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Abstract. Runge-Kutta discontinuous Galerkin (RKDG) finite element method for hyperbolic conservation
laws is a high order method, which can handle complicated geometries flexibly and treat boundary conditions
easily. In this paper, we propose a new numerical method for treating interface using the advantages of
RKDG finite element method. We use level set method to track the moving interface. In every time step, a
Riemann problem at the interface is defined. The two cells adjacent to the interface are computed using the
Riemann problem solver. If the interface crosses a cell in the next time step, the values of the flow variables
of the cell crossed are modified through linear interpolation. Othewise, we do nothing.
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1. Introduction

The original discontinuous Galerkin (DG) finite element method was introduced by Reed and Hill [15]
for solving the neutron transport equation. Runge-Kutta discontinuous Galerkin (RKDG) finite element
method for no-linear hyperbolic conservation laws was proposed by Cockburn et al. [6, 5, 4, 7]. This method
was constructed by using an explicit high order Runge-Kutta time discretization and piecewise linear DG
method for space discretization. It can be designed for any order of accuracy in space and time, handle
flexibly complicated geometries, and treat easily boundary conditions. Above all, the computation of any
element depends only on the information of itself and its immediate neighbors, so it can be used easily for
the efficient parrel implementation. RKDG finite element method performed very well for computation of
the single-medium compressible flow. Various numerical schemes such as the total variation diminishing
(TVD) schemes, the essentially non-oscillatory (ENO) or the weighted essentially non-oscillatory (WENO)
schemes have been developed to solve single-medium flow, which can usually achieve high order accuracy
with sharp and essentially non-oscillatory shock transition. However, when those schemes is directly applied
to multi-medium flow, nonphysical oscillations usually occur in the vicinity of the material interface. In
order to prevent oscillations near the interface, many methods were presented to treat the interface. The
original ghost fluid method proposed by Fedkiw et al [8]. offers a fairly simple and flexible way to treat
multi-medium interface and is easily extended to multi-dimension. In the GFM, one flow-field with two
medium is separated into two flow-field by level set method, each of which has a single medium and can be
computed solely. It was found to be less efficient when applied to gas-water flow or a strong shock wave
interacting with the interface. This has resulted in many modified GFM [12, 11, 9, 17].

A Riemann problem based method for the resolution of compressible multi-material flow was proposed
by Cocchi et al. [3]. The numerical algorithm consist of a predictor step and a correction step. In every time
step, correction of the diffused nodes is carried out on both sides of the interface.

Several authors extended RKDG finite element method to multi-medium compressible flow. RKDG
finite element for two-medium flow simulations in one and two dimension with the original GFM and the
modified GFM were investigated by Qiu et al. [13]. Another important work of Qiu [14] is to use the RKDG
finite element method for two-medium flow computation with conservative treatment of the moving material
interface. R.S.Chen et al. computed multi-medium compressible flow by RKDG finite element with a new
modified GFM [1, 2].

In this paper, we use RKDG finite element method for one dimension multi-medium compressible flow

* Email address: rschen@yahoo.cn

Published by World Academic Press, World Academic Union



216 R. Chen, et al: Runge-Kutta discontinuous Galerkin finite element method

and use level set method to keep track of the interface location. In every time step, a Riemann problem at the
interface is defined. The two cells adjacent to the interface is computed using the solver of the Riemann
problem similar to the GFM, the other cells are computed by single-medium method. If the interface crosses
a cell center at the next time step, the values of the cell crossed are modified by interpolation. Otherwise, we
do nothing.

The paper is divided as follows. In section 2, Euler equations, equation of state (EOS),and level set
equation are provided. In section 3, we first review the RKDG finite element method, and then we describe in
detail the method of interface treatment. Tests on gas-gas and gas-liquid flow are given in section 4. In
section 5, a brief conclusion is presented.

2. Equations

2.1. Euler Equations
The Euler equations for one-dimensional compressible flow are written as

6_U+ oF (U) ~0
ot OX
with U = (p, pu,E) ,F(U) = (pu, pu® + p,(E + p)u) . Here p is the density, Uis the velocity, p is the
pressure, and E is the total energy for unit volume. The total energy is given as

(2.1)

E:pe+%pu2.

2.2. Equation of State (EOS)
For closure of the system, the EOS is required. We will use the following equation of state in this work..

The stiffened gas equation of state is in the form

p=0-Dee-m.. (2.2)
For y-law gas, p, =0.

