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Abstract: We consider uniqueness of positive radial solutions to the system.
—Au=21(v) inQ
—Ayv=pug(u) inQ
u=v=0 onoQ

Where A U= div(]Vu|p72Vu), AN = div([Vv|q72Vv), p,q>1,Q is the open unit ball in
RM,N > 2 and 6Q is its boundary.

1)
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1. Introduction
We consider the boundary value problem
—Au=4f(v) inQ
—~AV=pug(u) inQ
u=v=0 onoQ

1)

Where Q is the open unit ball in R" ,N >2 , with a smooth boundary 6Q, 1, are positive
parameters and f , g are smooth functions. We shall establish existence and nonexistence of positive radial

solutions for (1). Dalmasso [2] investigated the existence and uniqueness of positive radial solutions of the
boundary value problem

—Au=4f(v) inB
—-Av=pug(u) inB
u=v=0 onoB

O]

Where B is the open unit ball in RN | N > 2, f . g :[O,oo)—) [O,oo). He obtained some results in the

sublinear case when f , g are nondecreasing and there exist positive numbers p,q with pgq <1 such that
f(x X
() g 909 “

X X

D.D. Hai [3] considered system (2) and extended (H) to hold only for large X. According to a result of
Troy [6], positive solutions of the boundary value problem

are nonincreasing on R™.
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~Au=2a(|x|) f(v) inQ
~Av=ub(|x|)g(u) inQ ®)
u=v=0 onoQ

are radially symmetric, where Q is the open unit ball in RN(N>2) f,g:R*xR" - R" and

a,b:R* —(0,00)are continuous function, R* =[0,c0). Yulian An [6] investigated unigueness of positive
solutions of the system

(") =-a(r)r" Yt (u(r),v(r))  re(0.1)

(r™ ) =-b(r)r*Mg(u(r),v(r))  re(0.) @

M. Chhetri and P. Girg [5] investigated nonexistence of nonnegative solutions to the BVP:
{—Apu =Af(u) inB

5)
u=0 onoB

Where p>1,4>0 and B is the open unite ball in R" . We consider the system (1) and make the follwing
assumptions:

1.1. (H.1) f,g:R"—>R" are continuous, nondecreasing and C* on (0, +o0) and
limsup xf'(x)< oo, limsupxg'(x)< oo

x—0* x—0*

1.2. (H.2) There exist me (p -1, p*) such that |imxf>wln)f)>0 and |jm inf, +L:)>0
X X

>X

Np

where p*= N for p<N and p*=-+wofor p> N is the critical exponent.

1.3. (H.3) There exist ne(q—1,q*) such that Iimxwii(ko and liminf 9(x) >0 where
X —>

0*
X
Ng : .
g*= N for g< N and g*=-+w for g > N is the critical exponent and for
m, >m,n >n, f(r:f) and g(nx) are nonincreasing for x large.
X X"
Due to [3], studying nonnegative solution of (1) is equivalent to studying positive solution of
—(r"g, (u) = Ar"f (v(r)) re(0,1)
=(r"7,(v)) =wr*g(u(1)) re(0.1) ©

u'(0)=v'(0)=u(1)=v(1)=0

where ¢, (s)=[s" s, ¢,(s)=[s|" °s for s#0 and ¢,(0)=¢,(0)= 0. Our main result is:
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1.4. Theorem 1. Let (H.1)-(H.3) hold.
Then there exist a positive number 7, such that the system (6) has at most one positive solution for

min (M,tm(q"l) ,M”(”'*l))z n.

1.5. Remark 2. For reader's convenience we list some of the properties of the function
¢, 'R — R, defined above, that are relevant in this paper. Namely,

(i) ¢, is an odd increasing homeomorphism of R onto itself;

(ii) the inverse mapping of ¢, , denoted by (d)p )-1’ is given by (¢p) = d)p,

-1

where 1+1':1.
p P
1.6. Lemma 3. Let h be continuous on R* and C* on (0, +w0)such that limsup . xh <o,
Let M,&,r be positive numbers with £ <1 . Then there exists a positive number C such that
[h(7x) =7 "h(X)|<C(@-y) for e<y<land 0<X<M .

