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Abstract. A modified (G'/G)- expansion method is proposed to construct hyperbolic, trigonometric and
rational function solutions of nonlinear evolution equations which can be thought of as the generalization of
the (G'/G)- expansion method given recently by M.Wang et al . To illustrate the validity and advantages of
this method, the (1+1)-dimensional Hirota-Ramani equation and the (2+1)-dimensional Breaking soliton
equation are considered and more general traveling wave solutions are obtained. It is shown that the proposed
method provides a more general powerful mathematical tool for solving nonlinear evolution equations in
mathematical physics.
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1. Introduction

Nonlinear evolution equations are often presented to describe the motion of isolated waves, localized in
a small part of space, in many fields such as hydrodynamics, plasma physics, and nonlinear optics. Seeking
exact solutions of these equations plays an important role in the study of these nonlinear physical phenomena.
In the past several decades, many effective methods for obtaining exact solutions of these equations have
been presented,such as the inverse scattering method [2], the Hirota bilinear method [8,9], the Backlund
transformation [8,18], the Painleve expansion method [12,13,14,22],the Sine-Cosine method [21,25], the
Jacobi elliptic function method [15,16], the tanh-function method [6,23,27,31], the F-expansion method [32],
the exp-function method [4,5,7], the (G'/G) -expansion method [3,10,11,17,19,20,24,26,28-30], the
modified (G'/G) -expansion method [1,17,30] and so on. Wang et.el [20] introduced the (G'/G) -
expansion method to look for traveling wave solutions of nonlinear evolution equations. This method is
based on the assumption that these solutions can be expressed by a polynomial in (G'/G), and that

G =G (&) satisfies a second order linear ordinary differential equation
G"(&)+ 16 '(£)+4G (£) =0, "

where A, ware constants and '=d /d &, while £=kX +at , and K ,® are constants. The degree of
this polynomial can be determined by considering the homogeneous balance between the highest-order
derivatives and nonlinear terms appearing in the given nonlinear evolution equations. The coefficients of this
polynomial can be obtained by solving a set of algebraic equations resulted from the process of using the
method. The present paper is motivated by the desire to propose a modified (G'/G ) -expansion method for
constructing more general exact solutions of nonlinear evolution equation. To illustrate the validity and
advantages of the proposed method, we would like to employ it to solve the (1+1)- dimensional Hirota
Ramani equation [1,9] and the (2+1)-dimensional Breaking soliton equation [26,29].

The rest of this paper is organized as follows: In Sec.2, we describe the modified (G'/G ) -expansion

method. In Sec.3, we use this method to solve the two nonlinear equations indicated above. In Sec.4,
conclusions are given.
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2. Description of the modified (G'/G)-expansion method

For a given nonlinear evolution equation in the form
PUu,u,,u,,u,u,, Ug,..), )
where U (X,y,t), we use the wave transformation

u(x,y,t)=u(), &=kx+k,y+at, ©)

where k,,k,, » are constants, then Eq.(1) is reduced into the ordinary differential equation

Q (u(”,u‘”l),...)zo, )

r

d'u . o , :
where u” :E, r >0and r is the least order of derivatives in the equation. Setting u"” =V (&), where

V (&) is a new function of &, we further introduce the following anstaz :

r N S |
u()(g) =V (é)zgai (E+E] y Ay 750, (5)

where G =G (&) satisfies Eq.(1) while ¢; (i =0,1,...,m) are constants to be determined later.
To determine U (&) explicitly, we take the following four steps :

Step 1. Determine the positive integer m in Eq. (5) by balancing the highest-order nonlinear
terms and the highest-order derivatives, in Eq. (4).

Step 2. Substitute Eq.(5) along with Eqg.(1) into Eq. (4) and collect all terms with the same
powers of (2—+§j , 1 =(0,1,...,m) together, thus the left-hand side of (4) is converted into

!

a polynomial in (g—+§j . Then set each coefficient of this polynomial to zero, to derive a set of algebraic

for o, Kk, K,,@,i =(0,1,...,m).

