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Abstract. This paper discusses chaos synchronization between two identical or different fractional order
chaotic systems. Base on linear matrix inequality, two new synchronization criterions are constructed by
which it is proved that two identical (L0 system) or different (L and Chen systems) fractional order chaotic
systems are synchronized using the simple linear feedback control laws. Finally, simulations results show the
method is effective.

Keywords: Synchronization, Fractional order, Linear matrix inequality

1. Introduction

Since Pecora and Carroll established a chaos synchronization scheme for two identical chaotic systems
with different initial conditions[1], variety of method and techniques have been proposed for the control and
synchronization of chaotic systems such as linear and nonlinear feedback synchronization[2-6], impulsive
synchronization [7-8], adaptive synchronization [9-12], observer based control method[13-15], and etc.

Fractional calculus deals with derivatives and integration of arbitrary order [16-18] and has deep and
natural connections with many fields of applied mathematics, engineering and physics. Fractional calculus
has wide range of applications in control theory [19], Furthermore, recently, study of chaos synchronization
in fractional order dynamical systems and related phenomena is receiving growing attention , some
synchronization-based strategies have been devised to synchronize fractional chaotic systems [20-25]. In Ref.
[26], the synchronization of fractional-order chaotic systems has been presented. In Refs. [27-28], nonlinear
control are employed to synchronize two fractional-order chaotic systems. In Ref. [29], Synchronization of
N-coupled fractional-order chaotic systems with ring connection has been reported. In Refs. [30-32],
Synchronization of different fractional order chaotic systems using active control has been discussed. In Ref.
[33], the stability of the fractional order unified chaotic system has been studied. In this paper, base on linear
matrix inequality, two new synchronization criterions are constructed by which it is proved that two identical
(LG system) or different (LU and Chen systems) fractional order chaotic systems are synchronized.

This work is presented as follows: Section 2 describes mathematical preliminaries and model. Chaos
synchronization between two identical fractional order LU systems in Section 3. Section 4 handles chaos
synchronization between L and Chen systems of fractional order. Section 5 gives the conclusion of the

paper.
2. Mathematical preliminaries and model

In this section, we give some useful mathematical preliminaries.

The mathematical definition of fractional derivatives and integrals has been the subject of several
different approaches. The definition of fractional integrals by Grunwald-Letnikov and Riemann-Liouviller
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is as follows [34]:

x(t)—— j (t—7)"*x(r)dr, 1)

where (u,t) e R?, ;1 <t,0< A <1, I'(-) is Gamma function, ['(1) = _[0 9 e ?d9,and T'(z+1) = 2I'(z).

The definition of fractional derivatives is as follows:

d
DA x(t) =—[17x(t)] = t—7)"x(z)d 2
KO = G X1 = 5 @dtf( 7) " x(z)dz. @
The fractional order Lu system and Chen system [35-36] are described by (see Fig.1-2)
d“x
dtall = 36()(2 - Xl)’
d“2x
dt“22 = =X X3 + 20X, ©)
d*x
dta33 = X1X2 _3X3’
and
d*®
Tyl = 35(y2 - yl)!
d*y,
qt =(28-35)y, +28Yy, - ¥, Vs, )
dta}:s =YY, —3Y;.

3. Chaos synchronization between two identical fractional order LU systems

In this section we study the synchronization between two identical fractional order L systems, we
define the drive (master) and response (slave) systems as follows:

d“x
dtall = 36(X2 - Xl)’
d“2x
Tazzz—xlx3 +20X,, (5)
d“x
dt"‘33 = XX, — 3Xg,
and
d*y
Tall = 36(Y2 - yl) +U,
d*
dt—lzz_Y1y3+20y2+uzv (6)
d*y
dta33 =YY, _3y3 +Uj;.
We define control functions u; as
Uy =—Kiey, U, = —Kpe,, Uy = ks, (7)

where k; >0,k, >0,k, >0.