Poof. Let 0<x <M. Define H(y)=h(x)—y"h(x),s <y <1. By the mean value theorem, there e
exists C e (y,1) such that

IH(y) =|H(y)-H@) = ( )1xh (cx)- rcr‘lh(x)‘
<C(L-v)
where

_ supﬂyh’(y)| :0<y<M}
€

+r max(sr’l,l)supﬂh(y)| y<M}.

Lemma 4. Let (u,v) be a positive solution of the system (6). Then there exist positive constants
M.,i=1,2,3,4 and M independent of u,V such that

(p-1)
|v|1(@”‘*’—”)1—mn<§-1><pf-1>(1—r) u(r)

IA

)
M (0 ot 5 (1 - )

q-1

1
MS(Iuﬂvn(p'*l))1—mn((?’—l)(p'—l)(1_r)< (I’) M (,uﬁ,n p-1) )17( ) —1)(1 I‘)
for min (Xum(q"l),uﬁ(p"l))z M and O<r<1.

Proof. Let (u,v) be a positive solution of the system (6). By integrating two equations in (6) we
obtain respectively,

¢p(“'(r)):_r&_1 [ 2c™ 2 (v)dzds )

1 ¢ _
¢, (v’(r)):—rN_l _[O pr" g (u)drds ®)

It is clear that

1 1 P s N_1 p-1
u(r):jr( N_l)j (_[Olr(‘)f(v)dr) ds. ©)

q'-1

1 Y7 e e
v(r)=f(sm_l)] ;e g (u)z) o (10)
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From now on, we shall denote by C,,i=1,2,...., positive constants independent of u,v,\,u.

1 i1 VL (p1)
2 N-1
u(EJZJl(SNl) UOZM f (v)er ds

(r-1) 4 (p-1)
> i f V(lj FT(Nfl)dr
2 2 0

NZ(N+1)
Similary,
AN
u .
1), | “ g( (ZD
E N2V
By (H.2) and (H.3) , we have
f(v)=Ky"
g(u)=>K,u".

Both (13) , (14) together with (11) , (12) give us

- m(p'-1)
1 K, Y, oaf (1
U(EJZKNZ(NHJ A Vv E ,
= n(a'-1)
1 K, Y ouf (1
(3)li=) )

1 SN
u (—j > Cl (;Lﬂm(qu) )1—mn(q'71)(p',1) ’

It is clear that

2

1 (p-1) \1 (q,_ll)( 1)

-t NP =) Y1-mn(q’-1)(p'=
V( 2) >C, (,LM ) :

It follows from (13), (14), (17) , (18) that for r > % )
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(15)

(16)

A7)

(18)
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0= (L)

r

([

AN
}\,f V —_ r_ m(p'—.
( [ij Kl " p'-1 1 .
N2 N2 2

1

= C3(7up'71pm(q”l)(p”l) )1*mn(q¥l)(p’fl) ,

and after integrating ,

p'-1
u(r)=c, (ﬂ,,u"‘(q"l)) e r), r> % (19)
In a similar manner,
q-1
v(r)=C, ( uA"" )1‘m”(q"1)(p"1) (1-r), r> % (20)

Since u, Vv are decreasing , this implies that there exist positive constants M, , M, independent ofu, v
such that the left-side inequalities for u, Vv in theorem 1 hold. From (9) , (10) , we have

uly < (21 ()" M, < (s (lul, )" 1)

where ||0 denotes the sup-norm. By the conditions (H.2) , (H.3) we have from (21) that

july < (0 (], )F < e v, ),

v, < (ugul, ) < o™ ul, S

It is clear that
) (r-1)
Jul, < C, (u™ @ e,

similarly,

(a-1)
V], < @ ﬁ—mn(c?ull)(pun.

