equation plays an important role in fluid dynamics. It can be derived by taking spherical coordinates in the
Euler equation and assuming some physically acceptable simplifications. Many physical, biological, and
medical models related to cavitations and luminescence depend on this equation.

The study of differential equations with singularities began with the publication of Nagumo [3], and the
interest in this field increased with the paper [4] of Lazer and Solimini. In that paper, the periodic problem of
equations as follows
1

u u(t) _ o

h(t) (repulsive type) (1.0

and
1

u"(t) + o h(t) (attractive type) (1.2)
was investigated. Inspired by this, later, many scholars devoted themselves to the study of the problems of
existence and stability of periodic solutions for singular equations [5-9]. Among these papers, most of them
considered the problem of periodic solutions for differential equations with repulsive singularities. The
methods are mainly based on the theory of coincidence degree established by Mawhin [10], which has become
one of the key methods to study the existence of periodic solutions for differential equations of many types.
For example, Lu and Kong studied the periodic solution problem for mean curvature equation[8]

(%)”r Fu)u'(t) + gu(t — o)) = e(t)

where 0 <o < T, g:(0,+x) = R is a continuous function, and g(x) has a singularity at x = 0.
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The behaviors of Rayleigh equation have been widely investigated due to their applications in many fields
such as physics, mechanics and the engineering technique fields [11-19]. The authors in [14] studied the
existence of periodic positive solutions for a Rayleigh equation with a singularity of attractive type

x"(t) = f(x'(t) + g(t,x) = 0. (1.3)
By using a continuation theorem of coincidence degree principle, they obtained the following result.
Theorem 1.1 Suppose f(0) < 0 and the following conditions are satisfied:

1. lim inf g(t,x) = +ox;
x-0%¢e[0,7]

2.There is a constant M > 0 for any (t,u) € [0,T] X (M, ), the relation
g(t,u) < —£(0) holds.
Then, Rayleigh equation (1.3) has at least one T-periodic positive solution.
Later, Guo and others made a further research[17], in which they studied the existence of periodic
solutions of Rayleigh equation with a singularity of repulsive type

x"(t) + f(x'() + o (©)x(t) - X0 p®),

where f:R = R is continuous, f(0) =0, and @« > 1 is a constant, ¢,p: R = R are continuous with
T —periodic with respect to variable t.

The aim of this paper is to study the periodic problem for the Rayleigh equation with a singularity of
attractive type.

x'(6) + f((6) = p(Ox(0) + ik = h(D), (14)
where f: R — R is continuous, f(0) = 0, and ¢, a, h are T-periodic continuous functions, tren[OaJTc]h(t) > 0,

@ <0,a(t)>0fort €[0,T],u > 0 is constant. By means of a continuation theorem of coincidence degree
theory, a new result on the existence of periodic solutions to equation (1.4) is obtained. The interesting is that
the sign of ¢(t) is allowed to change. In such a situation, the priori upper bound of periodic solutions
associated with equation (1.4) is more difficult to estimate than the case of ¢(t) = 0 for t € [0, T]. In order
to overcome this difficulty, the priori upper bound of periodic solutions to equation (1.4) is obtained by using
extreme value principle. This method is essentially different to the corresponding ones used by the known
literature.

2.Preliminary lemmas
In this section, letCr:= {x € C(R,R),x(t + T) = x(t), Vt € R} with the norm [|x]|,, = tgz[oaaTc]lx(t)l,
C}:={x € CY(R,R),x(t + T) = x(t),Vt € R} with the norm IIxIICT1 = max{||x|le, |x'|lo}. Clearly, Cr

and C} are both Banach spaces. For any y € Cr, let y, (t): = max{y(t),0}, y_(t):= —max{y(t),0},y =
1T . _ (T p 2 _
rho Y()ds, yu = maxy(©), ym = min y(©), Iyllp:= (g ly$) ds)r.p € [1,+0). Clearly, y(t) =
vi(@®)—y_(t), ¢ =¢,—¢_Torallt €R.
Lemma 2.1 Assume that there exist positive constants of N,, N; and N, with N, < N, such that the
following conditions hold.
[C1] For each A € (0,1], each possible positive T-periodic solution x to the equation
Aa(t

u"(t) + Af (W'(t)) — Ap(®)u(t) + " 8 = Ah(t)
satisfies the inequalities N, < u(t) < N; and |u'(t)| < N, forall t € [0, T].
[C2] Each possible solution ¢ to the equation

—cp—h=0

Y| =

satisfies the inequality Ny < ¢ < Nj.
[C3] The inequality

a . -« -
(W_No(p_h)(N_l"_Nl(p_h) <0
holds.

