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Abstract. The Preconditioned Conjugate Gradient (PCG) method has proven to be extremely powerful for
solving symmetric positive definite linear systems. This method can also be applied to nonsymmetric linear
systems when combined with the NR/NE techniques. It has been shown in [1] that the CGNR algorithm,
which is a nonsymmetric variant of the Conjugate Gradient (CG) method, is error-reducing with respect to
the Euclidean norm. However, in practice the simple CGNR algorithm is seldom used because of the squared
condition number of the iteration matrix. Preconditioning is frequently needed to overcome this difficulty. In
the present paper we give a much richer result concerning the error-reducing property of the CG procedure.
Assume that the preconditioner M is also symmetric positive definite. It is shown that the PCG method is
error-reducing with respect to the M-norm.
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1. Introduction

The Preconditioned Conjugate Gradient method is designed to solve symmetric positive definite linear
systems of the form

Ax=b, AeR™:x,beR". (1.2

Assume that the preconditioner M is also symmetric positive definite. There are three commonly seen
versions of the PCG method:

i.  Left-Preconditioned CG: CG applied to the linear system
MAx=M b,
in which the standard Euclidean inner product is replaced by the M-inner product
(% Y)m =(Mx,y) = (x, My);

ii.  Split-Preconditioned CG: In the case where M is a Cholesky product M = LL" , CG applied to
the linear system

L*ALTu=L""b, x=LT"u, (1.2)
which involves a symmetric positive definite matrix;
iii.  Right-Preconditioned CG: CG applied to the linear system
AMtu=b, x=M"u,
in which the standard Euclidean inner product is replaced by the M ~*-inner product.

Interestingly, these algorithms are mathematically equivalent; see [3, Section 9.2]. Let A=LTALT,
uj =L"x; and f; = L"'r;, where x; is the jth PCG iterate and r; =b— Ax; is the associated residual. For
any symmetric positive definite matrix K , we denote by ||v|x the K-norm of v , defined as
[V]lk= \/m The three algorithms can be cast in the same form:

Algorithm 1.1. Preconditioned Conjugate Gradient
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Compute rp =b— Axg; fo =L7ry;and po =r.
For j=0,1,A , until convergence Do:
a; =117 15 /1 pi I3
Ujsa =Uj +a;jPj
Fia = —ijApj
Bi =l B /175 113
Pju =T+ BiP;
End Do.
Although a little complicated, this formulation of the PCG method is quite comprehensible to ordinary
minds. It is precisely the Conjugate Gradient method applied to the preconditioned system Au = L™b, whose

solution u~ is related to the solution of the original system (1.1) by U = L' X«.

In order to solve nonsymmetric linear systems Ax=b, we can apply the PCG method directly to the
equivalent systems

A" Ax=ATb, (1.3)
or
AATuU=Db, x=ATu. (1.4)
The resulted algorithms are known as the Preconditioned CGNR and CGNE, see [2].

It is the purpose of this paper to show that PCG is an error-reducing method with respect to the M-norm,
i.e., the M-norm of the error e, = X~ — X, monotonically decreases during its iteration. The proof of our
theorem follows closely the lines of a proof given in [1], where the simple CGNR algorithm is considered.

2. Main results

We begin with some known facts. Recall that Algorithm 1.1 is precisely the CG method applied to (1.2)
with respect to the u -variable. There are two characterizing properties of the CG procedure:

(e 71) { 0 kel 2.1)
kalj)= ~ . .
PO k=]

* —Uj ||a= m-n * — Ay 22
Ju--uy =, min_ [lu--ull @22)

where u- is the exact solution of the system (1.2) and K (fo, A) =span{Aifo}iL‘§ is the associated Krylov

subspace. Observe that
lu« —uj ||A:\/(A(U* —Uuj),us—uj) Z\/(L_lAL_T (U« —uj), us —uj)
= JOALT (U —u), LT (U = 5) = J(AGK = X)), X = X5) = %= = X [la

(2.2) can be equivalently shown as

[l %« =X lla= min X = X[|a. (2.3)
X€X0+Kj(|\/| r,M™A)

We will prove a theorem to show that the PCG method is M-error-reducing. The following lemmas are
needed first.
Lemma 2.1. The direction vector py in Algorithm 1.1 is a linear combination of the residuals
I:\0! ﬁl.’A ) f:k
o, h iy
Pk =§k(—+—+/\ +—J, k=01A , (2.9)
o & Sk

where
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& =lIfi 112, i=0LA k.

