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Abstract: Accurate image segmentation is an essential step in image processing. Gaussian mixture model (GMM)
has been widely used for image segmentation due to its low complexity and high accuracy. However, the model
assumes that the intensity distributions of images are symmetric, which makes it hard to obtain ideal results for
images with asymmetric distributions. In addition, the model does not consider any noise, which makes it difficult
to obtain ideal distribution fitting results when the image contains severe noises. Furthermore, the model only
considers the distribution information without any spatial information, so it is sensitive to noise when segmenting
images. To address these issues, we model noise with a Gaussian distribution and couple it into a skewed normal
mixture model to reduce the effect of asymmetric distributions and noise and can obtain more accurate distribution
fitting results. To further reduce the effect of noise, we propose a new anisotropic spatial information constraint
term that preserves detailed information while reducing the effect of noise. Finally, an improved EM algorithm is
proposed to solve the parameters of the model. Experimental results on synthetic and natural images show that our

method achieves better segmentation results compared to other models.

Keywords: Skew normal distribution, Noise estimation, Anisotropic spatial information, Improved EM

algorithm
1. Introduction

In most areas of digital image processing, image segmentation has a wide range of applications, such
as industrial automation, production process control, online product inspection, image coding, document
image processing, remote sensing and biomedical image analysis, security monitoring, as well as military,
sports and other aspects. In the processing and analysis of medical images, image segmentation plays an
effective role in guiding the three-dimensional display of diseased organs in people's bodies or in
determining and analyzing the location of lesions; In the analysis and application of road traffic conditions,
image segmentation technology can be used to separate the target vehicle to be extracted from the fuzzy and
complex background such as monitoring or aerial photography; Remote sensing image segmentation is also
widely used in military fields, such as strategic and tactical investigation, military marine mapping, etc.
High-resolution remote sensing image segmentation data can be used for natural disaster monitoring and
evaluation, map drawing and updating, forest resources and environment monitoring and management,
agricultural product growth detection and yield estimation, urban and rural construction and planning,
coastal area environmental monitoring The development of archaeological and tourism resources provides
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detailed ground information. The segmentation of target houses and roads plays an indispensable role in
urban construction and land planning. In the process of transforming data into information, the segmentation
of remote sensing images plays a very important role

The methods of image segmentation are to separate the image into non-overlapping regions with the
same properties. Image segmentation is a very important and difficult problem in many fields such as image
processing and understanding, pattern recognition and artificial intelligence. It is a key step in computer
vision technology, so accurate image segmentation is particularly important.

At present, many image segmentation methods have been proposedl, mainly including threshold
based image segmentation algorithm, clustering based image segmentation algorithm, finite mixture
model(FMM) and deep learning based image segmentation algorithm, etc. The finite mixture model is
widely used because of its simple algorithm and small sample demand. We mainly study image
segmentation based on finite mixture model. Gaussian mixture model(GMM) is widely used in image
segmentation because of its simple algorithm and fast running speed. However, it also has many problems,
for example, it only applies to symmetric data and has no good results for asymmetric data; Only the
distribution information is considered, and the spatial information is not considered, so a good segmentation
result cannot be obtained for the data with serious noise.

As the algorithm is sensitive to noise, many people propose to integrate spatial information, that is,
Markov into the algorithm. Markov process is a kind of stochastic process, which was proposed by Russian
mathematician A.A. Markov in 1907. We have selected the algorithm that uses Markov to improve spatial
information in recent years, as follows: SCDMM6, FRSCGMM13, SCAGMMY9, SCGAGMMI10 and
SCGAEMI12. These five algorithms have achieved good segmentation accuracy, but in order to better
reduce the noise interference, we model the noise on the model, which can estimate the variance of various
noises, not limited to Gaussian white noise.

In addition to noise modeling, we also improve the spatial information. We propose anisotropic
spatial information, which makes the algorithm show isotropy in homogeneous regions and anisotropy in
edge and intersection regions during segmentation. Inspired by these articles, we propose a skew normal
mixture model with noise estimation and spatial information constraints for image segmentation.

Our method is to first model the noise, then introduce the anisotropic spatial information, then
integrate the three ideas into our overall model, and finally use the improved EM algorithm to estimate the
parameters. The experimental results show that our method has the best segmentation accuracy and
robustness.

The rest of this paper is organized as follows. In the second section, in view of our inspiration from
some articles, we provided the theoretical basis for the feasibility of our method, introduced how to
construct noise, and proposed and coupled anisotropic spatial information. Finally, we gave how to use the
improved EM algorithm to estimate parameters. In the third section, we present the experimental results and
compare them with other five advanced methods. In the fourth section, we summarize.

