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Abstract. In this paper, the homotopy perturbation transform method (HPTM) has been applied to obtain
the solution of the linear and nonlinear Klein-Gordon equations. The homotopy perturbation transform
method is a combined form of the Laplace transform method with the homotopy perturbation method. This
scheme finds the solution without any discretization or restrictive assumptions and avoids the round-off
errors. The fact that this technique solves nonlinear problems without using Adomian’s polynomials can be
considered as a clear advantage of this technique over the decomposition method. The results reveal that the
proposed algorithm is very efficient, simple and can be applied to other nonlinear problems.
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1. Introduction

Nonlinear phenomena have important effects on applied mathematics, physics and related to engineering;
many such physical phenomena are modeled in terms of nonlinear partial differential equations. For example,
the Klein-Gordon equations which are of the form

utt(x,t)—uXX (x,t)+au(x,t) =h(x,t), (1)
with initial conditions
u(x,0) =f(x), u, (x,0)=g(x), 2

appears in quantum field theory, relativistic physics, dispersive wave-phenomena, plasma physics, nonlinear
optics and applied physical sciences. Several techniques including finite difference, collocation, finite
element, inverse scattering, decomposition and variational iteration using Adomian’s polynomials have been
used to handle such equations [5, 6, 7, 48]. He [1-4] developed the homotopy perturbation technique for
solving such physical problems. In recent years, many research workers have paid attention to study the
solutions of nonlinear partial differential equations by using various methods. Among these are the Adomian
decomposition method (ADM) [8], He’s semi-inverse method [9], the tanh method, the homotopy
perturbation method (HPM), the differential transform method and the variational iteration method (VIM)
[10-17]. He [25-38] developed the homotopy perturbation method (HPM) by merging the standard homotopy
and perturbation for solving various physical problems. The Laplace transform is totally incapable of
handling nonlinear equations because of the difficulties that are caused by the nonlinear terms. Various ways
have been proposed recently to deal with these nonlinearities such as the Adomian decomposition method
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[39] and the Laplace decomposition algorithm [40-44]. Furthermore, the homotopy perturbation method is
also combined with the well-known Laplace transformation method [45] and the variational iteration method
[46] to produce a highly effective technique for handling many nonlinear problems. In a recent paper Khan
and Wu [23] proposed the homotopy perturbation transform method (HPTM) for solving the nonlinear
equations. It is worth mentioning that this method is an elegant combination of the Laplace transformation,
the homotopy perturbation method and He’s polynomials and is mainly due to Ghorbani [20, 21]. The
homotopy perturbation transform method provides the solution in a rapid convergent series which may lead
to the solution in a closed form. The advantage of this method is its capability of combining two powerful
methods for obtaining exact solutions for nonlinear equations. In this article, we apply the homotopy
perturbation transform method (HPTM) for solving the linear and nonlinear Klein-Gordon equations to show
the simplicity and straight forwardness of the method.

2. Homotopy perturbation transform method (HPTM)

To illustrate the basic idea of this method, we consider a general nonlinear partial differential equation
with the initial conditions of the form:

Du(x,t) + Ru(x,t) + Nu(x,t) = g(x,1t), (3)
u(x,0) = h(x), ut(x,O) =f(x),

where D is the second order linear differential operator D = 82/8t2 , R is the linear differential operator of

less order than D, N represents the general nonlinear differential operator and g(x, t) is the source term.
Taking the Laplace transform (denoted in this paper by L ) on both sides of eq. (3), we get

L[Du(x,t)]+ L[Ru(x,t)]+ L[Nu(x,t)]=L[g(x,1)]. (4)
Using the differentiation property of the Laplace transform, we have
LLu(x 0] =700+ 25 S L0 0]- 5 LIRUG O] - S LINUGKOL )

Operating with the Laplace inverse on both sides of eq. (5) gives

u(x,t)=G(x,t)—L‘1{i2L[R u(x,t)+Nu(x,t)]} (6)
S

where G(X,t) represents the term arising from the source term and the prescribed initial conditions. Now

we apply the homotopy perturbation method

u(x,t):Zp”un(x,t) (7)
n=0
and the nonlinear term can be decomposed as
Nu(x,t)=> p"H_(u), (8)
n=0
for some He's polynomials Hn (u) (see [21, 46] ) that are given by
H _L Ny =
”(uo’ul""’u”)_ﬁap” i;p u. .n=0,1,2,3... 9)
p=0
Substituting eq. (7) and eq. (8) in eq. (6), we get
Zp u (xt)=G(x,t)-p L = {RZp u (X, t)+2p H (u)} , (10)
S
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which is the coupling of the Laplace transform and the homotopy perturbation method using He's
polynomials. Comparing the coefficient of like powers of p, the following approximations are obtained.

