ISSN 1746-7659, England, UK
Journal of Information and Computing Science
Vol. 17, No. 1, 2022, pp.047-057

. ACADEMIC

A™ \orid Academic Union

Analytic solutions of a class of matrix minimization model with
unitary constraints

Ping Shi 1*, Nan Li * and Xu-Chen Lu 2

1 School of Mathematics and Statistics, Nanjing University of information Science and Technology,
Nanjing 210044, China.
(Received February 02, 2022, accepted April 19, 2022)

Abstract: In this paper we present analytic solutions of a class of matrix minimization model with
unitary constraints as follows:

UeeU, W, eU, V,eU,,

min | det(cl, =] JAU,BW,CV)|
k=1

min tr(cl, = [ JAUBW,.CV)]|,
k=1

UgeU, W,eU, V,eU,
where A eC™", B, eC™, C, eC™™, C™" denotes mxn complex matrix set, and C is a

complex number, | denotes the M -order identity matrix, det(-) and tr(-) denote matrix determinant

and trace function, respectively. The proposed results improve some existing ones in Xu (2019) [1].
Numerical examples are given to verify the validity of the theoretical results.

Keywords: constrained matrix minimization model, determinant function, trace function, unitary
constraints.

1. Introduction

The matrix optimization model with unitary constraints has important applications in Kronecker canonical
form of a general matrix pencil, linearly constrained least-squares problem, test signals of mechanical
systems, and aero engine fault diagnosis, see [2,3,4,5].

The latest significant application of matrix optimization model with unitary constraints is in the data
analysis of DNA micro-array analysis [6,7,8,9]. Xu [1] in 2019 considered the upper bound of chordal
metric between generalized singular values of Grassman matrix pairs with the same number of columns,
which can be applied in comparing two sets of DNA micro-arrays of different organisms. Motivated by
the applications, in this paper we consider analytic solutions of a class of matrix minimization model with
different dimensional unitary constraints. The considered matrix minimization model are as follows:

S
min | det(cl, [ JAU,BW,.CV)I, (1.1)
k=1

UeU, W, eU, Vel
S
i -
o, 0, | Ll =] TAUBIWCV)L, (12)

where C is a complex number and A, B,,C, are mxn,nxt,txm complex matrices, respectively. In
this paper we will discuss their analytic solutions.
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48 Ping Shi et al.: Analytic solutions of a class of matrix minimization model with unitary constraints

1.1. Literature review

The existing works related to the constrained matrix problems (1.1) and (1.2) are summarized as follows.
John von Neumann in 1937 [10] and K. Fan in 1951 [11] studied the maximum value problem of trace
function for the same dimensional matrix. They presented

o max Re{trHU A} 5 max |trHU A, |_ZH0(A) (1.3)

i=1 j=1

where Re[x] denotes the real part of the complex number X. A special case of (1.3) was studied by Lu
[12], where m =2, and both A and A, are positive diagonal matrices with the main diagonal elements
between 0 and 1 descending simultaneously or in ascending order. Moreover, Sun provided the Hoffman-
Wielandt-type theorem for generalized singular values of Grassman matrix pairs [13,14,15]. Xu et al. [16]
also considered the constrained optimization problems of Grassman matrix pairs and they presented

e 1j<|c|—f_[w 155)), Hv 15 1< cl,
min_|det(cl, + [TV, AN = |c|"”H(m 16511, Hm 16 Blcl,

UkUk”:lanka =l i=1 k=1

0, otherwise,

r S
ok 8 1
. mic|-> [Tw 5L — |7 165 Il ell,
min tricl_+[ [T U.AV,)|= =k =tk
0, =9 I AR
i=1 k=1
where r =min{m,n}, #* and 6* denote the i -th singular value of I', and A, , which are mxn and
nxm complex matrices, respectively. Compared with the above special cases, (1.1) and (1.2) are more
complicated because they involved more unitary constrained conditions. These motivated us to use new
technique for giving the analytic solutions of (1.1) and (1.2).