2. Proposed method

2.1. Finite mixture model

Let x;,i = (1,2, ..., N) denote the target image, where x; with dimension D is an observation at the i th
pixel of the image. Let the neighborhood of the i th pixel be presented byd;. Labels are denoted by
(Q4,Q5, ..., Q). The finite mixture model (FMM) assumes that each observation x; is independent and its
probability density function(pdf) is defined as:
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f|,0) = X5 mp(x:10,) (2.1

where I1 = {m, },k = {1,2, ..., K} is the prior probabilities for the pixel x;, which satisfies 0 < m;, < 1, and
YK M =1.p(x;|0;) can be written any kind of distributions11. At present, the most widely used
distribution is Gaussian distribution. Gaussian distribution ¢ (x;|0) can be written in the form

¢ (x;10y) = Wexp{ =00 — )T o — ) (2.2)

where p;, is the mean, X, is the covariance matrix. Because Gaussian mixture model can not fit asymmetric
data, we adopt skew normal distribution. The pdf of the skew normal distribution ¢ (x;|®;) can be written by

1/2 T 1/2
¢ (x:10) = WEXP{ ( x; = e — %y 5ka) St — e - 578 m)} (23)

1 1

where 6, = 2 and 1 is the skewness parameter. [}, = Zi([ — 6k6kT)Zi. When 4 =0 it is the
1+llek

Gaussian distribution.
2.2. Spatial information on MRF

In many cases, there will inevitably be noise in the image, and the traditional finite mixture model is
sensitive to noise. In recent years, many scholars have devoted themselves to the research of denoising in
image segmentation. Some scholars have found that the correlation between adjacent pixels can be
characterized by Markov random field (MRF), so that the information of adjacent pixels can be used to
remove image noise. In order to improve the robustness to the noise, the MRF distribution incorporates the
spatial relationship of x; amongst its neighborhood region d;. Based on Hamersley-Clifford theory, MRF can
be expressed by Gibbs random field:

P(I) = ~exp —{~U(I)} (2.4)

where Z is a normalized constant, T is a temperature constant and U (IT) is the smoothing prior. The posterior
probability density function given by Bayes rules can be written as

P(ILO | X) x P(X,IT | ®)P(IT) (2.5)

Ji et al. 10 employ the Besag approximation for modeling the joint density over pixel priors:
P ~ ITiL; p(m; 1 m5,) (2.6)
where 75, are defined as mixture distributions over the between-cluster priors of neighboring pixels of pixel

i,1e.,
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Ty, = Xjea,izj @ijTj (2.7)

where w;; is the positive weight of each j(j € d;,j # i), which satisfies Y, w;; = 1 and can be written as

exp (_ Zmeai,mxi,j |Xj_xm|/(N0i><(N0i_1))>
wij =

(2.8)
Yheo; €xXp <— Ymea;meij |Xh_Xm|/(N0i X (Noi—l))>

where Ny, is the number of pixels in ;. For the expression of p(ni | nai), the log p(ni | ﬂai) is defined as:

lOg p(T[i | TL'al.) = —ﬁ[K(T[i | T[al.) + H(T[l)] (29)

where K(ni | nai) =YK _ mylog my, — YK_ mylog Ty, 1s the KL divergence between m; and
Ty, H(my) = —yK_ milog my is the entropy of the distribution ;.

When the pixel j is quite differ from other pixels in d;, the value of w;; becomes quite small and can
effectively remove noise. However, when the object has slim structure, the factor is hard to preserve detail
information.

Depending on the type of energy U(II) selected, we can have different kinds of models. The main
motivation for using this model as opposed to the traditional MRF model on pixel labels is its flexibility with
respect to the initial conditions, in which the spatial constraints are directly enforced over the neighboring
priors to obtain a smoother energy function and make the algorithm less dependent on the initializations.

2.3.  Skew normal mixture model with noise estimation

Since the general skewed normal model can only deal with Gaussian white noise sensitive to noise, we
model noise. The model is defined as

y=x;+u+¢g,i=12.,N (2.10)

where x; follows SN (0, £, 1) with mean y, g; follows N (0, A). The hierarchical representation can be written
by

Yilxi~N(u + x;, A) (2.11)
x;|T~N(At, T) (2.12)
T~HN(0,1) (2.13)
1 1 1
where § = Jlea A=7325and T = 32(I — §87)%z . Then the likelihood function

of skew normal mixture model with noise estimation is expressed as:
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1 1 _ 1 1
Lely) =z, Zlk(=1{_510g|Ak| -3 i =% — )T A O — X — ) — 510g|rk| -3 (x; =

- t?
Mt T (e — Aty = H} + € (2.14)

where C is a constant, b is the bias field and others are consistent with the above.
2.4. Anisotropic spatially information

Since the model only considers the distribution information and does not consider the location
information, we also introduce anisotropic spatial information into the model to reduce noise interference.

