ISSN 1746-7659, England, UK

i_ fﬁ??El‘ﬁllC Journal of Information and Computing Science
S Vol. 6, No. 2, 2011, pp. 097-108

On Order of a Function of Several Complex Variables Analytic
in the Unit Polydisc

Ratan Kumar Dutta *

Department of Mathematics, Siliguri Institute of Technology, Post.-Sukna, Siliguri, Dist.-Darjeeling, Pin-
734009, West Bengal, India

(Received December 18, 2010, accepted December 28, 2010)

Abstract: This paper is concerned with the study of the maximum modulus and the coefficients of the
power series expansion of a function of several complex variables analytic in the unit polydisc.
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1. Introduction and Definitions

Let f(z)= ch z" be analytic in the unitdisc U ={z:|z |<Z}and M(r) = M (r, f)be the maximum
n=0

of | f(z)|on|z|=r.

In 1968 Sons [8] introduced the following definition of the order p and the lower order A as

o lim sup loglogM(r, f)

A “Yinf  —log@-r)

Maclane [6] and Kapoor [5] proved the following results which are the characterization of order and
lower order of a function f analytic inU , in terms of the coefficientsc,,.

Theorem 1.1 [6] Let f(2) = ch z" be analytic inU , having order p (0 < p < o). Then

n=0
. log"log” |c
P lim sup,, ... M
1+p logn

Theorem 1.2 [5] Let f(2) = chz“ be analytic inU , having lower order (0 < A < o0). Then
n=0

. log“log™ |c
A > liminf M
1+ logn
Notation 1.3 [7] log™ x=x, exp!” x=x and for positive integer m, log™ x =log (log'" ™" x) ,
exp™ x = exp (exp™ ™ x).

In a paper [4] Juneja and Kapoor introduced the definition of p-th order and lower p-th order and in 2005
Banerjee [1] generalized Theorem 1.1 and Theorem 1.2 for p-th order and lower p-th order respectively.

Definition 1.4 [4] If f(z) = 2cn 2" be analytic inU , its p-th order p_ and lower p-th order A, are

n=0

defined as
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[p]
P _ |imr_>1§up M1 p>2.
A, inf —log(1-r)

Theorem 1.5 [1] Let f(z) = ch 2" be analytic in U and having p-th order p, (0 < p, < o0). Then

n=0
. log*t™ | ¢
Po_ limsup, ., log 7le, |,
1+ p, logn
Theorem 1.6 [1] Let f(z) = ch z" be analytic in U and having lower p-th order A, (0< A, <0).
n=0
Then
. log*t™ | c
P >liminf,_ g—lnl
1+4, logn

In 2008 Banerjee and Dutta [2] introduced the following definition.

Definition 1.7 Let f(z,,z,)be a non-constant analytic function of two complex variables z, and z,
holomorphic in the closed unit polydisc

P:{(zl,zz) 1z, 1<% ] =1,2}
then order of f is denoted by p and is defined by

1
1-r 1-r,

u
p=inf{u>0:F(r,r,) <exp( J Sforall 0<ry(u) <r,r, <1},

Equivalent formula for p is
loglog F(r,, 1)
rn—1 '
- Iog(l— rl)(l_ rz)
In a resent paper [3] Banerjee and Dutta introduce the definition of p-th order and lower p-th order of

functions of two complex variables analytic in the unit polydisc and generalized the above results for
functions of two complex variables analytic in the unit polydisc.

p =limsup,

Definition 1.8 Let f(z,,z,) = Z CnnZ; Z, be a function of two complex variables z, z, holomorphic

m,n=0

in the unit polydisc
U={(z,2,)1z;|1<5j=12}
and
F(n.n)=max{| f(z,2,)[:|z;|<r; 1 =12},
be its maximum modulus. Then the p-th order o and lower p-th order A, are defined as
Po . sup  log™ F(r,,r,)

=lim ,p=2.
A "2 inf —log(l-r,)(1-1,)
When p = 2, Definition 1.8 coincides with Definition 1.7.