The error functions as
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B =Y, =X, € =Y,— X, =Y, —X,. (8)
Eqg. (8) together with (5) and (6) yields the error system
dd:ljl =36(e, —€,) +U,,
%:—222 = 20e, — X;e, — y,6; + U,, 9
dd“;:s = Vy,6, — 365 + X,€, + Uy,

Theorem 1. The fractional order systems (5) and (6) can realize synchronization using the following linear
matrix inequality:

—a(36+k) (36a+hX;)/2 ¢|X,|/2
A ~b(k,~20)  (b+0)Y,|/2 |<0, (10)
A A —C(3+k;)
where |X,|, [X;| and |Y,| are the upper bounds of the absolute values of the states X,, X, and Y, ,
a,b,c >0, A denotes the symmetric terms.

Proof: Let
d“e, da €,

d% o478 +e,c :
dte 7 dt=

a0 g
where e = (e,,e,,€,)" , P =diag(a,b,c).
From Egs. (9) and (11), we have
® =g [36a(e, —e) —kae]+e,[200e, —x;be — y,be, —kbe, ]+ e, (yice, +Xx,ce, —3ce; —kice,)
=36age, —36a¢ —kae +200e, —ybee, —xbee, —kbe +yicee; +xcee; —(3+k;)ce
<36aee, —36ae’ —k,ae’ +200€; + |y, bese, +|x,oee, —k,bel +|y;|cee; +|x,|cee; — (3c+k,C)e]
<36aee, —36ae] —k,ae’ +20be; +|X,|bee, —k,be; +|Y;|(c+b)e,e; +|X,|cee, — (B +kqC)es
—a(36+k) (36a+b|X,)/2  dX,|/2

d=¢'P (11)

+e,b

=3 A ~b(k,—20)  (b+c)Y/2]e<0
A A —c(3+k,)
On the other hand, from Eqgs. (9) we also have
Y - (36 +ky) 36 0 »
°ol -x, 20—k, -y, |e=Ae.
dt“
Xy Y1 - (3 - ka)

Supposing that A is one of eigenvalues of matrix A, and there should be a nonzero vector
E= (51,52,...,§n )T being an eigenvector corresponding to the eigenvalue 4 ie. A =A1&, PAE =PAS

One can gain ETPAE = AETPE, ETATPE=AETPE. So,

T T
ET(PA+ATPYE = (A4 A)ETPE or A+ A =2 (P?;)? P
Since , (D:eTPd e<O,so, eTPd e+(d e)TPTe<0 Ji.e.
dt” dt” ' dt®

e'PAe+(Ae) Ple=e"PAe+e' A'Pe=¢" (PA+A"P)e<0,
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£ (PA+ AP o
¢ P¢

Formulation |arg(/1)| >7/2>ax/2 is obvious. According to the stability theory of fractional-order

that is, PA+ PAT isa negative definite matrix, and then 4+ A=

system [37], the system (9) is stable, therefore, the fractional order systems (5) and (6) can realize
synchronization.

3.1. Simulation and results
In this section, computer simulations are used to verify and demonstrate the effectiveness of the above

method. In all simulation, ¢, =0.97,, =0.98,; = 0.99. The initial conditions of the master and slave
systems are (-1 2 15) and (2 6 5), respectively. By estimating simulations, we let |X,| =30, |X,|=50
v,|=28.

The conditions a,b,c > 0 can be expressed as

-a 0 0
0 -b 0 |<0. (12)
0 0 -c

So, inequality (10) and (12) are linear matrix inequality in a,b,c, ak, , bk, ,ck,. By solving the LMI (10)
and (12), the following solutions are obtained:
a=2.7649,b =1.3880,c = 2.0564, ak, =48.7577,bk, =195.4376,ck, =111.1031.

This yieldsk, =17.6345, k, =140.8052, k, = 54.0280. Therefore, the controller (7) will drive the slave
system (6) to synchronize the master system (5) as desired, the synchronous errors are shown in Figs. 3.