The structure tensorl4 is proposed to describe the structure of objects. The traditional definition of
structural tensor is Ty = VI4VI}. Because the eigenvector of traditional structure tensor is based on gradient
information, it is sensitive to noise. To solve this problem, we improve the traditional structure tensor and
propose a structure tensor based on nonlocal information to minimize noise interference. Then it is described
as follows:

D = £,(AL,12)E1(ED) + £,(AL, 12)é2(£2)" (2.15)
with

f(A5,22) = 1/(y + 11 + 12)°, £,(21,22) = 1/exp ()

N;

Wl'j=e

N(x;) = N(x; 2 IN; N 2
. _|| (x) ' ()l /z exp <_ IV (x;) hN(Xk)“F>

k=1

where éland é2 are the local maximum eigenvector variations and minimum eigenvector variations, A* and
G(x;xj)

S 60) and Y w;; = 1. G(x;,x;) can be written as

1% are the eigenvalues along 'and £2. w; i =

G(xi, xj) = exp (—(Xl- - Xj)TDi(Xl- —Xj)) X w;jand D is the new structure tensor of X.y and h are
constants.

2.5.  Anisotropic Skew normal mixture model with noise estimation

In order to coupling spatial information into the model, we introduce an approximation that makes use
of a auxiliary set of s; distribution:
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IOg (p(T[i | T[al.,Sl')) = —ﬁ[K(Sl | T[i) + K(Si | T[ai) + H(SL)] (216)

So, the likelihood function is written as:

N K
LALO V)= ) log [ > mup(yi 1 6,)
i=1 k=1
1
BIK(si | m) + K(s; | mp,) + H(s)| — 5 [K(qi 1 2z) + K(q; | 25,) + H(q))]
N K

1 1 T A-1
=Z {_EloglAkl_E(Yi_Xi_ﬂk) A (yi — X3 — py)
i=1 k=1

1 1 Tp-1 tf
—5log T | — E(Xi — Apt) T (X — Aty) — >
1
—B[K(s; | m) + K(s; | mp,) + H(s)| — 5 [K(qi 1 z) + K(q; | z5,) + H(q))]
where K(a|b)=YK_, aloga—YX_; alogb, H(c) = —YK_; clog c . letting %;; = E[xi |y, 0 =

@k], ﬁi,k = COV[xi | Yi, Bk = ak],fi,k = E[tl | yi,Bk =§k] , fikz = E[tl | yi,0k =§k]. ACCOI‘dil’lg to the

truncated normal moment, we can get:

~+>
1
|

_ Ae;
N2 2 ik A
ik = Ay + Mg We, (M_ My,
(23
Xik = Tik t Siktik
8 _ A2 . a aT (32 Y
Qi = T2, + 8480 (B2 — E)?)

~ N a A 22
tikXik = Tiktik t Siktik

A 2 1 A A 2 N A A -1 A 2 A 1 -1 A
where Mr, =—————, Ur, = My, 42 (21' + F) Vi—w) > Tp, = (F_l +2; ) y 1=
1+AT(2i+F) A

A 2

1 A A 2A I\ A
Ty, 2 i — ) si=\In—Tp, 2; |4
So, the Q function is written by

0 (9|3) — E[L(T,0 | Y)]
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N K

1 1 ANT A 1 A 1
=Zlkzlnik{_§log|/\k|_E(}’i_ﬂk_xi) Akl(yi_:“k_xi)_Etr<Aklﬂik>_§l09|Fk|
i= =

1 (A A AT A T A2 T
—otr I "\ Qe+ XieXye — 2tipeXDx + 1t Ay

1
—B[K (s | ) + K(s; | ma,) + H(s)] — > [K(q; 1 z) + K(q: | z5,) + H(q))]

kP (¥16)

E-step: Zj, = YK mup(v16)

M-step: we can maximize Q as follows:

i 1 /1
Ty = m(z (qux + 90,6) + B(sur + Saik)>
f, = Y1 (G + q0,) Vi — Rik)
* >N (Qik + QOik)
XN (e + q0u) Xk
A =—%w £2
YN (qi + g0t

Y1 (G + q0,) ((}’i — e — Ripe) i — i — J?i,k)T + Qi

Ay
YLy (quk + qo,)
o i1 (que + qo) (Qip + RipRli — 2630 p + £ A AT )
=

YV (g + q0,)

-1/2
£ 2ay

——
/1—Akzk1Ak

Where X, = I}, + A AL, 2, =

Algorithm: Anisotropic Skew normal mixture model with noise estimation

Step!: Initialize the parameter ® using k-means.