Theorem 1.9 Let f(z,,2,) be analytic in U and having p-th order p, (0 < p, <00). Then

Pp log"” |c,, |

1+ p,
Theorem 1.10 Let f(z,z,) be analytic in U and having lower p-th order 4, (0 < A, <o0). Then

= Iimsupm'n% logmn
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+[p]
p Iog |Cmn |
1+2, logmn

When p = 2 then from Theorem 1.9 and Theorem 1.10 we get this two theorems.

> liminf

m, Nn—oo

Theorem 1.11 Let f(z,,z,) be analytic in U and having order p (0 < p < o0). Then

log™ log™
L =lim Supm n—w
1+ p ’ log mn
Theorem 1.12 Let f(z,,z,) be analytic in U and having lower order 4(0 < A < ).

Then

le’l

log”log*|c,,

A .
——2>liminf

1+ 4 logmn

In this paper we consider a more general situation in the case of analytic functions of several complex
variables in the unit polydisc and for which we introduce the following definition.

Definition 1.13 Let f(z,,2,,.....2,)= >, ¢ 2"23° ......2;" be a function of n complex

variables z,,z,,......Z, holomorphic in the unit polydisc

and
F(R e n)=max{]| f(z,z,,.....2)) 1| z; <15 ] =1,2,....n},
be its maximum modulus. Then the order o and lower order A are defined as

ye) sup  loglog F(r,r,,......1,)
et nf —log(l-£)(A—1,).....(1-1,)

When p = 2, Definition 1.13 coincides with Definition 1.7.

=lim

In this paper we find a similar analytic expression for p and A in terms of the coefficients Crn,m, for
several complex variables.

Here f(2,,25,.00.2,) = D Covm,.m 21 25" -2y Will denote a function analytic in the unit
m,My,...... m,=0 !
polydisc.
2. Lemmas

The following lemmas will be needed in the sequel.
Lemma 2.1 Let the maximum modulus F(r,r,,......r,) of a function f(z,z,,......z,) analytic inU ,
satisfy

log F(r,1,,.....T,) < A{ﬁ(l— rj)} 1)

j=1
1< A,B<oo forall r;such that (A B)< r <% 1=12,...... n,

Then for all m; >mj0(A’ B)>1j=12,... n

B

n B+1
Iog|cmlm2 ...... m, |SS(A' B){HmJJ

i1
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where

1
A B
S(A,B) = (L+ ZB)[EJ .
Proof. At first define n sequences {rjmj}by

1

(1l-r_)'= M ﬁ'j:12 ...... n.
]mj AB ’ 1 &

Then Fim, —1las m; — oo for all j=12,.... n.

Also,
c | = 1 oMMt £ (0, 0,...... 0)
mm;...... My ﬁ(m | ) az:{nl aZ;nZ ...... azrr;nn
J
j=1
1 J- J- f(z,,2,...... z,)dz, dz,...... dz,
b -xn 1 ] e l 5 l n 1
(G R S A o 2Ty e 2y
F(r,r.... r)
... rm
F(r,r,...... r)
— 1 . 2 n (2)
[
g ]
j=1

j=1
B
n B+l L
=A| 2 +>m, | — [1+0O()]
(AB)" = m;
B 1
n B+l B+1
[1m, n AB
<Al E—1| +]]m;| = [1+0@)]
AB j=l Hm
J
j=1
8 8
n B+1 n B+1
[Im, LIm,
A2 | +AB| = [1+0()]
AB AB
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B
n B+l
fin
=[1+B{+0(1 Al =
[L+ B+ O Al S
1 B

<:(1+2B) (B—A;jm (ﬁ mj]Bﬂ.

