. AcADEMIC

ISSN 1746-7659, England, UK
|- ]

Journal of Information and Computing Science
Vol. 3, No. 4, 2008, pp. 258-268

World Academic Union

Explicit solution of homotopy-perturbation method for some
Fifth-order KdV equations and comparing it with other
methods

D.D. Ganji', G.A. Afrouzi »”, R.A. Talarposhti

1. Department of Mechanical Engineering, Mazandaran University, Babol, Iran
2. Department of Mathematics, Facuality of Basic Sciences, Mazandaran University, Babolsar, Iran

(Received March 12, 2008, accepted September 14, 2008)

Abstract. One of the newest analytical methods to solve nonlinear dispersive wave equations is using both
homotopy and perturbation methods which is called (HPM). Other the reliable methods are variational
iteration method (VIM) by He and Adomian's decomposition method (ADM). Here, we compare the exact
solution of HPM which are applied to solve a various fifth-order Korteweg-de Vries problems with initial
condition with obtained results of (VIM) and (ADM).Comparison of the results with those obtained by
(ADM )and (VIM) reveals that (HPM) is very effective, convenient and quite accurate to both linear and
nonlinear problems. It is predicted that (HPM) can be widely applied in engineering.
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1. Introduction

There are few phenomena in different fields of science which occure linearly. Most problems and
scientific phenomena such as FKdV equations behave nonlinearly.

There are many standard methods in literature to solve fifth-order Korteweg-de Vries (FKdV) equations.
Explicit solutions to the nonlinear equations are of fundamental importance. Various methods for obtaining
explicit solutions have been proposed to nonlinear evolution equations. Among them are Hirota's dependent
variable transformation, the inverse scattering transform, and the Backlund transformation.

All these methods are described in [1,2] and the references there in.

A common feature of all these methods is that they use different transformation to reduce the equation
into a more simple one and then solve it.

The numerical calculation methods have been improving, so as semi-exact analytical methods. Most
scientists believe that the combination of the numerical and semi-exact analytical methods can also lead to
useful results. One of the most well-known semi-exact methods is the homotopy-perturbation method [2,3-8].

He's variational iteration method (VIM) [9-17] is used to conduct an analytic study on FKdv equation,
too. The method gives rapidly convergent successive approximations of the exact solution if such a solution
exists, otherwise approximations can be used for numerical purposes. The method is used more effectively in
[9-15,18-21] among many others. Another important advantage is that VIM is capable of greatly reducing
the size of calculations while still maintaining high accuracy of the numerical solution. In the following part,
we will briefly highlight the main points of each method, whose details can be found in [9-17].

Considering Adomian's decomposition method, explicit and numerical solutions are calculated for
various Fifth-order Korteweg-de Vries equations with specified initial conditions. The explicit solution of the
equation using decomposition series is quickly obtained by existence of the self-canceling "noise™ terms
where the sum of the components is vanished at infinity.
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We now infer that HPM, VIM and ADM can be used to construct the solution to the initial-value
problems for FKdV equation [22,23 ],

2
ut_uxxxxx:F(X’tiu1u 1ux1uxx’uxxx) (1)

which occurs, for example, in the theory of magneto-acoustic waves in plasmas [24] and in the theory of
shallow water waves with surface tension [25] the FKdV equation has been extensively investigated over the
last decade. It has been shown that the traveling-wave solutions of the equation do not vanish at infinity
[1,26]. Then the results of these methods have been compared with those of the exact solution.

2. Summery of the methods

2.1. Homotopy-perturbation method
To explain this method, let us consider the following function:

A(u)-f(r)=0, (2
with the boundary condition of:
B(u, %) =0, ©)
on
where A(u) is defined as follows:
A(u) =L(u)+ N (u). (4)

Homotopy-perturbation structure is shown as:
H(,p)=L()-Luy)+pL(u,)

, (%)
+Pp[N(v) - f(r)]=0,
or
H(v,p)=Q-p)[L(V)-L(ugl+pL(u,) ©)
+p[A(V) - f(r)]=0,
where,
v(r,p):Qx[0,1]> R. (7
Obviously, considering Egs. (5) and (6) we have:
H(v,0)=L(v)— L(u,) =0, -

H(v,1) =A(v) - f(r) =0,
where p €[0,1] is an embedding parameter and u, is the first approximation that satisfies the boundary
condition.
The process of the changes in p from zero to unity is that of v(r, p)changing fromu,to u, . We
consider v as:
V=V, +pv,+pv,, 9)
and the best approximation is:
u=lim, ,v=v,+Vv,+v, +... (10)
The above convergence is discussed in [27, 28].