Step2: Calculate the weight factor wy;.

Step3: E-step by using

Step4: M-step by using

Step5: Check for the convergence of either the objective function, or the parameter
values. If the convergence criterion is satisfied, stop the iteration; otherwise, go to

Step 3.

3. Experiment Results
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In this paper, we compared our method with the other five most advanced methods, such as SCDMM,
FRSCGMM, SCAGMM, SCGAGMM and SCGAEM. It is worth mentioning that in the corresponding
papers of these five comparison methods, the authors have provided a wealth of comparative experimental
results to prove that their methods are superior to most classical algorithms, including GMM15, SMM16,
GGMM17 and SPM18. Therefore, in this paper, we only compare with SCDMM, FRSCGMM, SCAGMM,
SCGAGMM and SCGAEM to prove the superior performance of the proposed algorithm.

In this section, our first experiment is to test the composite image. The experimental results are shown
in Figure 1. From the experiment, we can see that our method has obtained the best performance results. Our
method has obvious denoising effect and better preserves corner information and boundary information.
Therefore, our method can obtain good performance in synthetic images.

Figure 1: The segmentation results on synthetic images. The first column shows the initial images. The
second to last column show the ground truth, the segmentation results of SCDMM, FRSCGMM, SCAGMM,
SCGAGMM and SCGAEM and our method, respectively.

In order to prove the robustness of our method, we will conduct experiments on the virtual brain map.
The data used in this paper are as follows: the virtual brain images that we used are from Brain Web
(http://www.bic.mni.mcgill.ca/brainweb/)  and Internet Brain Segmentation Repository(IBSR) . The

parameters we set are as follows: h= 0.3, = 0.4, y = 1.3. The JS19 is used to quantify the accuracy of
brain MR image, which is defined as:

[S1NS|
[S1US;|

JS(S1,82) = 3.1

Where S; and S, are segmentation results and labels, respectively. The JS value is [0,1]. Therefore, the
higher the JS value is, the better the segmentation result we will obtain. We conducted experiments on 200
brain images, and the experimental results of the JS values are shown in Table 1.

As shown in Table 1, we conducted experiments without three different noises in the offset field. From
the experimental results, we can see that our method has achieved good segmentation accuracy. Although the
CSF accuracy of SCAGMM is higher than ours at N3F0, with the increase of noise level, the stability of our
method gradually shows up, and SCAGMM is greatly affected by noise. Therefore, considering all the
conditions, our method has achieved the best results.

In order to prove the superiority of our model, we also carried out experiments on the image with offset
field. Because our model can also get a good fitting effect on the data of asymmetric distribution, our method
can also improve the brain map with offset field unnecessarily. The experimental results are shown in Table
2:
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Table 1: Average JS values of 200 virtual brain images with different noise
SCDMM FRSCGMM | SCAGMM SCGAGMM | SCGAEM Our
proposed
WM 81.93 88.46 89.20 84.82 87.83 89.79
N3F0 GM 76.97 87.13 87.84 78.25 86.05 87.92
CSF 74.40 84.68 86.10 59.51 82.85 84.96
WM 81.72 82.97 80.87 83.09 83.14 85.69
N5FO GM 78.86 81.42 80.11 76.92 81.57 83.88
CSF 73.75 78.74 80.68 58.71 79.24 81.77
WM 80.68 77.71 71.95 78.98 78.68 82.50
N7F0 GM 78.22 76.32 71.51 76.26 76.77 80.36
CSF 71.65 72.03 74.10 57.52 74.28 78.42
Table 2: Average JS values of 200 virtual brain images
SCDMM FRSCGMM | SCAGMM SCGAGMM | SCGAEM Our
proposed
WM | 80.41090606 | 80.41090606 | 85.53863584 | 83.96339294 | 84.22046011 | 87.37266891
N3F40 GM 75.16552033 | 75.16552033 | 83.20568389 | 76.20050661 | 80.9577525 | 84.43328313
CSF | 73.64107112 | 73.64107112 | 84.84778505 | 58.37108612 | 81.16930317 | 83.14093842
WM | 72.13752077 | 71.92120214 | 74.64613541 | 72.68516795 | 73.60929157 | 86.5802139
N3F80 GM 69.24323022 | 72.38326982 | 74.45114369 | 70.83142757 | 70.63662773 | 84.16833065
CSF | 71.20878421 | 77.98925189 | 80.36417727 | 62.27985571 | 73.72360875 | 83.53579382
WM | 68.89410164 | 68.87784488 | 71.0531316 | 69.10978737 | 70.01211727 | 86.63171284
N3F100 GM 65.31373827 | 68.2656514 | 70.44113454 | 69.06320698 | 65.14550438 | 84.17903553
CSF | 66.35255802 | 72.58937826 | 75.72129046 | 63.15685939 | 66.3126772 | 83.45200705

