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Abstract. In this paper, we study the initial value problem of the Generalized KdV equation, define a
nonlinear map K, :H*(R)—C (]R, H* (R)) (s>3), and prove Kj is Turing computable for $ > 3.

Therefore, the solution of the Generalized KdV equation with arbitrary precision on Turing machines can be
satisfied.
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1. Introduction

Regardless of in daily life, or in project and scientific research, people continuously carry on
computation. However, we carry out an in-depth study on the computability in recently several decades. At
present, the computability of solutions of the nonlinear developed equation has become an important topic to
mathematics and theory computer workers. The Generalized KdV equation u, +u™u, +U,, =0 is an

important equation, frequently appears in physics, hydrodynamics, biological and chemical fields. When
m =1, the equation is the KdV equation which describes small amplitude wave in shallow water equation,
the magnetic fluid in cold plasma, and the wave process in biological and physical systems. Klaus
Weihrauch and Ning Zhong have studied the solution operator of the KdV equation, and provided effective
method for other equations in [1]. When m =2, the equation is the mKdV equation which describes the
acoustic spread of non-harmonic Lattice and the Alfen wave sport of non-collision plasma in plasma physics,
solid physics, atomic physics, hydrodynamics and the theory of quantum, Dianchen Lu and Qingyan Wang
have proved that the solution operator of the equation is computable in [9]. The KdV equation and the mKdV
equation are the general form of the Generalized KdV equation. Therefore, studing the computability of the
solutions of the Generalized KdV equation is very important.

2. Preliminaries

The computability of subsets and functions on the discrete (countable) sets is usually defined by means
of Turing machines. Both inputs and outputs of a Turing machine are finite words. In order to investigate the
computability on uncountable sets, the Turing machines have been extended by Klaus Weihrauch so that
their inputs and outputs can be infinite sequences as well. These machines are usually called Type 2 Turing
machines and they can be used to define the computability on the set X“ of infinite sequences in an
analogous way while the (classic) Turing machines introduce the computability to the set > *. If we want to
introduce the computability to other set D of a cardinality up to continuum, we can choose a representation
0 :X” — D which is simply a surjective function. That is, the representation ¢ assigns (possibly infinite)
names

(0 -names) to each element X € D and transfers the computability on X straightforwardly to the set D.
For example, an element X € D is called ¢ -computable if it has a computable ¢ -name.

In order to investigate the computability of the solution operation of various differential equations, we
have to introduce the corresponding computability notion to the function spaces at first. In this section, we
recall the definitions of computability on several function spaces which are necessary for our discussions.
They essentially belong to Klaus Weihrauch and Ning Zhong.
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Usually, we are interested in the computability on some metric spaces.

2.1.

If a metric space (M, d) has a countable dense subset, we can define its effectivization as a computable
quadruple metric space (M,d, A,v) in which (1) A is a dense subset of M ; (2) v.icY*—> A is a
surjective function ( so-called notation of A ) and (3) the set
{u,v,w, x € 2* v, (W) <d(v(u),v(v)) <vq(X)}is a recursively enumerable set, where v, :3*—Q is

the notation of the rational numbers. In a computable metric space (M,d, A,v) we can introduce the
computability to the following Cauchy representation 5. :X“ — M which is a surjective function such that
oc(p)=xif and only if p=w,#w, #w,#--- with w, e dom(v) and the sequence {v(w,)} converges
effectively to X in the sense that d (x,v(w,)) <2 'forallie N.

2.2.

The Cauchy representation &, of the computable metric space (LZ(R),dLZ,O',vLZ) for any

pex’ , gel’(R) is a &, -name of g iff p=w,#w#w,# - with w,edom(v,) and
1/2
v, (w)—-gl<2" for all ieN ,where L*(R) = {f(x)|“f2(x)dxj <o}
R
d. ( f, g) =|| f —g||., o isthe setof all rational finite step functions and v, is a notation of o .