p° U (x,1) = G(x,1),
piu (X 1) =—L‘1Li2L[R Uy (X, 1)+ Ho(u)]]

p2 :uz(x,t)=—|_—1_Si2L[Ru1(x,t)+Hl(u)ﬂ, (11)

p? T, (x,1) :—L‘l_SiZL[Ruz(x,tH Hz(u)ﬂ,

3. Numerical Applications

In this section, we use homotopy perturbation transform method (HPTM) in solving the linear and
nonlinear Klein-Gordon equations.

Example 3.1. Consider the following linear Klein-Gordon equation
utt(x,t)—uxX (x,t)+u(x,t)=0, (12)
with the initial conditions
u(x,0) =0, u, (x,0) = x. (13)
Applying the Laplace transform on both sides of eq. (12) subject to the initial conditions (13), we have
x 1
L[U(X,t)]:—2+—2L[U (X,t)—U(X,t)]. (14)
S S XX

The inverse of Laplace transform implies that

4| 1
u(x,t) =xt+L 1[—2L[u (x,t)—u(x,t)]] (15)
S XX
Now, applying the homotopy perturbation method, we get
(e o] . 1 o0 o0
2, p"u (x,t)=xt+p| L ! —L (Z p”un(x,t)J -2, p"u (x| (16)
n=0 S n=0 v N=0
Comparing the coefficients of like powers of p, we have

p° U (X, t) = xt,

gl 1 —xt3
4| 1 t°
p2 :UZ(X’t):_L 1|:S_2L[(u1)xx_u1]:| :%!

Therefore the solution U(X,t) is given by
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t* t°
u(x,t):xtt—§+§—...} (18)
in series form, and
u(x,t) = xsint, (19)

in closed form.
Example 3.2. Consider the following linear Klein-Gordon equation

utt(x,t)—uxx (X, )+ u(x,t) =2sinx, (20)
with the initial conditions
u(x,0) =sinx, ut(x,O) =1. (21)
Applying the Laplace transform on both sides of eq. (20) subject to the initial conditions (21), we have
2sinx sinx 1 1
Llu(x,)]=—3—+ +—+—Lu (Xt)-u(x1)]. (22)
XX
S S S S
The inverse of Laplace transform implies that
. . 4] 1
u(x,t) =t>sinx +sinx+t+L 1[—2 Llu (xt)- u(x,t)]} . (23)
S
Now, applying the homotopy perturbation method, we get
> p"u_(x,t)=t?sinx+sinx +t
n=0
. 1 o0 o0
+p L L Y p"u ) [ =X phu (1) || (24)
S n=0 xx N=0

Comparing the coefficients of like powers of p, we have

p° 1u (X, 1) =t?sinx +sinx +t,

Lo (x,)=L? iL[(u ) —u ] ——tzsinx—ﬁ—isinx (25)
p--u,X0)= g2 0/ xx odf — 3 3 '
a[ 1 T SN &
2. 1 L _ - il -
p .uz(x,t)_L LZ L[(ul)xx ulﬂ 3!S|nx+903|nx+5!,
Therefore the solution U(X,t) is given by
t* t°
u(x,t)=sinx+| t——+——... |=sinx+sint. (26)
3 5l
Example 3.3. Consider the following nonlinear Klein-Gordon equation
u (Gt —u () +u?(x,t) = x?t?, 27)

with the initial conditions
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u(x,0)=0, u (x,0) =x. (28)
Applying the Laplace transform on both sides of eq. (27) subject to the initial conditions (28), we have
2x x 1
Llu(x,t)] ="+ +—Llu_ (x,t)-u?(x,1)]. (29)
s> s% s XX
The inverse of Laplace transform implies that
X2t4 1 1 2
u(x,t) = B +xt+L L—ZL[uxx(x,t)—u (x,t)]] (30)