As shown by the experimental results in Table 2, although the average accuracy of the CSF of
SCAGMM in N3F40 is higher than our experimental results, the robustness of SCAGMM becomes worse
with the increase of the bias field, and the experimental accuracy decreases greatly. Our method has the best

robustness, and the bias field enhancement even has a tendency to increase CSF. Therefore, our method has

the best robustness, and in general, our method obtains the best segmentation accuracy.
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Figure 2: The segmentation results on simulated MR brain images. The first column shows the initial images
with noise level 3% and bias filed level 40, 80 and 100, respectively. The second to last column show the
ground truth, the segmentation results of SCDMM, FRSCGMM, SCAGMM, SCGAGMM and SCGAEM
and our method, respectively.

As shown in Figure 2, we show the segmentation results of three different bias fields in one of the
virtual brain images. From the visual effect, we can clearly see that our method has the best segmentation
results. Our method retains more details, and with the increase of bias field strength, our method does not
have too much deviation, which indicates that our method is more robust, and we can also draw this
conclusion from the JS value in Table 1.

W3FaD HIEB) N3FLO0

rpropoms  SCDMM FRSCGME SCAGUHN SCOAGMM SCGREM o proposs SO FRGOGMM STAGHMM SOGAGMWAM SDGMEM ar prigas  SCOMAL FRECOMM SCAGHW SCRAGHM SCOMER
¥ aF

Figure 3: The boxplots of the GM segmentation results on simulated MR brain images. The picture shows
boxplots with noise level 3% and bias filed level 40, 80 and 100, respectively.

It can be seen from the box graph in Figure 3 that our method obtains the best segmentation result, and
our method has the lowest variance, so it has the highest stability. We not only conducted experiments on
virtual maps, but also on real brain maps. The segmentation result of the real brain map is shown in Figure 3.
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Figure 4: The segmentation results on real MR brain images. The first column shows the initial images.
The second to last column show the ground truth, the segmentation results of SCDMM, FRSCGMM,
SCAGMM, SCGAGMM and SCGAEM and our method, respectively.

In order to prove the robustness of our method, we will conduct experiments on real brain maps. From
Figure 4, we can clearly see that our method retains more details, and we can also get good segmentation
results for low contrast images. A large number of experimental data show that our method has better
segmentation accuracy and higher stability in both virtual and real brain images.

Because there are complex classes in natural images, natural image segmentation is a big problem in
image segmentation. As mentioned in 20, we introduce MMIC to determine the number of classes of natural
images. The definition of MMIC is as follows

MMIC(K) = 2logpye(Y | K) — dglog(N) (3.2)

where K is the number of classes in an image, logpy (Y | K) is estimated by YN, log (Zle P &(y; |

@k)),yi is the i th pixels in image, @(-) is the pdf of Gaussian distribution. P, denotes the mixture
proportion of the k th component. 8, is the op-timal parameter by maximize the loglikelihood function
Z?Lllog( K P D(y; | Hk)), dy is number of parameters in the mixture model with K components

(dim(HK)), in Gaussian mixture model, the value is 2 * K. The larger values of MMIC (K) represent the
better segmentation.

As shown in Table 3, we listed the MMIC values of the corresponding categories of the following test
images. We can clearly see that the maximum values of MMIC of images testl, test2, test3, test4, test5, and
test6 appear at K=3, 3, 6, 3, 2, 2, respectively. When K is equal to 7 or 8, test4 gets a larger value, but in
view of the small difference and K is too large, we take the K of test4 as 3.
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Table3: The values of MMIC of the different K

K=2 K=3 K=4 K=5 K=6 K=7 K=8

test] | -210265.69 | -160766.25 | -184234.59 | -206678.33 | -199802.34 | -210556.47 | -217702.63

test2 | -200173.28 | -145404.35 | -154875.32 | -419046.69 | -365669.91 | -390747.92 | -395082.81

test3 | -437013.35 | -495592.07 | -470183.16 | -414504.74 | -355404.05 | -474000.92 | -414836.90

test4 | -802320.32 | -235796.21 | -291589.19 | -291458.25 | -311475.41 | -226339.18 | -227921.21

testS | -70317 -167835 -292377 -233141 -92179.5 -142873 -207247

test6 | -610675.13 | -708297.44 | -703198.18 | -703039.70 | -703340.85 | -704084.31 | -701885.02

Natural images are different from the evaluation criteria of brain images. As mentioned in 21, natural
images use PRI to evaluate the segmentation results. The definition of PRI is as follows:

where I(-) is an indicate function, the value of it is 0 or 1. p;; =%Z§l=1l(lf“‘ = lfz"), S, is the

experimental result, S, is the m-th ground truth in S, = {551,555, ..., Sox }. liS1 and lL-S2 denote the class label

of pixel i for segmentation result and ground truth. The value of PRI is between O to 1.

