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Abstract: Let n = p*, where p is a prime and k > 2. In this paper, a construction for weakly pandiagonal
strongly symmetric self-orthogonal diagonal Latin squares of order n is given by using frequency squares
over finite field of order p. It is proved that there exists a weakly pandiagonal strongly symmetric self-
orthogonal diagonal Latin square of order n for n > 4.
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1. Introduction

A Latin square of order n is an n X n array such that every row and every column is a permutation of
an n-set S. A transversal in a Latin square is a set of positions, one per row and one per column, among
which the symbols occur precisely once each. A diagonal Latin square is a Latin square with the additional
property that the main diagonal and back diagonal are both transversals.

Two Latin squares of order n are orthogonal if each symbol in the first square meets each symbol in
the second square exactly once when they are superposed. A Latin square of order n is self-orthogonal if it
is orthogonal to its transpose.

Letl, ={0,1,---,n— 1}. A Latin square of ordern over [, L = (li,j) is called strongly symmetrical
if li,j + lTL—l—i,TL—l—j =n—1forall l,] S In.

The investigation of the existence of a strongly symmetrical self-orthogonal diagonal LS(n) was
started by Danhof et al [2]. They show that there exists a strongly symmetrical self-orthogonal diagonal
LS(n) for eachn € {4,5,7,8,12} and a strongly symmetrical self-orthogonal diagonal LS(n) does not exist
for eachn € {2,3,6,10}. Du and Cao proved that a strongly symmetrical self-orthogonal diagonal LS (n)
exists for all positive integers n = 0,1,3(mod4) andn # 3,15 in 2002 [3]. Cao and Li completely solved
the existence of SSSODLS (n) [4]. They proved the following.

Lemma 1.1 ([4]) There exists strongly symmetrical self-orthogonal diagonal LS (n) if and only ifn =
0,1,3(mod4) andn # 3.

LetA = (al-,j) be an n X n array, we index its rows and columns by I,, = {0,1,---,n — 1}. Fork € I,
the set {a;x4+;| i € I} and {a;,_;| i € I,} are called k-th right diagonal and k-th left diagonal of A
respectively, where the additions of the subscripts are all taken modulo n.

If Ais a Latin square with the property that every right diagonal and every left diagonal is a
transversal, then A is said to be a pandiagonal Latin square or a Knut Vik design, denoted by pandiagonal
LS(n). It has been used in statistical designs to eliminate sources of variation along four dimensions ([10])
and in n-queens problems ([11, 12]) etc. Hedayat proved in [16] that a pandiagonal LS(n) and orthogonal
pandiagonal LS(n) exist if and only if n = 1,5(mod6).

Xu introduced a weak form of Knut Vik design to construct pandiagonal magic squares ([5]). A Latin

square A = (ai,j) of order n over I, is called weakly pandiagonal, if the sum of n elements in each right

diagonal and each left diagonal is the same, i.e. for each w € I, X150 L i1y = 27D and o liwei =

2
"(n_l), where the operations in the subscripts are all taken modulo n. Clearly, a pandiagonal LS(n) is

necessarily a weakly pandiagonal LS(n). Xu proved in [5] that
Lemma 1.2 ([5]) An weakly pandiagonal self-orthogonal LS(n) exists if n = 0,1,3(mod 4) andn =/=
3,6(mod?9).
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A weakly pandiagonal strongly symmetrical self-orthogonal diagonal LS (n) is denoted by *LS(n).
The existence of *LS(n) is an intriguing problem itself and it is also an improvement question of Cao and
Li's result.

The only known result of *LS(n) attributes to Zhang et al [6]. Although they proved that there exists
a weakly pandiagonal strongly symmetrical self-orthogonal LS(n) provided n = 1,5(mod6),n =5, it is
easy to verify that their result is also true for diagonal cases. So we have
Lemma 1.3 ([6]) There exists a *LS(n) provided n = 1,5(tnod 6),n > 5.

In this paper, we shall further investigate *LS(n) especially when n is a prime power. We shall use
frequency squares to give a construction and prove the following.
Theorem 1.4 There exists a *LS(n) for n > 4 and n is a prime power.