88 8 3 o 3 ¥ ¥

Fig.1. Chaotic attractor of the fractional-order Li system (3)

& & B

a8 BB R

B

Fig.2. Chaotic attractor of the fractional-order Chen system (4)
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Fig.3. Synchronization errors between two identical fractional order L{ systems

4. Chaos synchronization between LU and Chen systems of fractional order

In this section we study the synchronization between LU and Chen systems of fractional order. Assuming
that the L0 system drives the Chen system, we define the drive (master) and response (slave) systems as

follows:

and

Eqg. (8) together with (13) and (14) yields the error system

d“x
dt“ll =36(x, — X,),
d“x
dt"zz = —X, X5 + 20X, (13)
d“x
dta33 = XX, = 3Xg,
d“y
dtall = 35(y2 - yl) + ul’
8 )e - (28-35)y, +28Y, - yys +Us, 19
d*y
dta“‘a =Y1Y, —3Ys.
d%e _ 35(e, —€,) — X, + X, + Uy,
dt
ddtozez2 =—1y,+20e, +8Y, — X;&, — y,&; +U,, (15)
d“e
dt"‘33 =V,6, — 36, + X,8,.

We define control functions u,,u, as

U =X, =X, U, =7y, —8Y, —ke, —k,e, —Kkqe,, (16)

where k; >0,k, >0,k, >0.

Theorem 2. The fractional order systems (13) and (14) can realize synchronization using the following
linear matrix inequality:

JIC email for subscription: publishing@WAU.org.uk



284 Yuhua Xu, et al: Synchronization Criterions between Two Identical or Different Fractional Order Chaotic Systems

—35a  (35a-+b|X,|-kh)/2 c|X,|/2
A —b(k, —20) [(b+c)|Y|—bk;]/2|<0, (17)
A A -3c

where |X,|, [X;| and |Y,| are the upper bounds of the absolute values of the states X,, X and Y, ,
a,b,c >0, A denotes the symmetric terms.

Proof: Similar to proof of Theorem 1, let

d“e _d”%e

ea d“e, d“e,
dt* 7t dt®

®=e'P +e,c—=.
dt* dt

+e,b (18)
From Egs. (15) and (18), we have
O= 3Sae1(ez _el) + ezb[20e2 —X& — Y6~ klel - kzez - ksea] + eSC(yleZ +X6 _333)
=35aee, ~35€ +(20-k,)be, —xpee, - yibee; —kbee, —kbee; +yicee; +x,cqe, ~3c€
<35age, — 3506 +(20-k,)be; +|x;[bee, +|y;|pee; —kbee, —kbee; +|y;|cee; +|x|cee, —3ce;
<35aee, —35a€ +(20—k,)be; +|X,|bee, +|Y;bee;, —kbee, —kbee, +[Y|cee; +|X,|cee, —3cel

—35a  (35a+h|X,|—kb)/2 c|X,|/2
=e'| A —b(k, —20) [(b+ c)|Yl| —-bk,]/2 |e<0
A A -3c
On the other hand, from Egs. (15) we also have
-35 35 0
d ae def
—=|-X;—-k, 20-k, -y —k,|e=Be.
X2 Y1 -3

The undone reasoning process is similar to proof of Theorem 1, thus we leave out the following proofs
here.

4.1. Simulation and results
In this section, computer simulations are used to verify and demonstrate the effectiveness of the above
method. The initial conditions of the master and slave systems are (-1 2 15) and (2 6 5), respectively. By

estimating simulations, we also let |X,| =30, |X;| =50 |Y,|=28. So, inequality (12) and (17) are linear

matrix inequality in a,b,c,ak,,bk,,ck,. By solving the LMI (12) and (17), the following solutions are
obtained:
a=0.0295,b=1.0035,c =0.0087, ak, =7.7786,bk, = 23.7544,ck, =15.0975.

This yields k, =26.7858,k, =143.3579,k, =55.3225. Therefore, the controller (16) will drive the

slave system (14) to synchronize the master system (13) as desired, the synchronous errors are shown in Figs.
4,
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Fig.4. Synchronization errors between fractional order Li and Chen systems

5. Conclusion

This paper discusses chaos synchronization between two identical or different fractional order chaotic
systems. The simple state feedback controllers for fractional-order chaos synchronisation are obtained base
on linear matrix inequality, simulation results are presented to demonstrate the application of theoretical
results.
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