B

Therefore

where

1
A 4B
This proves the lemma.
Lemma 2.2 Let f(z,2,,......2,) be analytic inU and satisfy

| Cop mﬂl<exp{Z(ijD)}, 0<C<w 0<D<1
i1
forall m, >m, (C,D); j =12,......n. Then for all "I such that r,o(C, D) <r, <1 j=1,2,
-D
n 1 1-D
log F(r, 1y,......t,) <T(C,D)| [Jlog = | .
i1
where

1 D
T(C,D)=C*P D*P[1+0(D)].
Proof. For all m; >m, (C,D);j=12,..... n,

Now for | z; |=1, <L j=12,....n

101
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F(L G £) < > [Com o IEE
0

n 0 B
sK(mlo,mzo, ...... m )+T1 > exp(ijB”jrjm",

j=1 mj:mj0+1

where B = L
1-D
Choose

B+1]

2C

1
log —
T

where [x] denotes the greatest integer not greater than X.

Clearly M(r;) >0 as r; > 1 forall j=12,....n.
The above estimate of F(r;,1,,......1,) for r;; j=12,......n sufficiently close to 1 gives,

F(r Gy ) <K(M,m, ... mn0)+H{M(rj)H(rj)+ > rjmj/2
j=1

m;=M;+1

where

B
H(rj)zrr}né}x {exp(ijB”]n '}; i=12,..n

forif m; > Mj +1, then

B+1
2C
m; > T
log—
T
: Eoom 1
ie. CmB? < —log—
2 I,
B m
ie. exp[ijBﬂjrjmj <r,?
forall j=12,...... n.
o ﬂ Mj+l
Therefore the infinite series 2 r,? in(3) is bounded by r; 2 - | forall j=12,...n.
m. =M. +1 Py
1= 1-r2

j
Since B >0, we have
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B+1

M. +1 1 1
it ! ( J 1) 2C Iogl—log(l—rj)+log{1+ rJ.ZJ
log = T

—>—o asr; —>1.
Thus for r; sufficiently close to 1,

> 2 =o()
m =M+
forall j=12,...... n.
B+1
ai |m _ BC o
The maximum of exp[ijB*lJrj ' assume at the point m; =| ————— | and H(r;)is given
(B+1) Iogr—

J
by
B
log H(r;) =Cm, 8 +m, logr;

1
BC)®*"log—
c.B®C® (BC) grj

= - @

(B+1)B[Iogr1] (B+l)B*1(Iogr1}

J J

CB+1.BB
B
(B +1)B(Iogrl]

]

IA

Thus for 1;; j =1,2,......n sufficiently close to 1, from (3)

F(r, b, rn)<ﬁ[M(rj)H(rj)+0(1)] 1+ nK
it H[M (r)H(r) +o@) ]

= H[M (r)H (r,-)+o(1)][1+ oM.
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>

IN

1 CB+llBB
—(B +1)|°9[2]F+ -
: (B+1)B(Iogr1J

J

+0() [from (4)]

I
N

>

CB+1.BB
= N
(B+1) (Iogr]

]

IN

+0()

CB1BE ¢ 1)
=m2[logr] +0(1)

j=t j

oaf B V(1)
<|C (ﬁj lj}(logr—jj [1+0@)]
1 D n 1 %
=C¥P D¥P[1+ 0(1)][ | log Fj .

j=1

Therefore
-D

n 1-D
log F(r,,,,......I') <T(C, D) (Hlog %]
it 0
where

D

1
T(C,D)=C*P D*P[1+0(1)].
This proves the lemma.
3. Theorems
We prove the following theorems.

Theorem 3.1 Let f(z,,2,,......z,) be analytic in U and having order p (0 < p < ). Then

log™ log™ |c,,,,

o, |

o .
——=limsu
1+p pmlm2 ...... m, —>o0 n
log| [ [m,
j=1
Proof. If|c,, . |isbounded by Kforall m;j=12..nten > ¢ . z2"z>

bounded bynL.
H (1_ rj )
j=1

Therefore
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F(L b)Y G o B
0

1
<exp| ——
[1a-r)
j=1
forany 0 < & <1and for all N 1=12,...... n sufficiently close to 1.

Therefore
loglog F(r,, 1, ......1.)