2.2. He's variational iteration method
To clarify the basic ideas of VIM, we consider the following differential equation:

Lu+Fu=g(t), (112)
where L is a linear operator, F a nonlinear operator and g (t) a heterogeneous term.

According to VIM, we can write down a correction functional as follows:
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u n+l (t) =u n (t)
+[ A(Lu, () +F 0, ()-9 () dr,

where 1 is a general Lagrangian multiplier [16,17,29] which can be identified optimally via the variational
theory. By this method, it is necessary to determine the Lagrangian multiplier 4 that will be identified
optimally. The successive approximations u n >0, of the solution u will be easily obtained using the

(12)

n+l1

determined Lagrangian multiplier and any selective function of u,. Consequently, the solution is given by

u=limu,.

n—oo
Let us consider the standard form of an FKdV equation, (1), in an operator form

Lt(u)_Lx(u): F(X,t,u,UZ,UX,Uxx'Uxxx)’ (13)

5

where the notation [%) and ( 0

5 SJ symbolize the linear differential operators.
X

According to VIM, we can write down Eq. (13) in the form of:

U (D) =0, (1,0 + [ A[LU (%, 7) LU, (x,7)

—F(x,r,un(x,r),uﬁ(x,r),iun(x,r), (14)
O X
0° o’
Py Un(XvT),mUn (x,7)]dz.

The Lagrangian multipliers are therefore identified as4 = -1.

2.3. Adomian's decomposition method
Considering relation (13), assuming the inverse of the operator L, is exists and it can conveniently be

taken as define integral with respect to t from 0 tot. If we operate the two sides of (13) with the inverse
operator of L,, we have:
Lol () = LI (FOGU,U% U, U U ) + LL (W) (15)
Substituting the initial condition of (13) in the last formula we have:
u(xt)—u(x,0) =L (F(x,t,u,u®,u,,u_,u_))+L'L, (). (16)
We decompose the unknown function u(x,t) by a series of components defined by:

XXX

u(x,t):iun(x,t). (17)

Substituting the initial condition into (16) and identifying the zeroth component u, by terms which arise
from the initial condition, we have:

_{ f(x), for F =y (x,1) =0,

o (18)
f(x)+ LA(F(x.1), for F =y (x,t) %0,

and if F =¢(x,t,u,u2,ux,uxx,u ), we obtain the subsequent components as the following recursive

XXX

relationship:
Up = LT (A) +LTL, (U,), n20 (19)

and N u:z//(x,t,u,uz,ux,uxx,uXXX):Z A, for n>0. See the details of this method in [30].
n=0

JIC email for contribution: editor@jic.org.uk



Journal of Information and Computing Science, 3 (2008) 4, pp 258-268 261

3. Applications

Example 3.1. We consider an equation with the initial condition given by:
Up +UU, —UU G — U :O'

u(x,0)=e*. (20)
A variational iteration can be constructed as follows:

a6 =, (00 + [ AU, (07)

3
U6 (ot (7))~ U (6 7) (g U (7)) @)
0 X 0X
5
- u, (x,7)]dr.
o’ 2 (X, 7)]
The Lagrangian multipliers are therefore identified as 4 = -1, so we have:
Uo(x,t)=e*,
ul(x,t)zex+tex,u2(x,t)=ex+tex+%t2ex, (22)
us(x,t)=e* +te* +1t2 e* +£t3ex,
2 6
and so on. The solution u(x,t) isgivenas:
u(x,t)=e" IRRSIERCINE RN (23)
’ 200 31 )
u(x,t) ina closed form is found to be:
u(x,t)=e*e' =e*", (24)
Now we solve Eq. (20) with ADM.
Following the outlined scheme, Eq. (20) is rewritten in an operator form of:
Lu=-uu, +uu, +L u. (25)
thus,
u(xt)=u(x0-L (X A)+L7 (2 B,)
n=0 n=0 (26)
+ LzlLX(u)!
where > A, =uu,and Y B, =uU,,.
n=0 n=0
Therefore we find:
U (1) ==L (Ag) + L7 (Bo) + L'l (Ug)
=te”,
U, () =-L (A + L (By) + Li'L, (uy)
1 (27)

:_t2€x
2! ’
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U3(X,t) = _L;l(A2)+ L;1(82)+ L;le(uz)

=£t3ex’
3!
and so on. The solution u (x,t) in the series form is given as:
u(xt)=iu (x,t) =e* R FUE NI SCI (28)
A A 20 3!