Using this in the equation for U’ gives
p'-1)

u() < (2 (4], )7 < ¢y (e oo ato

In a similar manner, we have the upper estimate for V(r). This complete the proof of Lemma 4.

Proof of Theorm 1. Let (u,v)and (u,,V,)be positive solution of (6) and let min Au™O 2P
be large enough so that Lemma 4 applies . By Lemma 4,
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&ul <u S&ul on (0,1).
M2 Ml

Let a=sup{c>0:u=cwuin(0,1) . Then clearly a,<a <o and u=au, in (0,1) , where

M . .
a, =—2. We claim that & >1. Suppose to the contrary that & <1. Since
2

(9, (u’))’ = -ArN ( .[rl (Wlnjqu( j: ut™ g (u )dr)q,lds
(g, (ocu;))' =N of ( _[rl (%T_l('[: nt™Yg(u )dr)q'_ldsj,

sl

it follows that

[ (4, ()4, (aui))]' < —m{f [I:(ﬁjq'l(ﬁm(”g (au1)dr)qf1 ds]

o y (22)
—of U:(ﬁj (I: ur™ g (Ul)dZ‘) dsﬂ
Let n, >n, >n,m >m, >m.We claim that
(J: " g (au,) dr)q’_l > " (j: Mg (u,) dZ')q,_l ,$>0, (23)

. X). . .
Since a = a,, and %) is nonincreasing for x >>1,
X 2

g(ax)> a"g(x)for x >>1.

Let %<T<l. By Lemma 4,

m(q'-1) 7([),”_1) ;
uy(s)= M, (1= T)p™@ Y frm@ e 0 >>1, s<T,

and therefore
q'-1

Uj ™ 2(g(aw,)- oc”lg(ul))dr) > (" —a™ )(“)(IOS r‘”‘”g(ul)dr]q’_l >0,5<T.

For s> T,
([ lgle)-a gl oz |
([ o) a ol e |+ [l ) - gl e

> o - ([ g e) - (T e,

where we have used Lemma 3 with h=g. Since

-1

q-1
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and since there exist a positive number K >0 such that
o™ —a™ >Kk(l-a) for o, <a <1,

It follow that
s 9'-1
UO r(N‘l)(g(ocul)—oc”lg(ul))dr) >0,s>T

if T is sufficiently close to 1. This proves the claim.
Inserting (23) into (22) and integrating gives

2%, (U) - ¢, (aw))z) < - J' (o, rr,

- {f o J (; urg (ul)dr)q'lds
(ff( J o ‘o] s

Using (13) , (14) and Lemma 4, we obtain for r <T,
1 (N 1 @t (N-1) @t
f(s(N—lj U ptl d‘C ds>.[( j I prl (ul)dt)
uTh( "1
D gy
™-T)) " e -
S R

N

where

-1
Sy R

HT"K,
N

a1
where Cl(T):( j M@ T gince i:]() is nonincreasing for x >>1,
X 1

f(ax)= 0™ f(x) for x >>1
and therefore

q'-1 s -1
B(a,r)> " (@0 g ( | (%j (J; 1" (u)dr) dsl
"\s

&
2, (T)r" ™ (A" om0 (1-a) > 0,r < T

where ¢,(T)=K,(c,(T))"k, and k, is a positive constant such that

179

(24)
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o™ _ o > ko (1-a) for oy <@ <1,
This shows that
2N o, (u)- ¢, (au;))z)<0, 0<z<T.

For z> T, we have by lemma 3 and (24) that

IOZ B(o, r)dr > E B(ot, r)dr + LZ B(ct, r)r

el

N2

m(p'-1) )
e 50 0) - (- T ) >0

for large Ap™ % Yand uA"®Yand T sufficiently close to 1. Hence
(¢, (U)o, (aw;)Nz)< 0 , 0<z <1,

from which it follows that there exists a > o such that u > &ul in (0,1), a contradiction.

Thus aw>1and so u=u, in (0,1). Using the formulas for vand v, it follows that v =v,in (0,1),
completing the proof of Theorem1.
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