Figure 5: Image segmentation results on natural images (testl). The first column shows the initial image and
its histogram. The second to last column of the first row show the segmentation results of SCDMM,
FRSCGMM and SCAGMM, respectively. The second to last column of the second row show the
segmentation results of SCGAGMM and SCGA-EM and our method, respectively.

From Figure 5, we can see that our method achieves the best segmentation results. Testl is a picture
with a normal distribution of data and a close background to the target. It mainly tests whether the algorithm
can accurately segment the target and the background. SCAGMM does not completely distinguish the target
from the background. Although SCDMM, FRSCGMM and SCGM-EM separate the target from the
background, the target texture is not separated. SAGAGMM not only does not separate the background and
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objectives, but also confuses the objectives with others. Our method can clearly separate the background and
target and retain more details of the leopard.

Figure 6: Image segmentation results on natural images (test2). The first column shows the initial image and
its histogram. The second to last column of the first row show the segmentation results of SC-DMM,
FRSCGMM and SCAGMM, respectively. The second to last column of the second row show the
segmentation results of SCGAGMM and SCGA-EM and our method, respectively.

From Figure 6, we can see that our method achieves the best segmentation results. Test2 is also a
picture of data showing normal distribution. All the methods can accurately segment the ship and the
mountain, but FRSCGMM classifies the reflective part of the water as a separate category, and does not
accurately identify it. SCDMM, SCAGMM, and SCGAGMM did not accurately segment the bridge.
Although SCGM-EM segmented the bridge, it did not completely retain the details of the bridge, and
planned some parts of the bridge as the sky. Obviously, our method retains the information of the bridge
completely. However, all methods do not retain the reflection of the bridge in the water, which will be an
urgent problem to be solved in the future.

Figure 7: Image segmentation results on natural images (test3). The first column shows the initial image and

its histogram. The second to last column of the first row show the segmentation results of SC-DMM,
FRSCGMM and SCAGMM, respectively. The second to last column of the second row show the
segmentation results of SCGAGMM and SCGA-EM and our method, respectively.

From Figure 7, we can see that our method achieves the best segmentation results. From the histogram
of test3, we can clearly see that this is a 6 classification problem with mixed distribution of data. When both
symmetric and asymmetric distributions appear in the data, our method can still maintain stability. In
addition to our method, the other five methods do not have a good segmentation of the mountain level. Our
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method perfectly separates the tree from the mountain, and the mountain trend remains the most complete, so

our method has the best segmentation performance.

Figure 8: Image segmentation results on natural images (test4). The first column shows the initial image and
its histogram. The second to last column of the first row show the segmentation results of SC-DMM,
FRSCGMM and SCAGMM, respectively. The second to last column of the second row show the
segmentation results of SCGAGMM and SCGA-EM and our method, respectively.

From Figure 8, we can see that our method achieves the best segmentation results. Although the
histogram of test4 shows two categories, our experience and the results of MMIC show that we should divide
it into three categories: sky, tree and moon. We added noise to highlight the advantages of our method. From
the figure, we can clearly see that SCDMM and SCAGMM are significantly affected by noise, while
FRSCGMM and SCGM-EM do not separate the moon. Although SCGAGMM can clearly divide the three
categories, it divides part of the tree information into the sky. Our method not only removes noise, but also
separates the tree, sky and moon, and retains the most detailed information. Therefore, our method still
shows high stability in the case of high noise in the image.

Figure 9: Image segmentation results on natural images (test5). The first column shows the initial image and

its histogram. The second to last column of the first row show the segmentation results of SC-DMM,
FRSCGMM and SCAGMM, respectively. The second to last column of the second row show the
segmentation results of SCGAGMM and SCGA-EM and our method, respectively.