Then equations (1.4) has at least one positive T-periodic solution u such that N, < u(t) < N; and

lu'(t)| < N, forallt € [0,T].
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Now, we list the following assumptions, which will be used in the study of T-periodic solution to equation
(1.4).
[H1] There exist constants of L > 0,0 > 0, and n > 1 such that
T [ T, , 1

Jo FE@®)dt < L [ 1x'(®)ldt, Vx € C7.

and
yf(y) = oy™ti, Vy € R.
[H2] The function ¢ satisfies
0@ > |lllo(L + @4T),ifn > 1,

where n is determined by [H1].
Remark 1.1 If constants D,, D, with 0 < D, < D, such that

xiiﬂ—xq) h>0, x € (0,D,]
x7—x<p h<0, x € (D,, w]
Now, we embed equation (1.4) into the following equations family with parameter 1 € (0,1]:
x"(6) + Af (x'(£)) — Ap(E)x(t) + ifjgg = (), A€ (01]. 2.1)
Let
0 ={x € Cr1x"(t) + Af (x'()) — Ap(O)x(t) + Ajég Ah(t), 1 € (0,1]; x(t) > 0, vt € [0,T]}, and
LT n+1 + (p Tn+1
M, = max{ B+—},
7 %

here B will be determined by (3.9).

3. Main results

Lemma 3.1 There exists a positive constant y > 0, such that for each x € 2, we have the following
inequality

>
tgﬁg?;]x(t) Y- (3.1)

Proof. For each x € 2, and let ¢, € [0, T], such that tTErEéTTl']x(t) = x(ty), then x'(t,) = 0,x"(ty) = 0. From
(2.1), we have '
a(to)
FG(t0)) = 9 (E0)(t0) + 175 < hlto):

Assumption [H1] implies £(0) = 0, which together with the above inequality yields
a(to)
~9(t0)(t) + 17y < hlto):
So the following inequality is true
Am < a(to)
xH(to) — xH(to)

< h(to) + @(to)x(to),

that is,
x“(t )= < hy + @ux(to)-
If x(ty) < 1, we have u( 5 < hy + @u, Which gives that
1
ty) > ((——)~.
x(to) > G o)
In conclusion, we know
x(to) 2 min(1, G/~ i R=y.

The proof is complete.
Lemma 3.2 If assumptions of [H1] and [H2] hold, then there is a constant M, > 0, such that for each function
x € 0, the following inequality holds.

tré%g}c]x(t) < M, (3.2)
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Proof. For each x € 2, from (2.1) we get

X"(t) + Af (x'(£)) — Ap(E)x(t) + ’“jjig A(E), (3.3)
Integrating (3.3) over the interval [0,T], we get
T T T
fo flx'(t))dt —fo e()x(t)dt +f T0) dt = f h(t)dt,
that is,
T a(t)

T
0 dt — fo h(t)dt.

Since @, (t) = 0 and ¢_(t) =0 for all t € [0,T], it follows from the integral mean value theorem and
condition [H1] that there are three points &, {,n € [0, T] such that
T

x@T gy <L f (D)) dt + x ()T +

T T T
. dt = ) d ) d
fo 0+ (Ox() dt f FQ(O)) de + f o-Ox©)de+ |

Ta f hodt
xH(m) 0
T Ta _
L f (O] dt + 1x.Té +— + Th_,
0 yH

ie.,
h_
s 5 G4

L (T, -
x(§) < o= fy (Ol de + 2= lxllo, +
Besides this, it is clear to see

Il < x(©) + [0 de < x(©) + Troa([ Ix @)l ey, (3.5)
Substituting (3.4) into (3.5), we have

n+1

Il b bl g
X[l < — 4+ —+Tn+1 x'(t t)n+1
/ PL¥* P4 (0 ® )
L +1 1
s”_ 1(f0T ol dt)n+1+ =l + dt)ynrt
<(LT 4T +1)(f | (t)|n+1dt) +1+ II I ¢ +;l_
s n X n —-—||X 00 — —
+ §0+Vﬂ D+
that is
Il < T o™ ey 4 ey (36)
On the other hand, multiplying both S|des of (2.1) by x'(t) and integrating it over the interval [0,T], we
et
g T T ( ) T
f x'(t) f(x'(£))dt — f x'(O)@(t)x(t) dt + f x() —; (t)dt— f x'()h(t) dt
0 0
From assumption[H1], we have
T n+1 T
o f Ix'(t)] dt< f x'(O)f (x'(t)) dt
0
= [y x(Oh®) dt = [ x '()"‘jft))dwf K(OO)x() dt < 1zl fj 1@l de +
L a(t)
Jy 15 de + [y I @©11h®)] de
llall.
< (llxllollll + +|Ih||oo)j lx'(©)] dt,
that is,

n+1
Ll ®1 de < o™ (lxllollll + 152 + 141l [ 1x@)] dt.
We infer from the above formula that
n+1 n_ 1
Uy e ©1 domes < o Trw (ol + 552 + H1AlL. (3.7)
Substituting (3.6) into (3.7), we have
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n+1 n+1
1
f ROl v < gl (2 )(f @ ey + T "fyllf
17Tl +Tn+1||h||oo + oy Ml (3.9)
o oyH

o
According to this formula, we will prove (3.2) in two cases.
1. Ifn > 1, then we see from (3.8) that there exists B, > 0, such that
1