2.3. Level Set Equation
The level set method used o track the interface can be written as
D, (x,t) +u(x,t)®, (x,t) =0 (2.3)

Here U is the velocity of fluid. In general, ®(X,t) starts out as a distance function. But over several time

steps, it will not be equal to the distance function. In order to keep it as the signed distance function, the re-
initialization step is necessary. In this work, the Riemann solver at the interface provides the accurate
velocity of the interface, so we replace the u(x,t) by interface velocity and the re-initialization is not

implemented. The level set equation is solved by the integral-averaging scheme proposed by Liu et al. [10].

3. RKDG finite element method
3.1 Description RKDG finite element method

The computational domain R is divided into N cells, R=u;l, , where I, =(X 4,5, X.1/5)

Xi12 t Xijaso

i=12,---,N . Denote the cell centers by x; = and the cell sizes by AX; = (X1, — Xi1/2) -

Let us define
Uh =Vh =th ={p€ BV nLl: p‘,ie Pk(ll)}

Where U, is solution space, V, is test function space, and Pk(li) is the space of polynomials of degree

<kon I,. We use a local orthogonal basis over I.,{v|(x),I =0,1,---,k}. We choose for example
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2
X=X
Ve(X) =1V, (X) = —, = Llo=1,--- 3.1
o () =1V (x) = X ] vy (x) = {(Axilzj ] (3.1)
The approximate solution U, can be written as
k .
U, (x,t) =Y UiV (x) for xel,. (3.2)
1=0

Where {U : },kzo are the degrees of freedom.

We substitute (3.2) into (2.1), multiply by v,i (x), integrate over a cell I, and integrate by parts:

d, . 1
Sul0- s 1)( J, FUL (x,0)-S v (0
+FU, (Xigy2,0) - FUL (X, :t))) =0, (3.3)

=01, K.
The flux F(U (X;,;,,,t)) is usually replaced by a monotone numerical flux H(U,,,,.U.';,,), where
U, =U, (X5, t), resulting in the scheme:

d. ., 1
aui(t)—m( j FU, (x, t)) vI (x)dx
+H (U i:—l/Z’Uit-llz) -H (U i:1/2’Ui—1/2)): 0, (3.4)

1=01---,k.
We use the local Lax-Friedrichs flux

_ 1 _ . _
HU ..U, [F Uii)+FUL,) —a, U, —U i+1/2):|’
with
[227]).

where | 4% |, p=1,2,3, are the 3 real eigenvalues of the Jacobian (%)Uuﬁu2 :

(p)+
a|+1/ 2 = [Dazéqﬂ'wll 20

At last, the semi-discrete scheme can be written as
d
dt
We discrete (3.5) by Runge-Kutta method. In order to achieve variation stability, a slope limiter is used
after each Runge-Kutta stage. For a complete discussion of the method, the reader is referred to [6].

U, =L,U,). 3.5)

3.2 Treatment of interface
The cell sizes are uniform, we denote the cell centers by X; , denote @ by the level set function value

of X, at t=t,, denote X, by the interface location at t =t . Assuming the interface X, is between x, and

the left of interface is fluid 1, and the right of interface is fluid 2. At instance t =t three instance

|+1 '

may occur: (1) X" is between X, and X,,,, as shown Fig.1 (a); (2) x| is between X, ,and X,, as shown

n+l?

Fig.1 (b); (3) x,n+l is between X;,, and X;,,, as shown Fig.1 (c). Supposed that the flow states at t =t have
been known, the following steps are taken to obtain the respective quantities at the next step:
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Fig.1
1. Define Riemann problem
o oFU
_+L =0
ot OX
3.6
Ul x<x/ (3.6)
Uxt) =14 )
Ui+2 X > XI

Solve the Riemann problem, we can get U, (the velocity of interface), p, (the pressure of interface), p,
(the density of the left of interface), o,z (the density of the right of interface), S, (the entropy of the left of
interface), S (the entropy of the right of interface). We denote

U, =(owonl E) U =(or, prY,ER) -
2. The isobaric fix technique can be used to reduced the “overheating” errors [7]. This is done by
Si =S,511 =5k

3. Forthe cells |, 1,,---,I; , use EOS of Fluid 1; For the cells I, ;,1;,,,---, I, use EOS of Fluid 2. We
can compute the flow at 1,,1,,---,1,_;,1,,,,--, |, as for single-medium flow. But the cells |, and I,,; must
be treated specially. When we compute flow at cell I;, we can’t use the flow state at |,,; directly because

they belong to different fluids. So we modify it as below: if we compute at
I, , HU,,, VU ,,)=HWU,,,U,) . If we compute at I similar as at

Ii ) H(Ui_+1/2’Ui++1/2 =H (U |R’Ui++1/2

i+1 !