From Figure 9, we can see that our method retains the most detailed information. It is difficult to
determine the number of K from the histogram of test5, but MMIC can know that K is 2. All methods can
roughly distinguish the target from the background, but the retention of details is quite different.
SAGAGMM has not completely reserved the stamen part in the upper left corner, and many information is
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planned as the background part. In addition, the other five methods have no good retention for the target
stamen stem. Most of them divide the flower stem as the background, while our method retains the most
details. From the visual point of view, our method has obtained the best segmentation results.

Figure 10: Image segmentation results on natural images (test6). The first column shows the initial image

:I'-l.,.:iii'iﬂ‘f'n

and its histogram. The second to last column of the first row show the segmentation results of SC-DMM,
FRSCGMM and SCAGMM, respectively. The second to last column of the second row show the
segmentation results of SCGAGMM and SCGA-EM and our method, respectively.

According to the MMIC value, we set the number of K as 2 in Figure 10. It can be seen from the figure
that the other five methods do not clearly distinguish the flowerpot from the table. SCDMM, SCAGMM,
SCGAGMM and SCGM-EM all divide the highlighted part of the table into another category, while our
method completely preserves the table part. FRSCGMM divides a part of the flowerpot into tables, and does
not completely retain the information of the flowerpot, so our method obtains the best segmentation results.

We conducted experiments on 70 natural images, and the PRI values of the experiments are shown in
Table 4:

Table 4 : The values of PRI with 70 natural images

SCDMM | FRSCGMM | SCAGMM | SCGAGMM | SCGM-EM | Our
proposed

PRI 0.714+0.043 | 0.740+0.028 | 0.721+0.027 | 0.677+0.039 | 0.736+0.019 | 0.759+0.011

From Table 4, we can see that our method also has the best segmentation accuracy on natural images,
and our method has the smallest variance, so our method has the highest stability.

On the other hand, the objective function of our method is non convex. Therefore, our method may fall
into local optimization. The global optimization method can be used to find the global optimum. In addition,
the method is based on light tail distribution, which makes it cannot obtain accurate results on images with
heavy tail form. Our future work will focus on improving the robustness of initialization and selecting more
robust statistical distributions

4. Conclusion

In recent years, GMM has been widely used in image segmentation. Aiming at some shortcomings of
GMM, we propose a skewed normal model with anisotropic spatial information and noise estimation. Our
method can fit the distributed data rather than the symmetric data. Moreover, our method has stronger anti-
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interference ability to noise and can obtain more accurate segmentation results. Experimental results show
that our method achieves the best segmentation accuracy.

However, our method still has some problems. For example, we can't fit the heavy tailed data very well.
In the future research work, we will introduce the student T distribution into our model. In future work, we
will also try to combine the model with deep learning to get better segmentation results.

Appendix

Derivation of the proposed method , the complete log-likelihood function @ has the form:
Q(@|0)=E[L(I,0 |X)I|X0]
1 1 A T e A
= XL {1 0g Xk=1 {T[ik T S XP {—5 (% = pie = AxcSig) T (X0 — i — BicSige)
1( 4 A 3\2 - 1.
—2 (82— (8:0)°) AET A — Esfk}}} @4.1)
—[)’[K(si | ;) + K(si | nai) + H(si)]

_%[K(Qi | z;) + K(q: 1 25,) + H(qy)]

Then we utilize EM algorithm to maximize the energy @Q, In the E-step, we fix ® and Il to maximize Q over
s and q. In the M-step, we fix s and g to maximize Q over O and II.

E-step: By fixing © and II, we can optimize over s;. The terms involving s; in Q are:

K(si 1 m) + K(s; 1 mp,) + H(s;)
— Yke1 Siklog Six + Xkoy Siklog Ty — XK=y Sulog sy + Xkoy Silog Ty, + Yi=1 Sulog sy (4.2)

—YK_1 sulog si + XRoy sudog (mima i)

The above formula is a negative KL-divergence which becomes zero when:
Si X T TCo,k (4.3)
By applying the similar derivation holds for g;, we can get
qi X ZixZy;k (4.4)
Therefore, we can get the updating functions for s; and g; in our method.

M-step: By fixing s and g, we can maximize Q over ® and I1. The terms involving IT and @ are:

) {log Yi=1 (mup(x; | 9)}}

-p [K(Si | ) + Xjea, K (Sj | ﬂaj)] _%[K(Qi | z;) + Xjea, K (CIj | Zaj)] 2

First of all, let us consider the derivation over z;, then the terms involving only z;
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arc:

—%[K(Ch' | ;) + Xjeo, K (qf | Zai)]

(4.6)
1
= -3 [Zlk(=1 qik108 Qix — Xk=1 Qik108 Zig + Xjca, j=i (Zlk(=1 qiklog qji — Xi=1 qurlog Zajk)]