—Iog(ﬁ(l—rj)J

since 0 < & <larbitrary, p=0and so (5) is satisfied.

<¢g

Thus we need to consider only the case

— OO,

In this case all the log in (5) may be replaced by log. First Iet0 SP<PandkP > P:
Then for all I 1=12,... n sufficiently close to 1,

log F(r,, 1, ...... r)< {ll[(l— rj)}_ .

Using Lemma 2.1 with A=1B=p it follows from the above inequality that for
m;>m; (p);j=L2...n

1

1 v

) 1 1+p‘ n p‘+l

log|Cpyp, mnls(1+2p>{—p.p] (Hmjj :
i

Therefore

IA

=[11

loglog | Conmy.o . | _P
n “1+p
log| [ m, P
j=1
Since f(z,,2,,......z,) is analytic inU , the above inequality is trivially true if p =ooand the right hand

side is interpreted as 1 in this case.
Conversely, if

(6)
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loglog|cy,m, .., |

(11

=limsup,, . . ..
then0 <6 <1.

First let @ <land choose @ <6 <1.
Then for all sufficiently large m;; j=12,......n,

g
n
Ioglcmlm2 ...... m, | < (HmJJ )

Using Lemma 2.2 with C=1,D =4 it follows from the above inequality that for all r; such that
rj0(9)<rj <l j=L12,.... n,

¢ ( n 16
log F (1, 1y, e) <6 10 L]‘[mglJ [L+o()].
[N

. loglog F(r,1,,.....1,) < Iog(6")+1__—6;Iog(ﬁlogl}+log[l+o(1)]

i N

0
1-6
that is

=hCH

limsup loglog F (1, 1y, 1) _ 6 limsup 1 i
LY r,—1 - ! [ O YT r,—1 *
1012 n n 1_9 1012 n n
—Iog{H(l—rj)j —|09{H(1—|’j)}
j=1 j=1
9
P16

Since & > Ois arbitrary, it follows that

MMy My |. (7)

_P < & =limsu
1+p P m,

If =1, the above inequality is obviously true.

Inequality (6) and (7) together gives (5) when limsup,, .. . . [Cpp o |00

This proves the theorem.

Theorem 3.2 Let f(z,,2,,......2,) be analytic in U and having lower order A4 (0 < A <o0). Then

A log* log” | c |
——_>Iliminf MM
m,m;

1+ 4 n
=ht
j=1
Proof. Let

log"log™ |c
9" 10g" |Crypymy | _ 5 ®)

(11

liminf, .
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First suppose that0 < A<1,
From (8), for 0<e<A<]

rmj>Mj=Mj(5);j=L2, ...... n.

fo
Also
F(r,r,,.....r.)
|Cr'r11m2 ...... m, |— : n2 "
m
Hrj J
j=1
n
o log F(r,1,,.....r) 2 log|c, . |+> m; logr,. ©)
=
Choose

1

1At .
m; = IOQF where j=12.....n.

J
Then from (9)

n 1 AA—;il n A-e-1 1
log F(r, 1, ... r,)>| [ [log= - | log= log—
i ~ r, r
A- A-¢
n A-e-1 n A-g-1
=(]log £} ->"| log 1
i =AY

where k is a suitable constant.

A-¢ 0 1
loglog F(r,1.,,...... r)> lo log— |+ 0O().
9logF (R, 1yseve ) > —— 9(111 grj) @)

log [H log 1j
=T

j

—Iog(ll[(l—rj)J A_g_l—log(ﬁ(l—rj)]

loglog F(r,,1,,......T,)

loglog F (5, )  A-é +0().

A= Iiminfrl,r2 ....... rn—ol n
—|OQ[H(1_ rj)j
j=1
S A-¢ .
1-A+¢
Since 0 <& < A<ljs arbitrary,
ﬂzi.
1-A
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This implies
YN
1+ 4
This inequality holds obviously when A=0. For A=1 the above arguments with a

number K arbitrarily near to 1 in place of A—g, give

A

—=1.
1+ 4
This proves the theorem.
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