A construction based on frequency squares will be discussed in section 2, and the proof of Theorem
1.4 will be given in section 3.

2. A construction for *LS(n) based on frequency squares

Frequency square will be used in our construction for *LS(n)s. Letn = mA. An F(n; 1) frequency
square is an n X n array in which each of m distinct symbols occurs exactly A times in each row and column.
Moreover, two such squares are orthogonal if when superimposed, each of the m? possible ordered pairs
occurs A2 times.

Forn = mA4, it is known that the maximum number of mutually orthogonal frequency squares of the
form F(n; 1) is bounded above by (n — 1)%2/(m — 1). Further, if g is any prime power and i > 1 is a
positive integer, then using linear polynomials in 2i variables over the finite field F;, a complete set of
F(qi,qi‘l) mutually orthogonal frequency squares can be constructed. Specifically, take the polynomials
a,x; + -+ + a,;x,; Where neither (aq, -+, a;) nor (a;44,+, ay;) is the zero vector (0, -+-,0) and no two of
the vectors are nonzero F, multiples of each other, i.e. (ay, -,a;) # e(aq,,a;) for any nonzero e € Fg.
Further details may be found in Chapter 4 of [8].

LetV =V, (GF(p)), n = p*. Take

Ap = (ano an1, - ang-1), Bn = (bnos b+ bng—-1)

X =(xpx1, X1, Y = Yo, Y1, Yie—1)s
where A;, B, are constant vectors inV, h = 0,1,---,k — 1, X,Y are variable vectors in V.
Forany i € Z,, there exist a vector R; = (0,731, 71 -1 ) Such that
P = 1P T TR e e

LetV(1) ={Ro, Ry, ", Rp_1}, V(2) ={Cy, C,, -, C_1}, Where C; = R;. Index the rows of ann X n
array by V(1) and the columns by V(2).
Note that there are strongly symmetric property,

n—=1=i=rq_;oP* "+ TP T T
n=1=@-DE"+p 2+ +p+D),

i+n—1—i=(rep" 4+ 0" %+ 41, 1)
(P10 g P TR o Tsasik1)

= (10 + Tne1-0)P" T+ -+ (o1 + Tac1oik—1):

which forces ;g + 1,_1_; o = p — 1 forany i € I,,. Therefore
Ri+Rn_1-; = (10,11, Tige1) + (Pa1—i0 Tno1—0 " Tne1-ik-1)
=p-Lp-1-,p-1.
Let a,n be integers, < a >, be the smallest nonnegative integer such that a =< a >, (mod n), i.e,

<a>,=rifa=pn+r wherep,rareintegersand0 <r <n.
We use - to denote the inner product in V. Define a linear function from V(1) x V(2) to GF (p).

Let Fp, = (Fh(Ri,Cj)) , Where

nxn
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Fy(R,C)) =<Ap-Ri+ By -Cj+dp >, h =01,k —1.

The following Lemma gives the sufficient condition when F,, becomes a frequency square.
Lemma 2.1 ([7]) If A, # (0,-+-,0) and By, # (0, ---,0), then F, is a F(p*; p*~1).

LetF = (F(Ri, Cj))nxn' where
F(Ri,C;) = p""'Fo (R, G;) + p* 2F1 (R, G) + - + Fi_1 (R, Gj).
Note that F(R;, C;) can also be represented as

F(RiC;) = (Fo(Ri’ C;), Fi(Ri,C), + Feea (R, Cj))-

Let
(A B
b= (B A)’
Where
AO BO
A= 14:1 , B = B:l
Ay By

Now we check that when F is a Latin square.
Lemma 2.2 If A, B are inverse, then F is a Latin square.
Proof Fix R;, let C; run over V, we want to show no two are the same. Otherwise, suppose that
(Fo(Ri G, (R, ).+, Feea (Ris 7)) = (Fo(Ri, €, Fy(Riy G, Fees (Ry, ).
Then
<AhRL+BhC]+dh >p=<Ah.Rl'+Bh'Cl+dh >p

for fixediand h = 0,1,k — 1. Thus B,(C; — c)T = 0. Since C; — C; is not zero vector, B should have
rank less than k, a contradiction. This shows that when the upper right k x k submatrix B in D is inversive,
F has the row Latin property.