Proof: From lines 7 and 6 of Algorithm 1.1, we have

A pj f:j-¢—l
in=rig+B:pi =& —+ . 2.5
Pju =T+ BjpPj =¢j 1(§j §j+lJ (2.5)

Observe that p, = I . By an inductive argument, (2.4) follows form (2.5).

Lemma 2.2. Let é, =u«—u, be the error of the CG iterate u, generated in Algorithm 1.1. Then,
(pk , ék+1) > O, k= 0,1,A . (26)

Proof: We assume exact arithmetic. It is well known that the CG method gives the exact solution in at
most n iterations. Hence, u~=u, and then (p,4,€,)=0. When k<n-1, from the update of u, in
Algorithm 1.1, we have

Us =Up = Ui + Qis1 Pt A + ana Poa

Then
(P, €ks1) = (Pi, Us = Uki1) = @i (P, Prsr) +A + @noa (Piy Pra) - (2.7)
By (2.4) and (2.1), we have
fo fi fo Fj 1 1
(pk, Pj) =S| —+A +—, —+A +—|=¢ f-(—+A+—J20, (2.8)
o s $o S So & o $o Sk

(j=k+1LA ,n-1).
(2.6) then follows from combining (2.7, 2.8) with the fact that o, j=k+1k+2A ,n-1 are all
nonnegative.
Lemma 2.3. In Algorithm 1.1, the 2-norm of €, decreases monotonically, i.e.
€1 ll2<lI€ ll2, k=0LA . (2.9)
Proof: Form lines 4 of Algorithm 1.1, we have
1€ 115=llus —ui |13
= Us — Ugar + o P |13
= Usx — U 13 +2a5 (Pic, Us — Ui )+ [l e i I
=|| €t 115 +2aic (Pic, Ekan)+ Nl i pi 13
Using (2.6) we then obtain (2.9).
We can now apply Lemma 2.3 to give the following theorem.
Theorem 2.4. The PCG method is M-error-reducing, i.e.,
e llm<llecllm, k=0LA .
Proof: Observe that
Il € ”2:\/(ékaék) Z\/(U*—Uk,u* —Uy)
= (L (% = %), LT (% =) = (LT (% = X), X = X,)

=y (Mec, &) =leclm, k=0LA.

Using (2.9) we then obtain the result.

CGNR is nothing but the CG method applied to the normal equations (1.3). Letting M =1, the next
corollary follows form Theorem 2.4 immediately.

Corollary 2.5. CGNR is 2-error-reducing.

Note that this is the main result of [1], i.e., Proposition 2.2.

Concerning the CGNE algorithm, we have the following corollary.
Corollary 2.5. CGNE is 2-error-reducing with respect to the u -variable.
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3. Concluding remarks

The Preconditioned Conjugate Gradient method has been known as a robust method because of its
coding simplicity and its error-minimizing property with the A-norm i.e., (2.3). In this short note we have
shown another attractive property of this method: it is also error-reducing in the M-norm when the
preconditioner M is symmetric positive definite.

The CGNR and CGNE algorithms have proven to be very effective for nonsymmetric linear systems in
many situations. Typically, it has been observed that if the coefficient matrix of a nonsymmetric linear
system is of high defectiveness with the related eigenvalues less that 1, the usual Krylov subspace methods
(in restarted version) will be in great risks of breakdown or stagnation, see [4]. In this situation, the CGNR
and CGNE algorithms may be two promising substitutes because they are based on normal equations.
Preconditioning is needed to reduce the squared condition number of their iteration matrices. The results
presented in this paper indicate that when the preconditioner is chosen to be symmetric positive definite [, it
will be potentially advantageous that both the error-minimizing property and the error-reducing property of
the CG procedure are retained.
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