4. Solve the level set equation using U, , we can obtain ®(Xx,t, ).

5. If X[ e [x;,X,,,] , we do nothing. If x!** €[x,,,x;], we obtain U by interpolation: for constant
interpolation
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or for linear interpolation,

for constant interpolation,

or for linear interpolation,

4. Numerical results
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n+1
UiJr :UlR’ (37)
U n+l _U
n+l i+1 IR n+l
U™ =———F—0 +U;. (3.8)
CDi+1
If X! €[4, X,., ], we obtain U " by interpolation:
n+l
U i = U IL? (39)
U _n+1 U
n+l i-1 1L n+l
Um = 1 UL (3.10)
q)i—l
The solution can be advanced from U " toU "** .
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Fig.2 Example 1, 100 cells

Fig.3 Example 1, 400 cells
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In this section, five numerical experiments are presented. For the computations, CFL is set to 0.2,
computational domain is [0, 1], the solid line is the exact solution and the points are the computed solution.
A third order accurate RKDG finite element method is used to solve the Euler equation.

Example 4.1 This is a gaseous shock tube problem taken from [17] and the initial conditions are
(1,0,1,1.4,0), if 0<x<0.5,
(p,u,p,y) = .
(0.125,0,0.1,1.2,0), if 0.5<x<1.

The computational time ist =0.21 . Fig.2 shows the result of 100 mesh points, and Fig.3 shows the
result of 400 mesh points. From the Figs. 2-3, we see that there are no-physical oscillation near the interface
and the computed solutions concur with the exact solutions.

Example 4.2 We consider a two-phase gas-liquid Riemann problem which is taken from [16].The initial
states are defined as

(1.2410,2.7531.4,0), if 0<x<0.5,
(p,u,p.7) = o :
(0.991,0,3.059x10* 5.51.505), if 05<x<1.
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ﬂ
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Fig.4 Example 2, 100 cells
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The results of 100 mesh points and 400 mesh points at t = 0.1 are shown in Figs.4-5. The computational
solutions are convergent to physical solutions as the mesh refined.

Example 4.3 A gas-liquid shock tube problem is taken from [9]. The initial conditions are
(0.5,100,20000,2.5,0), if  0<x<0J5
(p.u,py) = :
(2,0,1,7.15,3309), if  05<x<1.

Shown in Figs.6-7 are the respective results obtained by 100 mesh points and 400 mesh points at time
t = 0.001 that agree with the exact solutions.
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Fig.6 Example 3, 100 cells Fig.7 Example 3, 400 cells

Example 4.4 We consider strong shock impacting on a gas-water interface which is taken from [17]. The
initial position of shock and interface are the same at . The initial condition are as follows:

0. ) - | (00506521911 882110001.40),  if  0<x<05
PP T) =9 0,01,7.15,3300), it 05<x<l.

The results at t =0.0007 are presented in Figs.6-7. The position of shock and interface are predicted
accurately.
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Example 4.5 Jet impact on the gas-water interface is considered. This is taken from [17]. The initial
condition are given as
(1,90,11.4,0), if
(p.u,p.7) = :
(1000,0,1,7.15,3309), if

This is a very difficult problem. The results of 100 mesh points and 400 mesh points at t = 0.015 are
obtained, shown in Figs.7-8. The results show that the shock wave and the interface are well located.

0<x<0.5
05<x<1.
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Fig.8 Example 4, 100 cells
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5. Conclusions
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Fig.11 Example 5, 400 cells

In this paper, RKDG finite element methods with a new treatment of the moving interface have been

developed to simulate one-dimensional multi-medium compressible flow. At every time step, a Riemann
problem at the interface is defined, the two cells near interface are computed using the solver of Riemann
problem. If the interface crosses a cell, we modify the values of the cell crossed by interpolation. This
method is very simple. Compared with GFM method, it cost less. Numerical results for gas-gas and gas-
liquid flow in one dimension show the present method is robust. Ongoing work is to extend these methods
for two dimension.
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