2.3.
The Sobolev space H*(R) is the set of all functions f e L*(R) such that T, ( f ) e L*(R) ,where

s/
T.(£)(&)=(1+1EF) F(£)(&)e Ll (R)
is a weighted Fourier transform of f with weight (l+ | & |2)S/2 ,F (f)(&)denotes the Fourier transform

of f.Ainfiniteword peX”isa &, -nameof f e H*(R),iff pisa &, -name of the weighted Fourier
transform T, ( f ) e L*(R).

2.4.
Let S(IR) be the Schwartz space defined by

S(R)={¢peC”(R):Va, s eN,sup|x*¢"” (x)|< o}

xeR

(1) The representation &, :c £” — S(IR) of the Schwartz space S(R): for any ¢ € S(R)and p,qe=”,
s, ((a.p))=¢ =03 (p)=¢ for q=u,#u#u,--- ,  where u, edom(vy) and
sup | x'gV (x)|<2™.

|X[2vy (u<i, j,n>)

2 o,cZ’—> S(R) is the Cauchy representation of the computable metric space
(S (R),dS,P*,VOﬁ ) where P is the set of the truncated polynomials with rational coefficients and v” is the
notation of P”.

(3) A infinitt word peX”is & -name of f , iff p=(p,, p,--) with p; edom(d,) and
10, (p) - Flk=<2".

2.5.
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C(R:HS(R)) is the set of all continuous functions from R to H*(R), and [p—>&,.] is a
representation of C (R ‘H°® (R)) :

3. Main Result
For rigorous notation we occasionally write u(x,t):=u(t)(x) , the functions
u(t):R—>C(R:H*(R)).
The initial value problem (IVP for short) of the Generalized KdV equation on the real line R ,
u +u®u +u, =0 (t,xeR)

u(x,0)=g(x) 1)
we establishes a nonlinear map K, from the initial data ¢ HS(R) for s>3 to the solution

ueC (R ‘H°® (R)) defined by K, ((p) = U. In this section, we shall prove our main result:

Theorem3.1 The solution operator K, :H*(R) — C(R: H* (R)) of the initial value problem (1) is
(5Hs ,[p —> 8,5 ]) -computable for any integers > 3.

The following equivalent integral equation of the initial value problem (1)
u(t)=F—l(lz(t)-r:(go))—mL+1 ;F—l(E(t—T).F(%(u(r))m”))dr @)

where u(t)(x):=u(xt),E(t)(x):=€"", F(op) i,

)= 7oz [e ol

In the iterative, we show that the following iterative sequence with the initial data¢g :
Vo (1) =F(E(1)-F (1))
_ m+1
V() =V, (1) - [ F 1( F(%(vj(r)) ))dr ®)

The iterative sequence (3) is contracting neart =0, thus the sequence converges to a unique limit.
Since the limit satisfies the integral equation (2), it is the solution of the initial value problem (1) near t=0.
To prove that the solution operator is computable, we need to construct a type-2 Turing machine whose
structure sees [1].

Firstly, we define the operator
S(upt)= F(E(t) F(0) 2o [ F‘l( F(%(u(r))”‘”))dr
which is ([p - 55],55,,0,53) -computable. This follows Lemma 3.2 in [8] straightforwardly.
Therefore, the function S_(u, ?)(t)=S(u,p,t)is ([p —68,].6,.[p >, ]) -computable. Then we define
the function V:S(R)xN—C (R 'S (R)) by
V(9,0)=5(0,9)
V(e i+1)=S(v(¢.]).0)
it is easy to verify that Vis (55 I oo 55]) -computable.