Now, applying the homotopy perturbation method, we get

+xt+p L S%L[(Z:‘) p”un(x,t)J
n=

24

Zp u (xt)—

XX

-2 p”Hn(u)] . ()
n=0

where Hn (u) are He’s polynomial [21, 46] that represents the nonlinear terms. The first few components
of He’s polynomials, are given by
_ 2
H, () =(u,)?,
Hl(u)=2u0ul, (32)

Comparing the coefficients of like powers of p, we have
2.4

p° U, (x,t) = +Xt,

ot (x,1) = L [iz L), —H0<u>]}

t6 X4t10 X3t7 X2t4

7180 12960 252 12

20 (x,1) = L[ L), —H(u)ﬂ

) (33)

AL < SR SN S S = S o
71280 22680 180 18662400 45360
383x°t° X%t
+ +
15921360 252

Therefore the solution U(X,t) is given by

u(x,t) = xt. (34)
Example 3.4. Consider the following nonlinear Klein-Gordon equation
u (Gt —u () +u%(x,t) = 2x% —2t% +x*t?, (35)
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with the initial conditions
u(x,0) =0, u, (x,0) =0. (36)
Applying the Laplace transform on both sides of eq. (35) subject to the initial conditions (36), we have
2x® 4 24x* 1

Llu(x,t)]=—--—<+ +—L[u__ (x,t) —u?(x,1)]. (37)
S S5 S? S2 XX
The inverse of Laplace transform implies that
4 A6 Sl )
30 +L S—ZL[uXX (x,t)—u“(x,1)]|. (38)
Now, applying the homotopy perturbation method, we get
4 x%°
6 30
. 1 o0 o0
+p| L L[| > p"u () [ =X p"H ()| (39)
S n=0 xx n=0

where H_ (u) are He’s polynomial [21, 46] that represents the nonlinear terms.

In a similar manner as above the solution u(x,t) is given by

u(x,t) = x°t>. (40)
Example 3.5. Consider the following nonlinear Klein-Gordon equation
u, (Gt —u (X, 1) +u®(x,t) = 6xt(x® —t*) +x°t°, (41)
with the initial conditions
u(x,0) =0, ut(x,O) =0. (42)
Applying the Laplace transform on both sides of eq. (41) subject to the initial conditions (42), we have
6x3  36x g 1
L[u(x,t)]= ———6+x61+—2L[u (x,t) = u?(x,t)]. (43)
S s s X
The inverse of Laplace transform implies that
axt® x4 1
ux,t) =x33 -2+ L = Lu (x,t)=u?(x,1)]]. 44
(x.1) 0 o0 7 LU, () =% (0] (44)
Now, applying the homotopy perturbation method, we get
3xt® x5t
u (x,t)=x3-" 4
z 4 ( )= 10 90
1 o0 o0
-1
+p L7 L (Z p”un(x,t)) -2, p"H () || (45)
S n=0 xx =0

where Hn (u) are He’s polynomial [21, 46] that represents the nonlinear terms.

In a similar manner as above the solution u(X,t) is given by
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u(x,t) = x3t3. (46)

4. Conclusions

In this paper, the homotopy perturbation transform method (HPTM) has been successfully applied to find
the solution of the linear and nonlinear Klein-Gordon equations with initial conditions. The method is
reliable and easy to use. The results show that the homotopy perturbation transform method is powerful and
efficient technique in finding exact and approximate solutions for nonlinear differential equations. It is worth
mentioning that the method is capable of reducing the volume of the computational work as compared to the
classical methods while still maintaining the high accuracy of the numerical result; the size reduction
amounts to an improvement of the performance of the approach. The fact that the HPTM solves nonlinear
problems without using Adomian’s polynomials is a clear advantage of this technique over the
decomposition method. In conclusion, the HPTM may be considered as a nice refinement in existing
numerical techniques and might find the wide applications.

5. References
[1] J.H. He. Homotopy perturbation technique. Computer Methods in Applied Mechanics and Engineering. 1999, 178:
257-262.

[2] N.H. Sweilam, M.M. Khader. Exact solutions of some coupled nonlinear partial differential equations using the
homotopy perturbation method. Computers & Mathematics with Applications. 2009, 58: 2134-2141.

[3] J. Saberi-Nadjafi, A. Ghorbani. He’s homotopy perturbation method: an effective tool for solving nonlinear
integral and integro-differential equations. Computers & Mathematics with Applications. 2009, 58: 1345-1351.

[4] A.Yildirim. An Algorithm for Solving the Fractional Nonlinear Schrondinger Equation by Means of the
Homotopy Perturbation Method. International Journal of Nonlinear Science and Numerical Simulation. 2009, 10:
445-451.