3

1.2. Organization

The rest of this paper is organized as follows. In Section 2 we will give some notations and lemmas,
which are useful to deduce the main results. In Section 3 we will provide the analytic solutions of (1.1)
and (1.2). In Section 4 numerical examples are given to illustrate the theoretical results. Finally,
concluding remarks are drawn in Section 5.

1.3. Notation

Throughout this paper we always use the following notations and definitions. Let R, C, C™" and U,
be the sets of real numbers, complex numbers, mxn complex matrix set and nxn unitary matrices,
respectively. |-| and Re[-] stand for absolute value and real part of a complex number, respectively. The
symbols |, and O, stand for the identity matrix of order n and mxn zero matrix, respectively. For a
matrix I' e C™", det(I") and tr(T") denote the determinant and trace of the matrix I", respectively. We
denote by o,(I') the set of its singular values, and throughout the paper we assume that its singular

values are arranged in decreasing order, i.e., o;(I') 2 0,(I') >---> 0, (") 2 0.

2. Preliminaries
Lemma 2.1 [1] Let A,---, A, € C"™" with singular values o, (A)) > 0,(A;) >-->0,(A), j=1---,m
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and ¢ € R . We have the following conclusions:

ﬂ(|c|—ﬁ6i(Aj)), f[al(Aj)£|c|,
, min, 1cetet, = [ Tau ) =TT Taa)-1eD. [Ton(A)zlel,

1 Un € i=1 j:

0, otherwise,

T3 ) CICNES 3 § CIGOEL!

- L i=1 j=1 i=1 j=1
upm}:‘eun |tr(CIn i];!:UJAJ) = 1 n m
0, =2 [1a(A)2cl.
N
Lemma 2.2 Let
k
Fk _ [O Fr Oorx(nr) J c men,
(m=r)xr (m=r)x(n-r)
k
Ak — Ar Orx(t—r) c CnXt,
O(n—r)xr O(n—r)x(t—r)
k
Hk — Hr Orx(m—r) c Ctxm
O(t—r)xr O(t—r)x(m—r)

with
Ty =diag(n,....7), A =diag(s} ..., ), Hf =diag(h{'...,hf),c e C,
r =min{m,n,t}, p=max{m,n,t}, 7,85, h eR,i=1,...,r,k=1,...,s.

Then the following issues hold true.
(i) Let p =max{m,n,t},r =min{m,n,t}, then
S
min |det(cl, [ [T U AW H,V)

UgeU, WeeU; VieUy k=1
r S :
lc|™" H(| o _HO'i (T)oi(A)oi(H), Hal(rk)al(Ak)al(Hk) <cl,
i1 k=1 k=t
S

=1e [T o IaGaE-led, [[o,F)e, G, el

i=1 =
0, otherwise,

(i)
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tr[clm iHFkUkAkaHka]
k=1

AL
mic| _Zr:li_lo'i (fk)ai (Ak)ai(ﬂk)1 %iHO—i (fk)ai (Ak)o-i(l;ik) <cl,
0 iiﬁa(r )or (B ) (H,) 2l cl,

wherethe I',, A, H, are px p complex matrices. The smgular values of T, A, , H, are arranged in

decreasing order.
Proof. Since p=max{m,n,t}, let

~ Ly Omx( -n) ] ~ Ay Onx( -t)
Fk=( P eC"P A, = P e CPP,
O O O O(p—n)x(p—t)

(p—m)xn (p—m)x(p-n) (p—n)xt
3 Hk Otx( p—m) pxp 17 Uk Onx(m—n) pxp
H, = o o eC”" U, = o | e CMP,
(p-t)xm (p-t)x(p-n) (m=n)xn (m-n)
V\~/ _( Wk OtX(pt)]GCpo \7 _( Vk Omx(pm)JECpxp
k — Vg — .
O( p-t)xt I(p—t) O( p—m)xm I(p—m)
Then we have
s
1_‘kUkAk\Nk Hka
k=1
_ f[[ 1_‘k Omx(p—n) j( Uk Onx(m—n)j( Ak Onx(p—t) j
k=1 O(p m)xn O(p—m)X(D—n) O(Im—n)Xn I(m—n) O(D—n)Xt O(p—n)X(P—t)
( Wk Otx(pt)J[ Hk Otx(p—m) ]( Vk Omx(pm)j (21)
O(IH)Xt I(IH) O(IH)Xm O(pft)X(pfn) O( p—m)xm I(pfm)