Proposition 3.2 If u(x,t) is the solution of the IVP (1), then there is a computable function
e:NxRxR — R such that
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sup [lu(xt)Ik<e (llell)

0<t<T
where e.°(r):=e(s,T,r), sisan integer and s > 3.
Proof. see [3].
Proposition3.3 v%: =50, ¢ ,and v'*" =S (v/,p). If

(m+1)/2

21T 2 (34T) ™ || o|I" +8(3+T)dT 2 || o<1,

then we have
IV () =vI () <272 (3+T) ol
where

d; =5 (e} (||¢||S)+1)m_l~[(2<“1)2 +1)-T% +1]a$ —s-22. T2 41,0<t<T ,pe H*(R).

Firstly, we need to construct the space. Let T>0, the continuous function u:Y — H®*(R) with
[0,T]<Y, define

u(-1)]

Dy xt‘ dt)}/

Ary (u) = sup

0<t<T

A;T (u) (supj

xeR

(I sup

R o<t

A; (u):= [(AiT () +(AZ,T (u))z +(AZ~T (u))zj

Then X; = {u eC ([O,T]; H® (R); AT (u) < oo)} is a Banach space with the norm |u .

(o)

%

Jul

Lemma3.41fT >0, ueX;, sup [lu(xt)[<e; (ll¢]l), then we have
0<t<T

<a:T7% Ju,. ull.

where d; = ‘E(e; (”‘/’”s)+1)m_l '[(2(5’”)2 +1)-T% +1} and € (|| ¢l )is the same form as Proposition

3.2.
Proof. For s> 3

o1 ()= £0)or)
st:(us)Q(”u ||1||UX [, ||U ||)||u (s-i+1) ||+||u ””u (s+1) ”

D; (umux)

where Q is the polynomials about u,u,---u® (see [3]).

Since H f (k’H :HFf (k)H :|§|k |Ff]. 1+|§|2 +...+|.r§|zs < s(1+|§|s)2

o], < s )

Dsuu)
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m s+1

<f2( (I Il u = 1u® 1) a2 s Jumus |+ /s 1u™ fifu, |

( l/+1j||unm*l+«/_||u|| NuCo |
< Vs et (lol.)+1)° l'{[i(?)zi(i% +1jlluns-||u||s +||u||s'||u(5+1)||}

i=1

We know sup [lu(x,t)[,<e; (Il¢ll) by proposition 3.2, the lemmma follows straightforwardly.
0<t<T

1 iXE _ic% A
Proof.(of Proposition 3.3) Let W (t)p = — | e"e"“"'p(&)d
roof.(of Proposition 3.3) Let W (t)¢ \/ZIR p(&)dé

Since v%: =S, ¢ , vI*= S_(Vj : ¢), by Lemma 3.4 and Lemma 4.9,4.10 in [1], for j >1,

1V I, =||W(t)¢—ﬁjsw (t—r)([(vj_l)mll)df e
<@B+T) llgl +(3+T)" jOT|| (vi‘l)mv;"1 I, dr
<B+T) Nl +(B+T )  deT 2 v |,

Let T >0 such that 2"aST /2 (3+T )™ | |" +8(3+T)d:T 2 || o[ <1
from [|V° Il <IW ()l < (3+T)"* ll @ L., we obtain by induction

loll (VjeN)

1/2

INZ ||XT532(3+T)

Then by Lemma 4.8 in [1]

IV =V Al fw ([(vl )”””l—[(viZ)m”ljd%
L@ T TS () () )

(m+1)/2

Sl
<2"alT/2(3+4T)
<SI[v v,
If Zm*laﬁT% (3+T)(”‘+1)’2 el +8(3+T)aTST% l@l<1, 0<t<T, we obtain the result that
Iy (=Y (O Ly ™ (O -y (©) I, <277 @+T) Nl ol
Proposition 3.5 If 2™a:T/2(3+T)™2 (| o ||, +1)" +8aT/2(3+T) (Il oIl +1) <1, we have
v (t)=va (1),

where d; = (e (Jo, )+1) V52 (22 +1) T 41, a;=v5.22 T7+1,0<t<T.