[5] S. Abbasbandy. Numerical solutions of nonlinear Klein-Gordon equation by variational iteration method. Internat.
J. Meth. Engrg. 2007, 70: 876-881.

[6] S.T. Mohyud-Din, M.A. Noor, K.I. Noor. some relatively new techniques for nonlinear problems. Math. Porb.
Eng. Article ID 234849, 25 pages, doi:10.1155/2009/234849, 20009.

[71 A.M.Wazwaz. The modified decomposition method for analytic treatment of differential equations. Appl. Math.
Comput. 2006, pp. 165-176.

[8] G. Adomian. Solving Frontier Problems of Physics: The Decomposition Method. Boston: Kluwer Acad. Publ.
1994,

[9] G.C.Wu, J.H. He. Fractional calculus of variations in fractal spacetime. Nonlinear Science Letters. 2010, A 1:
281-287.

[10] J.H. He. Variational iteration method—a kind of nonlinear analytical technique: some examples. International
Journal of Nonlinear Mechanics. 1999, 34: 699-708.

[11] J.H. He, X.H. Wu. Variational iteration method: new development and applications. Computers & Mathematics
with Applications. 2007, 54: 881-894.

[12] J.H. He, G.C. Wu, F. Austin. The variational iteration method which should be followed. Nonlinear Science
Letters. 2009, A 1: 1-30.

[13] L.A. Soltani, A. Shirzadi. A new modification of the variational iteration method. Computers & Mathematics with
Applications. 2010, 59: 2528-2535.

[14] N. Faraz, Y. Khan, A. Yildirim. Analytical approach to two-dimensional viscous flow with a shrinking sheet via
variational iteration algorithm-11. Journal of King Saud University. doi:10.1016/j.jksus.2010.06.010.

[15] G.C. Wu, E.W.M. Lee. Fractional variational iteration method and its application. Physics Letters A .
doi:10.1016/j.physleta.2010.04.034.

[16] E. Hesameddini, H. Latifizadeh. Reconstruction of variational iteration algorithms using the Laplace transform.
International Journal of Nonlinear Sciences and Numerical Simulation. 2009, 10: 1377-1382.

[17] C. Chun. Fourier-series-based variational iteration method for a reliable treatment of heat equations with variable
coefficients. International Journal of Nonlinear Sciences and Numerical Simulation. 2009, 10: 1383-1388.

[18] A.M. Wazwas. A study on linear and non-linear Schrodinger equations by the variational iteration method. Chaos,
Solitions and Fractals. in press.doi:10.1016/j.chaos. 2006.10.009.

[19] B. Jazbi and M. Moini. Application of He’s homotopy perturbation method for Schrddinger equation. Iranian

JIC email for subscription: publishing@WAU.org.uk



138 Jagdev Singh, et al: Application of Homotopy Perturbation Transform Method for Solving Klein-Gordon Equations

Journal of Mathematical Sciences and Informatics. 2008, 3(2): 13-19.

[20] A. Ghorbani, J. Saberi-Nadjafi. He’s homotopy perturbation method for calculating adomian polynomials.
International Journal of Nonlinear Sciences and Numerical Simulation. 2007, 8: 229-232.

[21] A. Ghorbani. Beyond adomian’s polynomials: He polynomials. Chaos Solitons Fractals. 2009, 39: 1486-1492.

[22] S.T. Mohyud-Din, M.A. Noor, K.I. Noor. Traveling wave solutions of seventh-order generalized KdV equation
using He’s polynomials. International Journal of Nonlinear Sciences and Numerical Simulation. 2009, 10: 227-
233.

[23] Y. Khan, Q. Wu. Homotopy perturbation transform method for nonlinear equations using He’s polynomials.
Computer and Mathematics with Applications. doi:10.1016/j.camwa.2010.08.022.

[24] S.T. Mohyud-Din, A. Yildirim. Homotopy perturbation method for advection problems. Nonlinear Science Letters.
2010, A 1: 307-312.

[25] J.H. He. Homotopy perturbation method: a new nonlinear analytical technique. Applied Mathematics and
Computation. 2003, 135; 73-79.

[26] J.H. He. Comparison of homotopy perturbation method and homotopy analysis method. Applied Mathematics and
Computation. 2004, 156: 527-539.