_ Hrku AW HY, Omx(p—m)
= k=21
O @)

(p-m)xm (p-m)x(p-m)
(i) Since ¢ € C, we deduce that
min det(clm iHFkUkAkaHkaj

UeU, W, eU; V eUy, K-l

S

= min det|cl_ +[[T .U AWHV [-]c|™P

UkeUp,V\?keUp,\]keUp ( p b kK=k=k k" Tk kJ | |

E T AT A m-p (2.2)
_ ‘detc(clpiFkUkAkaHka)‘.|C|

=_ . mn

UgeU, WeeU, VieU, |C|P

S ~ ~ ~ ~ ~
= min det||c|I x| | WU AWH Je™r.
UyeU, WeeU, VieU, N P L1 K=k 2k ] lc|
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By Lemma 2.1, we have
S
Ukeun,\/\rlrk]ela,vkeum | det(cl m T lk_:!rku AW, Hka)

= min _|det(c|l, ][ UAWHV)|-lc"P (2.3)

UyeU, WyeU, VieU, K

lc|™ lL[(| cl _li[Gi (fk)o'i (Ak)gi(l:'k))l ﬁgl(fk)al(ﬁk)al(l:lk) el

e TTA o0 B e )~ [o,E)o,Go, ()2l
0, otherwise,

where the singular values of T',,A,,H, are arranged in decreasing order.
(ii) Sincec € C, hence
S
min tr(cl , £ | T U AWMHYV,
UkEUn,WkeUt,VkeUml (c m 1;! AW H, k)

S

= i + - T A 7 L1 \7 _
UkeuvaEPeltr}p,\ikeup | tr(cl , FLUAWHNV) [ +[c](m-p)
c TE G AT GV (2.4)
re(el, £ | DUAWHY) |
= i k=1 _
_UkeUp,V[\PeILTp,\ikeUp |C| +|C|(m p)
s =

. [T T
= + . _
6,00, ., G 2 11 |C|FkUkAkaHka)|+|C|(m p).

By Lemma 2.1, we have

min [trcl, = [ [TUAWHY,) |
k=1

UeeU, W,.eU, Vv, eU,

S

= UyeUy ¥.2Us el [r(left, + 11 LUAWHV ) [+]c[(m-p) (2.5)
r S - - B 1 s 5 _ N
m|C|_Z(Hai(rk)o-i(Ak)o-i(Hk))v o o.(l')o, (Ao, (H,) <S¢,
_ i=1 k=1 k=1
) 18 ~ - ~
0, HHGi(Fk)Gi (Ao (H,) 2[cl,
k=1

where the singular values of T, ,A,,H, are arranged in decreasing order. This completes the proof.

3. Analytic solutions of problems (1.1) and (1.2)

In this section we provide analytic solutions of constrained matrix minimization models (1.1) and (1.2) as
follows.
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Theorem 3.1 Let A eC™,B, eC™,C,eC", A,B,C, eC"”, p=max{m,n,t},
k=1,...s, ceC.The following issues hold true.
(i) If p=max{m,n,t}, r =min{m,n,t}, then

UgeU, W.eU, V,eU,

min |det(cl, = [ [T U AWHV) I
k=1

e [T0el-TIa )o@ ®), [Tal )o@ )ef) <l
Ijl . k=1 |s<:l (31)
= |C|m_rH(Hai(fk)ai(gk)gi(ﬂk)_lCl)! Hap(fk)ap(Ak)ap(HNk)Zlcll

i=1 k=1
0, otherwise,

(i)
min tr(cl, = [ [T U AW HY,) |

UgeU, W eU, V, eU, K1

mic| _Zr:(ﬁo'i (fk)ai (Ak)gi(ﬁk))! %f[o-i (fk)ai (Ak)ai(ﬁk) gcl, 3.2)

i1 k=l
1 ~ ~ ~
0, EHO-i(rk)Gi(Ak)Gi(Hk)Zlclv
k=1

where the singular values of A ,B,,C, are arranged in decreasing order.