The solution u (x,t) in aclosed form is:
u(x,t)=e*e' =e*", (29)
A homotopy-perturbation method can be constructed as follows:

ov(x,t) 9Ve(x1t)
ot ot

H (v, p)=(Q- p)[

+ p(—av(g);’t) +v(x,t)—ava())((’t) (30)

’v(xt) o° v(x,t)] 0

—v(x,t
*xH ox3 ox°

One can now try to obtain a solution of Eq. (30) in the form of:
V(X,t)=v, (X,t)+ pv, (X, t)+..., (31)

where v, (x,y), 1=0,1,2,... are functions yet to be determined. According to Eg. (30) the initial
approximation is:

Vo(x,t)=u,(x,t)=e”. (32)
Substituting Egs. (31) and (32) into Eq. (30) yields:
0
—v,(x,t)-e* =0, 33
Y 1(x 1) (33)
a—5v (x t)+exiv (x t)+iv (x,1)
x> ox 7 et 2
s (34)
—€ a?Vl(x,t) :O,
0° <, 0 0’
- stz(x,t)+e (avz(x,t)—mvz(x,t))
+iv (x,t) +v,(x t)iv (x,1) (35)
ot T TR T ax
63
—vl(x,t)ﬁvz(x,t)zo,
with the following conditions:
v;(x,00=0, 1i=0,12,3. (36)
The solutions of Egs. (33)-(35) may be written as follows:
v (x,t)=e"t, (37)
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v2(x,t)=%t2ex, (38)
1 3,X%
v3(x,t)=§t e, (39)

In the same manner, the rest of components were obtained by using the Maple Package.
According to the HPM, we can conclude:

u(x,t)=Iimlv(x,t)=v0(x,t)+v1(x,t)+... (40)
p—
therefore,
u(x,t)=e* Trt+ 24 L34 (41)
v 200 3 )

The solution u (x,t) in a closed form is found to be:
u(x,t)=e*e' =e*", (42)

The exact solution of Eq. (20) with HPM is u (x,t) =e **', that is equal with the obtained results of ADM,
VIM.

22r 30007
[ — —A— — ADM ]
I —8—— HPM 25007
21 —O—m VIM ]
[ 20007
oL e =2.718281828 ]
= I x=0.5 1500_
X [ ]
S19 10001
G007
181 il
1.7
N RN ERRENEN ENEEE SV R i
1.7 1.8 1.9 2 2.1 2.2
t
(@) (b)

Figl. The numerical result of the exact solution u(x,t) of Eq. (20) with HPM when e = 2.718281828 , x=0.5 which is

equal to the obtained results of the VIM and ADM. (a) is the figure of 2D for exact solution and (b) is the figure of 3D
for exact solution.

Example 3.2. Let's seek the explicit solution of the inhomogeneous FKdV equation, as follows:

. 1., .
U, +Uu, —U,, +U,,, =Sin(x)+2tcos(x) +Et2 sin(2x),

u(x,0)=0. (43)

A variational iteration can be constructed as follows:
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a0 =U, (0 + [ 2L, (0,0

0 0°
+U (%) (U (X 7)) ——Fu,(X7)
0X 0 X
i (44)
+a—5u o (X, 7) —sin(x) + 27 cos(x)
oX
1, .
_ET sin(2x)]dz .
The Lagrangian multiplier is therefore identified as4 = —1. So we have:
U, (x,t)=tsin(x), (45)
and u;(x,t)=tsin(x),1=0,1,2,3,...
hence,
u(x,t)=tsin(x). (46)

Now we solve Eq. (43) with ADM. We first used (43) in an operator form in the same manner as in (16)
and then we used (19) to determine the individual terms of the decomposition series, we have:

u,(x,t) =tsin(x), (47)

ul(x’t):_Lzl(A0)+ L;l((uo) xxx)

—L{*L (u,) +t2 cos(x) (48)
t3
+€sin(2x) =0,

Upa(x,t)=0, nx>1. (49)

