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Abstract. We study stability of positive stationary solutions to the system of boundary value problem of
the form

—&w(x) = pglu.v) rEQ,

Bu=0=5v x €982,
where A, s * @ are parameters, €2 = B¥{ = 1} is a bounded domain with a smooth boundary
Bz{x} = ahf{x)z + (1 — nr_}% where @ € [D,1],h:8Q —= BT with h=1 when @=1, and

[ —&uix) = Af(u, v) X €EQ,

fog:[0,+=) % [0,+=) — R are C* functions. We establish stability/instability of positive stationary
solutions, under certain conditions.
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1. Introduction

In this paper, we consider stability of positive solutions to the coupled-system of boundary value
problem

—8ufx} = Afu, v) XEQ, (1)
—-Ar{x) = gglu,v) x€Q, (2}
Buwm 0 =Br x € 88, (3}

where A, 11 are positive parameters, | is the Laplacian operator,Q is a bounded region inR" ;(N>1) with
smooth boundary

. a . Bz a
Bzix) = ah(x)z + (1 - a)g- (4)

here B is a boundary operator and (aij denotes the outward conormal derivative, & €[0,1],h: 0Q — R”
n

withh =1 when & =1, i.e; the boundary condition may be of Dirichlet(u=0 on0€2) Neumann ai =0 on
n

on or mixed type (robin boundary condition (for & #0,1) and f,g:[0,+]x[0,+) - R are C'
functions.

Existence results of problem (1)-(3) with sign-changing weight were obtained in [1]. Also
stability/instability of positive solutions in the case nonsystem has been extensively studied; the reader is
referred to [2,4,5,6,7]. Imre Voros in [8] study the stability of positive stationary solutions of the coupled
system of semilinear partial differential equations. But in this paper, we discuss stability of positive solutions
for Systems with Unequal Diffusion Coefficients and establish every positive stationary solution of B.v.p
(2)-(3) is linearly stable(unstable) provided one of the following sets of conditions hold:
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—f+ul +;*ff'uf:»n}
—-g+ “E+ v a— < 0f= 0}

(4.1

-y 2. OF dg
AT A e g s )
(4.2 AP+ A + ity < 0> 0

. i é
—j:g-rnwz—:-i-yu&—ﬁaf 3= )

As a reminder, if (u,v) be any positive stationary solution of (1)-(3), then the linearized equation about
(u,v) consists of

=& = .-%—‘ffii e — .-’:—{ma}. e £ER, {5)
—&:—p {u:}n —;; {m:}*—:;. XEQ, )
Bw =ﬂ—3a x € a8, {7}

where Equations (5) and (6) obtained from the formal derivative of the operator A,

Definition 1.1. We say a positive solution (u,V) of (1)-(3) is linearly stable if all eigenvalues of (5)
and (6) are strictly positive, which can be inferred if the principal eigenvalue 7, (i.e., eigenvalue
corresponding to positive eigenfunction) be positive. Otherwise we say (u,V) is linearly unstable.

2. Main results

In this section, we prove the stability/instability of positive stationary solutions by analyzing linearized
equation.

Theorem 2.1 Let {4.1) holds, then any positive stationary solution of Equations (1)-(3) is linearly
stable(unstable).
Proof: Let {ug, g ) be any positive solution of (1)-(3), then the linearized equation about {zg, ¥y} consists of

—Aw — 4 :—‘rﬁuﬁ. vgiw — A g{'ﬂg, TglZ = QW x EL, 1:)]
-8z - k3 (o vew — gk (hgre)e =Nz X ER, ®)
Bw=0=5z x € 89, (10}

Let 14 is principal eigenvalue and also {1 )}{gé, 4 = 0} isa corresponding eigenfunction.
Now multiplying (1) by %q:;. {21 by IEIL', (&) by —; g (9) by —%rm and integrating by parts over €2

and adding the two resulting expressions, we have
— L {1 g + : t:.gm}tfx
Y ]
1 1 ; .
=7 | beotisg - prdsuldx +2 [ ol - briavlex
+ | S uava) + o (teive) + v 2 (o))

j*#f—#”*u-h}}"' Hca_{“ctc-)“'fa- g (ug.ve))dx, {11)