Proof. (i) If p=max{m,n,t}, r =min{m,n,t} and by singular value decompositions of A, B,, C,
we have

A< = Pkerk' Bk = MkAkNw Ck ZSkaTw (3.3)

where T,,R, €U, Q. ,M, eU,, N,S, eU,, k=1...,sand assume that P,,, =F,,

I, =diag(l’*,--,0)eC™", A, =diag(A¥,---,0)eC™, H,=diag(H/,---,0) eC"™ and r = min{m,n,t}
with

Uy =diag(yy, 7)., Af =diag(sy,--,87), H/ =diag(h, -, h),
=2y >0, 5 2>6>0, Hf=hf>-->hf>0.

It follows that
cl, £ H AU, BW,CYV, =cl_ =+ H PRI QUM ANWSHTYV,. (3.4)
k=1 k=1

Let QU M, =U, €U, , NW,S, =W, eU,, TV,R , =V, €U, then we have
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UgeU, W eU, V,eU,

min | det(cl, = [ JAU,BW,CV,)|
k=1

=U U vrvniLrJ]v U |det(PlH [Clm iF)1F1QlU1M1A1NlVV181H1-|-1V1'''AsNs\NsSsHsTsVs]Pl)|
Kk EYn Wi €U V€U (3.5)

= min |det(cl, = [ [T U AW HV,)I.

UeeU, W, eU, Vv eU, it}
which together with Lemma 2.1 lead to (3.1) hold true.
(ii) If p=max{m,n,t}, then r =min{m,n,t}, and by singular value decompositions of A ,B,,C, we have
'Ak = Pkerk’ Bk = MkAka' Ck zskaTk’
where T,,R, €U, Q. ,M, eU,, N,S, eU,, k=1...,sand assume that P,,, =F,,
I, =diag(T't,--,0)eC™", A, =diag(A¥,---,0)eC™, H, =diag(HF,---,0) eC"™ and r = min{m,n,t}
with
Iy =diag(yy,---.7¢), Af=diag(s),--,6;), H =diag(h,---,hf),
=2k >0, 5226820, Hf=hf>-->hf>0.

Similar to the derivation in (3.3) and (3.4), we can inferred

UeeU, W eU, Vv eU,

min [trcl, = [ JAU,BW,CV,)]
k=1

:U U V\r/nlg vV, eU |tl’(P1H [Clm * I:)1F1Q1U1M1A1N1W181H1T1V1"'AstWsSsHsTsVs]a)|

: (3.6)
= min [trcl, = [ [T U AW HYV) .
k=1

U, eU, W eV, VyeUp,
which together with Lemma 2.1 and (3.6) lead to (3.2) hold true. This completes the proof.

Remark 1 A few comments are in order.

e When m=n=t, k=1 and A =T,,B, =A,,C, =H, are nonnegative diagonal matrices with
0<y, <<y, 0<6,<---<4,,0<h <---<h then r =min{m,n,t}and Theorem 3.1 reduces to

Lemma 2.8 of [1] and Theorem 3.2 reduces to Lemma 3.1 of [1], respectively. This implies that
Theorems 3.1 and 3.2 improve Lemmas 2.8 and 3.1 of [1] partially.

eIn Theorems 3.1 and 3.2 we provide analytic solutions of extended constrained matrix minimization
problems with different dimensional matrices. The results of this research improve Lemmas 2.8 and 3.1 of
[1] partially to more general cases, which can be further applied in gene data analysis with different
dimensional datasets.

4. Numerical examples

In this section we will give some synthetic examples to illustrate the efficiency of the proposed theoretical
results.