Similarly, when the upper left k x k submatrix A in D is inversive, F has the column Latin property.
Lemma 2.3 If D is inverse, then F is self-orthogonal.

Proof Suppose that (F(Rl-, Cj),F(Rj,Cl-)) = (F(Rir,C-f),F(R]-r,CL-I)), then
F(R,G;) = F(Ry, Cyr), F(R;,C;) = F(Ry,Cyr)
which forces the following.
Fy(R;,C;) = Fp(Ri1, Cjr), Fo(R;,C;) = Fy(Ry1,Cir), h=0,1,-,k — 1.
Since R; = C;, we have
Fy(R;,C;) = Fy (R, Cjr), Fn(CiR;) = Fp(Cy,Ryr), R =0,1,-,k — 1.
Therefore forany h = 0,1, -+, k — 1 we have
Ah'Ri+Bh C} =Ah'Ri’+Bh ‘Cj/,
BhRL+Ath =Bh'Ri’ +Ah‘Cj’,

which can also be written as

(R —R)" (R —R)"
(An, By) ((Cj B Cj/)T) =0, (Bp,Ap) <(Cj B Cj')T> =0

forh=01,---,k—1.1i.e.

(Ri—R)"
(}; i) ((cj - cj,)T> =0
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. A L. ] (R; — Ri')T _ Ri = Ri, Cj = Cj, .
Since (B A) IS inversive, <(Cj _ er)T = 0. It follows that and . Therefore F is self
orthogonal.

Remark If D, 4, B are inverse, the A + B, A — B are both inverse.
Lemma 2.4 If < 2d, — (Ap + By) - (1,-+,1) + 1 >,= 0, then F}, is strongly symmetric.
Proof We show that Fj, is strongly symmetric. In fact,

Fr(Rs, C) + Fp(Ry—1-5 Cp—1-¢)
=<Ap Rs+ By Co+dy>, +<An Ry_s+ By Crr+dy >,
=Ap - (Rg+ Ry_g) + By, - (Cp + C5_p) + 2d,,
=4, @-L-p=D+By-(p—1,-,p—1)+2d,
=2d, — (A, - (1, 1)+ B, - (1,+,1))

=p-—1.

Lemma 2.5 If A, + By, # 0, then F is right diagonal; If 4, — B, # 0, then F is right diagonal.
Proof We have

Fp(R;,C;) =<Ap-R;+By-R;+dyp >,=< (4, +Bp) - R; +dj, >,
and
Fy(RiCpoq1-)) =<Ap-Ri+ By -Ry_q_;+dy >,
=<Ap-R;i+Bp-(Rp_1—R) +dy >,
=< (Ap—Bp)*R; + By - Ry_q +dp, >,
If F(R;,C;) = F(R;, C;), then forany h = 0,1, -,k — 1, we have F, (R;, C;) = F,(R;, ;). Thatis
<Ap-Ri+By R >,=<A,-Rj+By-R; >p.

< (Ah + Bh) . Ri >p=< (Ah + Bh) . R] >P'

Since < Aj, + By, >, 0, we have < R; >,=< R; >,, which indicates that F is right diagonal. Similarly,
by < Ap, — B, >,# 0, we have F is left diagonal.
Lemma 2.6 If a;, + by, # 0, then

{Fh(Ri' C]), Fh(Ri+pk_1' Cj+pk—1), ey, Fh(Ri+(p—1)pk_1’ Cj+(p—1)pk_1))} = GF(p),
If a, — by, # 0, then

{Fh(Ri' C]), Fh(Ri_pk—l, Cj_pk—l), °cty Fh(Ri—(p—l)pk_l’ Cj_(p_l)pk—l))} = GF(p)
Proof Forany w € I,;, we have

Fh(Ri+tpk_1' Cj+tpk_1)

=< Ah . Ri+tpk_1 + Bh . Cj+tp

k-1 + dh >p
=< (ah,O:"' yAps ah,k—l) ’ (ri,O + t'.“'ri,s '“'ri,k—l)
+(bh,0' ""bh,s "':bh,k—l) . (T}O +t, LT "'trj,k—l) +d,, >,
=<< Ah . Rl' + Bh . B] + (ah,o + bh,O)t + dh >p.