But by Green identity, we get

&
J [ugfx)ag — @ lxliug]dx —J Iug.i.x} '};:f ds
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and
o o ) Bval
jﬂ [ealx)ag — Yix)avg)dx = j [t*aﬂx}ﬂ— pix} —“’] ds,
0 ac on on

We observe that in (4) when @ = 1 then Bug = wy = @ and vy = v = 0 for all € 2 and because
@, ) is eigenfnction, thus & = 1 = @ for all 5 € 89, Also when & = 1, then

[ oo -o o [ 28 -
and
f ['ﬁ'o_ u-r)__%;. }#1& j;gg:tf{s‘i[;iﬁ ﬁ‘u} ds =0,

Therefore for any & € [0,1]
[ eoGlso - osucldr = [ [sotdsw - pidaeolax=0. (12
Now by replaying (12) in .(.11), we have )
—Th J:_ Gmﬁ + ivm&)ér = I‘ & —f (ug.vg) + H‘& €He vg) + i-ﬁ 1':“&: vg))dx

a a
‘*‘L Y{—g{ ug.vg) + “E% (seg,vg) + FE%‘Z“@ vg)ldx. (13)

By hypothesis, g g = @ and @, 4 > @ in 0, hence if {4.1) holds then #y = 0{< 0}, thus every
positive stationary solution of (1)- (3) is linearly stable(unstable).

Theorem 2.2 Let £A4.2) holds, then any positive stationary solution of Equations (1)-(3) is linearly
stable(unstable).

Proof: Let {ug ¥g) be any positive solution of (1)-(3). Now multiply (1) by ¥, (2) by &, (8) by —17, (9)
by —ug, and integrate by parts over £1 and add the two resulting expressions, then use the same way as for
Theorem 2.1 to get

. ar d )
-1y j (vod + ugPldx = J W{—AF( wg.vo) + Arg E‘f (Mg vg) + ﬁn%—i{ o V)l dx

. ) ég .
+ j & —pgl ugvp) + Avg E‘f Cuig, vg) + paig ﬁ {ug, vp)) dx.

Now by hypothesis, it is easy to see that if {4.2) holds then 17y = D{« 03, and the result follows.

Corollary 2.3 Let system be cooperative (i.e. e&r .a—‘r = 1), and assume either
"

(B.1): fiw.v)/fw, gim, v} /v corresponding with respect to . are strictly increasing,

(B.2): —rf-l-jﬂif—g‘:bﬁ—ﬁg-l-ﬂt h‘mﬁ

Then any positive stationary solution of Equations (1)-(3) is linearly unstable.
Proof: Proceeding as in the proof of Theorem 2.1, and then since f{u, ¥}/, g{w, )/ corresponding
with respect to £, v are strictly increasing, we have

af . )
@ {f{um}]i ) uu;‘%tﬂmfe} — flug vyl -
dul u Ye-Ta s o

and
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dv

2y .
d (gnu. ¥l ] = Tcﬁ%’u“e- vot = @litg, v) _
u.:l i) = ! w

v v
Hence the integrand on the right-hand side (13) is positive, and thus <0
that if (B.2) holds then T ﬁ. This completes the proof.

Corollary 2.4 Let system be competitive (i.e. :—f? = [), and assume either

. Also it can be easily shown

(C.1): fiw vpfuw, ghlu, =) e corresponding with respect to &, = are strictly decreasing,
(C.2): —Af+ _;m.% < 0, —ug + .-EE'% <0

Then any positive stationary solution of Equations (1)-(3) is linearly stable.
Proof: The proof proceeds in the same way as for Theorem 2.1 and Corollary 2.3.

3. Application

Consider the system

—Sulx) = Aflv) re
—Avix) = pglu) ¥ € 1, 1))
== ¥ & afl,
5. 00 " R
where Q is the open unit ball in Rhv = J'"L'Wlth a smooth boundary '5? ’1 Hare positive parameters. See

[3] where the authors study the uniqueness of positive solutions. Let ™ be any positive solution to problem
(1). Of fA.1) and A.2) it is easy to see that |f either

(L1):—F+v —‘u 0> 0, —g + u =k < 00> 0).or

(1.2 Fie)fr and glw) /ucorresponding with respect to + and u are strictly decreasing (increasing),
hold then any positive solution of Equation (l) is linearly stable (unstable).
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