T n+1 L
( jo X'(t)| dt)"t <B,

2. If n =1, we have
1_ 1
1 o Tfh_ w T2l 1lally,
lloll lleoll N [|21] T llexl

' "(t 2dt%< L+e.T t Zdt2+T2
([ o aok <ol 2L [ ror aot+rilfle T e
that is,
illell, T2l T2, 1l
(1 - llgll, = )(j ol dos =7 Vol , TOl |, e g3 1l
1
1 2 2
1 T§h||<”/|l|x T ||<f||w L T2Ih, +T2||06||
2 oy op o oy
([ o) dvy? < ot =B,
1-jol, &
7]

Let B = max{ By, B1}, then in either case of n > 1or the case of n = 1, we always have

T 1 1
(. Ix®] dom<B, (3.9)
and so
1 n _
i ANy PN R VY (3.10)
® Qo Y

Theorem 3.3 Assume that [H1], [H2] hold, then equation (1.4) has at least one positive T-periodic solution
Proof. Firstly, we will show that tréz[OaJTc]|x’(t)| has a priori estimate, for each function x € Q2. In order to do it,

multiplying both sides of equation (2.1) with x"(t) and integrating it over the interval [0, T], we get

T 2 T T
j X"(©)] dt = j OO0 de + f )] 2 gp 4 f X @©h(D) dt
0 0 ; 0 . “(t)
< lbxll J] e (11" [dt + L el + "l llall
< el ol + el Gl + DL,

which results in
1
lx"ll < Molleoll, +W llell + [12]].

Since x € £, it is easy to see that there exists a t, € [0, T], such that x'(t;) = 0, and so
t
x'(t) + f x"(s)ds

lx'(O)] =
ty
t T
< [, x"(9)ds < [ [x"(s)lds
1 1 "
< Tzllx"ll, < 1+ T2[Mollgllz + 2 lltllz + llAllo1: = N
In addition, let ng = ~min{ D, y}and n; € (Mo + Dy, o) be two constants, Then from (3.1), (3.10)

and (3.11) , we see that each possible positive T-periodic solution x to (2.1) satisfies
ny < x(t) <ng,  |x'(t)| < N,.

This implies that conditions of [C1] and [C2] in Lemma 2.1 hold, we can infer that

(3.11)
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%—cq')—i_z>0, ¢ € (0,ng].
and )
Z—Ccp—h<0, c€ny,+o].

which results in
a -« -
(c7_c¢_h)(c7_c¢_h) < 0.
Therefore, condition [C3] of Lemma 2.1 holds, too. Thus, by Lemma 2.1 we see that equation (1.4) has at least

one positive T-periodic solution. The proof is complete.
Example 3.1 Consider the following Rayleigh equation

1 9 .
x"(t) + 10x'(t) — % —a(l+2sint)x(t) + S;’;E:)Z =cost, (3.12)
x'(©)°

where a > 0 is a constant. Corresponding to (1.4), we have f(x'(t)) = 10x'(t) — W,(p(t) =a(l+

2sinx),a(t) =sint+ 2,u =3,h(t) = cost,T = 2r. Clearly, from (3.12) we see that f(0) = 0,and ¢ =
a>0

) 1 (T %n +43 ) 1 (T —%n ++3
Py —;L <P+dt—Ta,<P- —ifo fp-dt—Ta
Secondly, integrating f (x'(t)) over the interval [0,T], we get
f £)) dt fT 1ox/(e) - g,
f(x'(®) [10x'(8) — 77 (x,(t))g]
T (x'()°
- |_ 0 1+(x'(t))8 dt|
T (x'()°
|f 1+(x'(1))® dt|
< [) lx'(®)l dt
which implies that we can chose L = 1 such that the first condition of assumption [H1] holds, Beside, from
10

y
=10y? — > 9y2.
yf) Y 17 58 = y
we see that the constant ¢ can be chosen as o = 9 such that the second condition of assumption [H1] is also
satisfied. Last, since L = 1,0 = 9,n = 1, we get
ATl _ 2 (4 2
1 relel: 2 Gr+2v3)a>o,

3

21 +3V3
This implies that [H2] holds. Thus, by Theorem 3.3, we have that equation (3.12) has at least one positive
21 —periodic solution.

a<
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