By ignoring the terms independent of z;;,, we get

1 K K
) —Z qiklog zj — Z Z ijlog Zpjk
k=1

j€dyj=i k=1
Where
Zy; = Lmeo;m=j GmZi = AmZi + Lmed,m=ij HmZm 4.7)
To make the M-step tractable, we using Jensens inequality to bound terms:
log 75k =108 Yimeo;m=j YmZmk = Ajml0g Zix +108 Ximeo;m=i,j AjmZm (4.8)
Since @j; = a;j, we obtain:

[~ ZII§=1 qiklog zj — Zjeﬁi,jii 21k(=1 qjklog Zajk]
[~ ZII§=1 qiklog zj — Zjeﬁi,jii 21k(=1 qjklog (Zmeaj,matj ajmzmk)] 4.9)
_Zlk(=1 qiklog zix + Xjco, j=i (Zlk(=1 Cljk(ajilog Zik) + Zmeaj,m:tj ajmlog ka)]

N[R NIR NP N

_Zlk(=1 qixlog zj + 21k(=1 Zjeai_]-ﬂ ij(ajilog Zik) + Zjeai,j:ti Zmeaj,m:#j ajmlog ka]

By only preserving the terms involving q;, then the remaining terms are:

1
5[— ZII§=1 qiklog zj — 21k(=1 Zjeai,j:ti qjklog ij(ajilog Zik)]

1
= 5[_ Yho1 quclog zye — XRo1 Yjea,j=i @jiqjxlog Zix|

11k (4.10)
= E[Zk:l (qux + Yjea, i “jiCIjk)log Zik]
1
= 5255:1 (qux + Qaik)log Zik
Where the distribution gy, is
4o, = Xjea,j=i Xijqj (4.11)

By applying the similar derivation holds for 7;, we can get:
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K
B z (Sik + Saik)log ik
k=1

Where the distribution s, is:
So, = Xjed,j=i ®ijSj (4.12)

Consequently, the lower bound of complete log-likelihood function Q involving the posterior z; and prior ;

becomes:
K K L&
log Z {rup(x; 10)} + B Z (sik + Sa,x)log my + EZ (9ix + qo,)108 zix
=1 k=1 k=1

%Z’,ﬁzl(qik + %ik) = %Z’,ﬁzlqik +%Z’,§=1qaik =1. By expanding the posterior z;, , we find that

maximizing

1
log XK_1 {muep(x; | 0} + BXk_y (sik + So.x)log Ty + 52’15:1 (qix + qo,)108 Zy
1
= log Y-y {mup(x;10)} + 5211;1 (qik + Qaik)log Zixp + B k=1 (Sik + Saik)log Tk
1 kD (x;10)
= log X¥-; {mur(x; 10} +-X¢_1 (qu + qo)log {Z—Ilg:‘:i;;(xile)} +B Xz (S + Sa)log my

= %Zlk(=1 (qix + qa,)10g (muep(x: 1 ©)) + BEK_y (sir + So,i)10g Ty

(4.13)

is equivalent to maximizing:

v S 1
Ez (qix + qo,1)1og p(x; | ©) + Z <§ (qix + qo,1) + B(si + Saik)>1og ik
K=1 K=1

Then, the Lagranges multiplier is used to enforce the constraint ¥X_, 7r;, = 1 for each data point, and we can

easily get the updating function for the prior m;, :

i = 55 (3 (A + Goe) + B (s + 50,.)) (4.14)

Similarly, we obtain the following update equations for g, I and A, and . The energy function can be

rewritten as:

Q" = %Z§=1 (qix + 90,k )l0g p(x; 1 ©) + XK_4 G (qix + q0,x) + B(sux + Saik)) log 7y
= %Z§=1 (qik + qaik)log {Wﬁe Xp {_%(Xi — Ug — Akﬁi,k)TFk_l(Xi — Uk — Akgi,k) (415)

- % (ﬁzzk - (ﬁi,k)z) AT My — %§12k}} + Xk G (9ik + qa,) + B(suc + Saik))) log 7y,
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Q" . 8Q* _ Q" _ .

Let o 0, ar1 = 0 and on, 0, we can obtain:

N A

a, = Y1 (qie + qou0) (X0 — ArSix)
K =
YLy (quk + q0.x)
N ~
A, - izt (Qik + qaik)si,k (x; — M)
Y1 (9 + q0,)8%
N A a \T a2 A T
X (qix + 90,) ((Xi — i, — DgSip) (X — i — ASix) + (87 — (Sik)Z)AkAk>
Fk =
Y0 (qi + qo,1)
Where
2, = + A AL
A
Ak — k k
’ Tp-1
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