runs over 0,1,---,p — 1 when t runs over 0,1, ---,p — 1. Similarly we have (2).
Lemma 2.7 If ay, + by, # 0, and a;, — by, # 0, then Fy, is weakly pandiagonal.
Proof Foranyi,w € I, we have

pkt-1p-1

n—1
z Fr (R, Ciyw) = z z Fr (Riy k=1, Cipppk=14)
i=0

i=0 t=0
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k=1_q

_ Z (p(pz— 1))

i=0

p—1
_ ik
p 2
n-1 pl-1p-1
Fr (R;, Cyy—y) = z Z Fy (Ri—tpk_l' Cw—i—tpk_l)
i=0 i=0 t=0
pk—l_l
_ rip—1)
4 2
=0
p—1
_ .k
p 2

So F is weakly pandiagonal.
Consequently, we have
Theorem 2.8 F is a *LS(n) if the following conditions hold.
(1) A, # (0,---,0) and By, # (0, ---,0),h € I;
(2) A,B,D are inverse in L;
@) <2dp,—(Ap+Bp) - (1, 1)+1>,=0,h € ;
(4) ap + b, #0,anday, — by, # 0,h € I}.

3. Families of *LS(n) based on main construction

Lemma3.lLetk =2,p> 2. Let
10 0 p-1
A= ,B= .
01 1 0

Letd, = pT_l, d, = pT“, then F is a *LS(n).
Proof |A| = 1,|B| = 1,|D| = 4 — 4p + p? = 4. By Theorem 2.8, F is a *LS(n).
Example 1. *LS(9)

Letd, =1,d, =2 and

10 0 2
(0 1 1 0
P=lo 21 0f
1 0 0 1
It is easy to check that D, d4, d, satisfy the conditions in Theorem 2.8. We have

102102 10 2 222000111
102102 10 2 0001112 22
102102 10 2 111222000
210210210 222000111
Aj=12 102102 10|f4=|0001 112 2 2
210210210 111222000
0210210 21 2 22000111
0210210 21 000111222
0210210 21 111222000

The A4, A, are both frequency squares. Let A = 34; + A,, then
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5 2 8 3 0 6 4 1 7
3 06 41 7 5 2 8
4 1 7 5 2 8 3 0 6
8 5 2 6 3 0 7 4 1
A=|l6 3 0 7 4 1 8 5 2
7 41 85 2 6 3 0
2 85 0 6 3 1 7 4
0 6 317 4 2 85
17 4 2 8 5 0 6 3
One can check that A is a *LS(9).
For k > 3, let
y 0 0 0
01 0 O 0 0
a=|0 0 10 0 0f
\0 0 0 O 1 0/
0 0 0 O 0 1
01 0 O 0 0 01 0 O 0 1
1 0 1 0 0 0 1 0 1 0 0 0
p=|1 001 00| p_f1 001 00
\1 0 0 O 0 1/ \1 0 0 O 0 1}
1 0 0 O 0 0 1 0 0 O 0 0
Lemma 3.2 Let k > 3, then
g k odd, —1, k odd,
|E+B|={y |E+B’|={y
y—1, k even, y—2, k even,

and
<|E=B|>y=<y—(k—1) >, <|E—B|>,=<y—k >,
Lemma 3.3 Let k = 3, p = 3, there exists a *LS(n).

Proof Letk >3, p=3,dy = ,dr_, =1,dy_1 = %1. For k = 1,2(mod3), lety = 2,d, = 1then 4, B
satisfy the conditions in Theorem 2.8; For k = 0(mod3) and k is odd, let y =1 and d, = pTH. Then
A, B, d; satisfy the conditions in Theorem 2.8. For k = 0(mod3) and k iseven, lety =1, d, = gl Then

o
A, B’, d;satisfy the conditions in Theorem 2.8. So there exists a *LS(n) by Theorem 2.8.