Proof. Since

j-1 j-2
e ICIv™ =V,

<2(3+T)%[p-0,|,
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v(t)=S(v,p)(t),

3 1
Vo (1) =S (Vo, @) (1) V=, 11, :||W(t)(¢_¢”)_—m+1 ;W (t—7)[v™-vi] drll,,
1 s m-1 i i N
§m+1(3+T)“2aTT1’ZIIZ(v’ Y (v, )" etV =, Il +(3+T) " o=, I
i=0

By proposition33, if 2"aiT/2(3+T)™ (gL +1)" +8a5T2(3+T)(l@|L +1)<1 ( notice
that || @, IL<ll @ +1) , then

L
i

1 s o i i o \Mm-i
V=Yl < (3+T) llo=g Il +——(3+T) T2 (V) (%)l llv=va

i=0

<@E+T) o=, Il +2" T (3+T) " (Il +1)" llv-v, I,
1
<(3+T)" -0, I o IV=va ll

Therefore [|V—V, ”xs < 2(3+T )1/2 Il@—o, ||, the sequence {v,} is uniform convergence.

Proof. (of Theorem 3.1) For a given initial value ¢ € H®(R)and a rational number T > 0 we will show
how to compute the solution u(t) of the initial value problem (1) at the time0 <t <T . For this purpose, we
first find some appropriate rational number T such that0 <T <T and show how to compute u(t) from
t’andy = u(t’) at the time interval[t’,t'+T], 0<t'<T by a fixed point iteration. Using this method, we
can compute the valuesu(T / 2m) successively for m=1,2,---and finallyu(t) forany 0<t<T .

If u,+u™u, +U,, =0,u(xt)=w(x),and definev(x,t):=u(x,t+t"), then

VAV, +V,, =0 xeR,t>0
v(x,0) =y (x) (4)

We assume that the initial valuey € H® (R)is given by aSHS -name, i.e., by a sequencey,y, --- of
Schwartz ~ functions  such  that |y —w, |[<2" For any neN | we define
functionv °,v *,--- € C (R :S (R)) by

V0 =50w,) v,"=5(v, )

J
We note that the sequence v, }can be computed fromy/, . By Proposition 3.3, the iterative sequence

v.% v ... converges to some Vv, , then v, is the fixed point of the iteration S and satisfies the following

n Voot

internal equation:
v, () =S (vow,)

=FH(E(t)F(y,)) L[l Fl(E(t—r)- F(%(vn(r))”‘”))dr

hence Vv, solves the initial value problem:

ov, m OV, OV,
pral 6x+6x3:O v, (x,0) =y, (X)

By Proposition 3.5, we show that, by a contraction argument, for some sufficiently small computable real
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number T >0 (depending only on T and @), v,’ (t) >V, (t) as j— oo for all n, and v, (t) —> v(t) as
n — oo, sufficiently fast and uniformly int €[0,T]. We recall that Vis the solution of the initial value

problem (4). Then we can effectively determine a computable subsequence of the double
sequence{V, ' }which converge fast to v uniformly in t [0, T].

Since Vv is the limit of a fast convergent computable sequence, V itself is computable. So
Ke. (@) > u(t) is (§Hs’p’5Hs) - computable for t >0, define the reflection R:S(R)— S(R),

R(w)(x) =y (-x) is(&Hs,éHs) - computable. Let u'(t)(x):=u(-t)(—x), then u/+u"u} +uj, =0

and for t>0, u(-t)=Rou’(t)=RoK, (u'(0),t)=RoK,(R(p).t), ie, u(t)=Re K (R(p),-t)
for t <0. Therefore, as the join at 0 of two computable functions, K is computable fort e R. (see e.g.
Lemma 4.35 in [1]).

Thus, we prove the main result, can see that the machine searches fast approximations tou(x,t), and

computes the solutions of the Generalized KdV equation with arbitrary precision. This approach can be
extended to other nonlinear equations.
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