In case of right choice of these functions, the modified technique accelerates the convergence of the
decomposition series solution by computing just u ,and u, terms of the series. So,

u(x,t)=iun(x,t)=tsin(x). (50)
n=0

A homotopy-perturbation method can be constructed as follows:
ov(x.t) 5V0(X,t)J

HV,p)=1- p)( Py Py

. p(avg:,t) () ov(x.t)  2°v(xt)

o X 3
5 oX (51)
o’ v(x,t) .
+———=—sin(x
P ()
t2
—?sin(ZX)—Ztcos(x)Jzo.
One can now try to obtain a solution of Eq. (51), in the form of:
v(x,t)=v, (X,t)+ pv, (X, t)+..., (52)
where v;(x,y), 1=0,12,... are functions yet to be determined. According to Eq. (51) the initial

approximation is:
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Vo (X, t) =ugy (X, 1) =tsin(X). (53)
Substituting Egs. (52) and (53) into Eq. (51) yields:
0
Evl(x,t)zo, (54)
0° 0
ﬁvl(x,thavz(x,t)+v1(x,t)tcos(x)
(55)
tsin(x)iv (x t)—a—sv (x,t)=0
ox T ax T
0° 0
ﬁvz(x,t)+av3(x,t)+v2(x,t)tcos(x)
tsin(x)iv (x t)—a—av (x,1) (56)
ox 27 axd P
0
+v1(x,t)av1(x,t):0,
with the following conditions:
v;(x,00=0, i=0,12,3. (57)
The solutions of Egs. (54)-(56) may be written as follows:
v,(x,00=0, i=1,23. (58)

In the same manner, the rest of components were obtained by using the Maple Package.

— A~ — ADM
—5— HPM
—O—— VIM

©=2.718281828
x=0.5

PRI
7y e e
N

s
e
e

RS
“\‘ts‘

©) (d)

Fig2. The numerical result of the exact solution u(x,t) of Eq. (43) with HPM when e = 2.718281828 , x=0.5 which is

equal to the obtained results of VIM and ADM. (c) is the figure of 2D for exact solution and (d) is the figure of 3D for
exact solution.

According to the HPM, we can conclude:
u(x,t)= IirT}v(x,t) =Vo (X, 1) + vy (X, 1) +... (59)
p—

therefore,
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u(x,t) =tsin(x) , (60)

which is exactly the same as obtained by ADM and VIM.
Example 3.3. We consider an equation with the initial condition given by:
Ug+uUu, —UuU,, +u =0,

u(x,0)=e”. (61)

A variational iteration can be constructed as follows:

a6 =U, () + [L AL, (47)

fu,(x7) (%uux,r))—un(x,r) (a%un(x,r» (62)

85
+mun(x,1’)]df.

F — —A— - ADM
16 ——8— HPM
5 ——o—— VIM

©=2.718281828
x=0.5

T I ST TSN N NIRTINT RN NI
13 14 15 16

t
(€) (f)

Fig3. The numerical result of the exact solution u(x,t) of Eq. (61) with HPM when e = 2.718281828 , x=0.5 which is

equal to the obtained results of the VIM and ADM. (e) is the figure of 2D for exact solution and (f) is the figure of 3D
for exact solution.

The Lagrangian multiplier is therefore identified as4 = —1. So we have:

uo(x,t)=e*,
u,(x,t)y=e* —te*,

X X 1 2 X
u,(x,t)y=e” —te +Et e”,

1 x13x

ug(x,t)=e* —te* + =t?e* - =t3e”*, 63
and so on. The solution u(x,t) isgivenas:
—e*l 1= i 2_1 3
u(x,t)=e (1 t+2!t 3!t +J (64)
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The solution u (x,t) in a closed form is:
u(x,t)y=e*e ' =e*", (65)
which is exactly the same as obtained by ADM [30] and the exact solution with HPM [31].

4. Conclusions

In this paper, the exact solution with HPM is equal with the obtained results with ADM and VIM. HPM
has been successfully applied to finding the exact solutions of some nonlinear fifth-order Korteweg-de Vries
FKdV partial differential equations with specified initial conditions. The obtained solutions are compared
with the ADM and VIM. All the examples show that the results of HPM are in excellent agreement with
those obtained by ADM and VIM. So that it can be introduced to overcome the difficulties arising in
calculation of Adomian's polynomials. VIM is to construct correction functional using general Lagrange
multipliers identified optimally via the variational theory. But HPM does not require small parameters in the
equation. The results show that HPM is a powerful mathematical tool for solving linear and nonlinear partial
differential equations, and therefore can be applied in engineering.
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