. Fk 6x4 kD+ E 4x2
(i) Case 1: form=max{m,n,t}, let A, = eC™, B, = e C™, and
(P kD -E

C, =<DJE+E IM)ECM, where k=12,3,4 and C,D are generated by MATLAB command
randn(2)+randn(2)*i and F are generated by MATLAB command randn(4)+randn(4)*i . Let c=2i, we
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54 Ping Shi et al.: Analytic solutions of a class of matrix minimization model with unitary constraints

use the command orth(-) to generate 5000 groups of different random unitary matrices U, \W,,V,, the
results in Fig. 1 and Fig. 2.

5.1004 [~

5.1003

5.1002

for different £y, Wy, V;

5.1091
5109 [
6.1089

5.1088

5.1087

~ 1L, ALBWL )

251086

= 5000 random samples 5000 random samples

4 4
Fig. 1: Computing | det(cl, + ] [ AU, BW,C,V,)|. Fig.2: Computing |tr(cl, =] [ AU,BW,.CV,)|.
k=1 k=1
r 4
In Fig. 1 the green line represent the value of [ J(] [ o:(A)o:(B,)o:(C,)—|c|). The blue dots indicate
i=1 k=1

that the value of | det(cl iH AU, BW,.C,V,)| with 5000 groups of different random unitary matrices
k=1
U W, V. If let U, =Q M, W, =N"S" and V, =T,"R, with Q,,M,, N,,S,, T, P.,, given by

(3.3), then a, =|det(cl,, =] JAU,BW,C,V,)| is computed marked by red "*". Seen in Fig. 1 we have
k=1

detCel, = AUBW,CM)E [T To1(A)a o €)-leD =3,

r 4 - - -
In Fig. 2 the green line represent the value of m|C|—Z(HO'i(Ak)O'i(Bk)O'i (C,)) . The blue dots

i=1 k=1

4

calculated from 5000 groups of samples represent |tr(c|miH AU BWCV,)|. If let
k=1

U, =Q'™M", W, =N'S/", and V, =T"R" , with Q,,M,, N,,S,, T,,P.,, given by (3.6), then

4
b, =| tr(cl, iH AU, BW,C\V,)| is computed marked by red "*". Seen in Fig. 2 we have

k=1

| tr(cl, = AU BW.CV,)[=m|c| —Zr: (ﬁai (A)o,(B)a.(C)) =h,.

i=1 k=1

Dk
(i) Case  2: for n=max{m,n,t}, let A =[ | Je c*° B, :(JEE |2x8) eC*2  and
5
D
C, = | e C'"”®, wherek =1,2and C, D are generated by MATLAB command randn(5)+randn(5)*i
3x5
and F are generated by MATLAB command randn(8)+randn(8)*i . Let c=20-10i , we use the
command orth(-) to generate 5000 groups of different random unitary matrices U, ,\W, ,V,, the results in

Fig. 3 and Fig. 4.
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% 10% For n = my

Aty

for different U5, W, V,

:1‘.1“-‘5‘.\1"-‘("‘[“)

e .

o5 mlel = 30 ([T o (Ao (Be)ai (C) )

‘,m(n ~TE, :L-‘l‘,‘b"-‘u',‘(“,l",)‘ for different &y, W, Vi

[eet (1T,

0 T (el =TT o (A) 03 (Bi) i (G

5000 random samples 5000 random samples

2 2
Fig. 3: Computing | det(cl, + ] [ AU, BW,C,V,)|. Fig. 4: Computing | det(cl,, =] ] AU, BW,C,V,)|.
k=1 k=1

r 2

In Fig. 3 the green line represent the value of |c|™" 1_[(1_[c7i(,5*)0]([3()0'i (Ck)—|c |). The blue dots

i=1 k=1
2
indicate that the value of | det(cl , iH AU,BW,C.,V,)| with 5000 groups of different random unitary
k=1
matrices U, W,,V,. If let U, =Q'M,", W, =N'S", and V, =T"R7, with
Q.. M., N,,S,, T,,R.,given by (3.3), then a, =|det(cl iH AU,BW,C,V,)| is computed marked

k=1
by red "*". Seen in Fig. 3 we have

| det(cl,, £ AU,BW,CV,) 2 c* ILI(HO'i ('5\<)6i (ék)o-i (ck)_ [c]) =a,.