Example 2. *LS(27).
2 00 01 0
A= (0 1 0>,B = (1 0 1)
0 0 1 1 00

For k = 3, let
anddy, = d; = 1,d, = 2, then by Theorem 2.8 F is a *LS(27).
Lemma3.4 Letk = 3, p > 3, there exists a *LS(n).
Proof Letk >3,p>3,d; = ,dy_p, =1,dp_1 = p7+1. Ifk=1,2,---p—1 (mod p), choose y such that
2<y<p<2d-y>,=0,andy #< k >,— 1, then A, B satisfy the conditions in Theorem 2.8; If k =
O(mod p), lety = 2,d, = 1, then A, B satisfy the conditions in Theorem 2.8. So there exists a *LS(n) by
Theorem 2.8.

Lemma 3.5 There exist a *LS(2%) when t > 2.
Proof Forp = 2, let

0110 00 0 0010 00 0
4|00 11 00 0 329001 00(3
\oooo 01 1 \oooo 001/
0000 0 0 1/ 4k 110 0 0 0 0/ ik
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anddy=d; =+ =dy_,=0,dr_y=1. Then 4,B,d;,i =0,---,k — 1 satisfy the conditions (1)-(3) in
Theorem 2.8. F is also weakly pandiagonal.

By Lemma 1.3, Lemma 3.1, Lemma 3.3-3.5 we have
Theorem 1.4 There exist a *LS(n) when n is an prime power and n > 4.

Acknowledgements Y. Zhang and W. Li were supported by the National Natural Science Foundation

of China (NNSFC) under Grant No. 11871417. X. Shi was supported by the NNSFC under Grant No.
11872327.

References

[1] C. J. Colbourn and J. H. Dinitz (eds.), Handbook of Combinatorial Designs, 2nd Edition, Chapman and
Hall/CRC,Boca Raton FL,2007

[2] K.J. Danhof, N.C.K. Phillips, W.D. Wallis, On self-orthogonal diagonal Latin squares, J. Combin. Math. Combin.
Comput. 8 (1990): 3-8.

[3] B. Du, H. Cao, Existence of strongly symmetric self-orthogonal diagonal Latin squares, Acta Math. Appl. Sin. 25
(2002): 187-189.

[4] H. Cao, W. Li, Existence of strong symmetric self-orthogonal diagonal Latin squares, Discrete Mathematics,
311(2011): 841-843

[5] C. Xu, Z. Lu, Pandiagonal magic squares, Lecture Notes in Computer Science, 959(1995): 388-391.

[6] S. Zhang, Q. Hu, J. Wang, Constructing pandiagonal snowflake magic square of order odd, Chin. Quat. J. Math.,
19(2004) :172-185.

[71 C.F. Laywine, G. L. Mullen, Discrete mathematics usina Latin souares. Wiley, New York, 1998.
[8] S.Huczynska, G. L. Mullen, Frequency permutation arrays, Journal of Combinatorial Designs 14 (2006): 463-478.

[9] K. Chen, W. Li, Y. Zhang, Existence of symmetrical pandiagonal magic squares, Utilitas Mathematica 99 (2016):
281-293.

[10] A. O. L. Atkin, L. Hay, R. G. Larson, Enumeration and construction of pandiagonal Latin squares of prime order,
Comput. Math. Appl. 9(1983): 267-292.

[11] J. Bell, B. Stevens, A survey of known results and research areas for n-queens, Discrete Math. 309 (2009): 1-31

[12] J. Bell, B. Stevens, Constructing orthogonal pandiagonal Latin squares and panmagic squares from modular n-
queens solutions, J. Combin. Des. 15(2007): 221-234.

[13] J. Denes, A. D. Keedwell, Latin squares and their applications, Academic Press Inc, 1974.

[14] A. Hedayat, A complete solution to the existence and nonexistence of Knut Vik designs and orthogonal Knut Vik
designs, J Combin. Theory Ser. A 22(1977): 331-337.

[15] T.Harmuth, Uber magische Quadrate und dhniche Zahlenfiguren, Arch. Math. Phys. 66(1881): 286-313.
[16] T.Harmuth, Uber magische Rechtecke mit ungeraden Seitenzahlen, Arch. Math. Phys. 66 (1881): 413-447.

JIC email for contribution: editor@jic.org.uk