[27] J.H. He.The homotopy perturbation method for nonlinear oscillators with discontinuities. Applied Mathematics
and Computation. 2004, 151; 287-292.

[28] J.H. He. Homotopy perturbation method for bifurcation of nonlinear problems. International Journal of Nonlinear
Sciences and Numerical Simulation. 2005, 6: 207-208.

[29] J.H. He. Some asymptotic methods for strongly nonlinear equation. International Journal of Modern Physics.
2006, 20: 1144-1199.

[30] J.H. He. Homotopy perturbation method for solving boundary value problems. Physics Letters. 2006, A 350: 87—
88.

[31] M. Rafei, D.D. Ganji. Explicit solutions of helmhotz equation and fifth-order KdV equation using homotopy
perturbation method. International Journal of Nonlinear Sciences and Numerical Simulation. 2006, 7: 321-328.

[32] A.M. Siddiqui, R. Mahmood, Q.K. Ghori. Thin film flow of a third grade fluid on a moving belt by He’s
homotopy perturbation method. International Journal of Nonlinear Sciences and Numerical Simulation. 2006, 7:
7-14.

[33] D.D. Ganji. The applications of He’s homotopy perturbation method to nonlinear equation arising in heat transfer.
Physics Letters. 2006, A 335: 337-341.

[34] L. Xu. He’s homotopy perturbation method for a boundary layer equation in unbounded domain. Computers &
Mathematics with Applications. 2007, 54: 1067-1070.

[35] J.H. He. An elementary introduction of recently developed asymptotic methods and nanomechanics in textile
engineering. International Journal of Modern Physics. 2008, 22: 3487-4578.

[36] J.H. He. Recent developments of the homotopy perturbation method. Topological Methods in Nonlinear Analysis.
2008, 31: 205-209.

[37] E. Hesameddini, H. Latifizadeh. An optimal choice of initial solutions in the homotopy perturbation method.
International Journal of Nonlinear Sciences and Numerical Simulation. 2009, 10: 1389-1398.

[38] E. Hesameddini, H. Latifizadeh. A new vision of the He’s homotopy perturbation method. International Journal of
Nonlinear Sciences and Numerical Simulation. 2009, 10: 1415-1424.

[39] J. Biazar, M. Gholami Porshokuhi, B. Ghanbari. Extracting a general iterative method from an adomian
decomposition method and comparing it to the variational iteration method. Computers & Mathematics with
Applications. 2010, 59: 622—-628.

[40] S.A. Khuri. A Laplace decomposition algorithm applied to a class of nonlinear differential equations. Journal of
Applied Mathematics. 2001, 1: 141-155.

[41] E. Yusufoglu. Numerical solution of Duffing equation by the Laplace decomposition algorithm. Applied
Mathematics and Computation. 2006, 177: 572-580.

[42] Yasir Khan. An effective modification of the Laplace decomposition method for nonlinear equations.
International Journal of Nonlinear Sciences and Numerical Simulation. 2009, 10: 1373-1376.

[43] Yasir Khan, Naeem Faraz. A new approach to differential difference equations. Journal of Advanced Research in
Differential Equations. 2010, 2: 1-12.

[44] S. Islam, Y. Khan, N. Faraz, F. Austin. Numerical solution of logistic differential equations by using the Laplace
decomposition method. World Applied Sciences Journal. 2010, 8: 1100-1105.

[45] M. Madani, M. Fathizadeh. Homotopy perturbation algorithm using Laplace transformation. Nonlinear Science
Letters. 2010, A 1: 263-267.

JIC email for contribution: editor@jic.org.uk



Journal of Information and Computing Science, Vol. 7 (2012) No. 2, pp 131-139 139

[46] S.T. Mohyud-Din, M.A. Noor and K.I. Noor. Traveling wave solutions of seventh-order generalized KdV equation
using He’s polynomials. International Journal of Nonlinear Sciences and Numerical Simulation. 2009, 10: 227-
233.

[47] A. Yildirim. He’s homotopy perturbation method for solving the space- and time- fractional telegraph equations.
International Journal of Computer Mathematics. 2010, 87(13): 2998-3006.

[48] S.T. Mohyud-Din, A. Yildirim. Variational iteration method for solving Klein-Gordon equations. Journal of
Applied Mathematics, Statistics and Informatics. 2010, 6: 99-106.

JIC email for subscription: publishing@WAU.org.uk