i=1 k=1

r 2 - - -
In Fig. 4 the green line represent the value of mlcl_z(Hai(Ak)O-i(Bk)o-i (C,)) . The blue dots

i=1 k=1

2

calculated from 5000 groups of samples represent |tr(c|miH AU, BW.CV,)|. If let
k=1

U =Q'M", W, =N/"S", and V, =T R, with Q,,M,, N,S,, T.,P,, given by (3.6), then

2
b, =| tr(cl, iH AU, ,BW,C\V,)| is computed marked by red "*". Seen in Fig. 4 we have
k=1

(el £ AUBWCY,) B mlc| -3 ([ To1(A)o (B (€)=,

:\/ED
I

4

(i) Case 3:  for t=max{m,n,t} , let A eC*, B, :(DJE IM) eC*?, and
F Jk
C, = eC”® where k=123 and C,D are generated by MATLAB command

|8x4
randn(4)+randn(4)*i and F are generated by MATLAB command randn(8)+randn(8)*i . Let c=1+1,
we use the command orth(:) to generate 5000 groups of different random unitary matrices U, \W, ,V,,
the results in Fig. 5 and Fig. 6.
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%1038 For t = max{m,n,t} case 107 For t = max{m,n,t} case

~
n

>
n

@

55

A‘.l‘ab".llﬂ-‘("‘l“)‘ for different £y, Wy, V,

mlel = £ (T o (A s (B)ou(€)

‘/r‘ (VL ~TI, Al H‘,u".‘f:‘u)‘ Ior different &, Wy, Vi

[eet (e T2,

T —
A1 (Jel - T o (Ao (Bl o (G

o

5000 random samples 5000 random samples

3 3
Fig. 5: Computing | det(cl, = [ [ AU, BW,C,V,)|. Fig. 6: Computing | det(cl, =] [ AU, BW,CV,)I.
k=1 k=1

r

3
In Fig. 5 the green line represent the value of [¢["" [ J(] Jo:(A)oi(B)ai(C,)—Icl). The blue dots
k=1

3
indicate that the value of | det(cl , iH AU,BW,C,V,)| with 5000 groups of different random unitary
k=1

matrices U, W,,V,. If let U =Q M/, W, =N'S", ad V,=T"R]

s with

Q.. M., N,,S,, T,,R.,given by (3.3), then a, =|det(cl iH AU,BW,C,V,)| is computed marked
k=1
by red "*". Seen in Fig. 5 we have

r

| det(cl,, £ AU,BW,CV,) 2 c* H(Ho-i ('5\<)6i (ék)o-i (ck)_ [c]) =a,.

i=1 =

r 3 - - -
In Fig. 6 the green line represent the value of m|C|—Z(F[oq(Ak)o-i(Bk)o-i (C,)) . The blue dots

i=1 k=1
3
calculated from 5000 groups of samples represent |tr(c|miH AU, BW.CV,)|. If let
k=1
U =Q'™M™* W, =N'S, and V, =T"R", with Q,M,, N,,S,, T,,P., given by (3.6), then

3
b, = tr(cl, iH AU,BW,C,V,)| is computed marked by red "*". Seen in Fig. 6 we have
k=1

(el £ AUBWCY,) B mlc| -3 ([ To1(A)o (B (€)=,

Hence, case (i)-(iii) verify the efficiency of Theorem 3.1.
5. Concluding remarks
In this paper we give analytic solutions of a class of constrained matrix minimization problems as follows:

min |det(cl, [ JAU,BW.CV,)|
k=1

U, eU, W, eU, V eU,
4
[ +
UkEUner\‘/PeIU[,VkeUm | tr(CIm _lk:! AkUk BkaCka) |1

where A eC™", B, eC™,C, eC"™, ¢ isacomplex number, I, denotes the m-order identity matrix,
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C™" denotes MxN complex matrix set, det(-) and tr(-) denote matrix determinant and trace function,

respectively. Our proposed results improve the corresponding existing ones in [1]. Numerical examples
are given to illustrate the efficiency of the proposed theoretical results.
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