Step 3. Solve these algebraic equations by use of Mathematica to find the values of ¢, ,k,,k,, o,

i =(0,1,...,m).

Step 4. Use the results obtained in above steps to derive a series of fundamental solutionsV (&) of Eq.(4)

depending on (2—+§j . Since the solutions of Eq.(1) have been well known for us as follows:
(i) If A* =44 >0, then

N clsinh(zZ /12—4,uj+czcosh(g A2 =4y
I it “

¢, cosh (9;//12 —4,uj+02 sinh(g\//lz —4;1) |

G 2) 2
(6)

(ii) If 2> —4u <0, then
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(&5 £
(G—’Jf&j:E\/m —clsm(ZMJﬂzcos(ZM) |
G 2 2 01COS(§MJ+CZS”‘(§M)

(iii) If 2> =41 =0, then
(G’ }tj c,
—+—=|= .
G 2) c,+c,é

where C,and C, are constants, we can obtain exact solutions of Eq.(2) by integrating each of the obtained

()

(8)

fundamental solutions V (&) with respect to £and r times as follows:

é: ér 52

u@ =[]V @eg.ds ag + X,

©)

where d; (j =1,2,...,r)are constants.

Remark 1

It can easily be found that when r =0, u(&) =V (&) then (5) becomes the anstaz solutions obtained in

[20]. When r >1 the solution (9) can be found in [30] and cannot be obtained by the methods in [20], see
the next section for more details.

3. Applications

Example 1. Nonlinear Hirota-Ramani equation

In this subsection, we will use the proposed method of Sec.2, to find the solutions to Hirota-Ramani equation
[1,9]:

u, —u,, +au, (1-u,)=0, (10)
where o # 0 is a constant. To this end, we use the wave transformation
ux,t)y=u(é), <&=kx +at, (11)
where K, ® are constants, to reduce Eq.(10) to the following ODE:
(0+ak)u'—k?*au" —ak ou' =0. (12)
Setting r =land u’ =V , we have u(&) = IV (&)d & +d,, where V (&) satisfies the equation
(w+akV =k’ "—akaV > =0. (13)

According to Step 1, we getm +2 =2m, and hence m = 2. We then suppose that Eq.(13) has the formal
solution
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’ 2 !
\Y (§)=a2(G—+ij +al(G—+ij+ao,
G 2 G 2 (14)
It is easy to see that
' 3 ' 2 2 ' 2
V’(§)=—2a2(G—+ij —al(G—Jrij +2a, i——,u (G—+ij+al /I——y :
G 2 G 2 4 G 2 4 (15)

c' 1Y G A\ A2 G' AY 22 G' A
V"(&=6a,| —+=| +2a,| —+—= | —8a,| —— —+=| 20| —- —+=
() az(e zj al(e 2) a2(4 ﬂJ[G 2) “1[4 ”j(e 2)

2 2
+2a, {%— ,uj . (16)

Substituting (14)-(19) into Eq. (13) and collecting all terms with the same powers of (C(;;_ +§) together, the

!

left-hand side of Eq.(13) is converted into a polynomial in (2—+§] . Setting each coefficient of this

polynomial to zero, we get the following algebraic equations:

0:8a,(w+ak)—ak *w(A* —4u)-8ak wa; =0,

(17
1: 20y (0 +ak) +ak *w(A? — 4u) - dak wa,o, =0, (18)
2 a,(@+ak)+2a,k *w(A? —du) - 20k wa,a, — ok wal =0, (19)
3: 2ok 00— 2000k 0=0, 20)
4:-6k *wa, —ak wa; =0, 1)
On solving the algebraic equations (17)-(21) we have two cases:
Case 1.
—6k k _
azzL’ a]_:O; a0=3—(/12_4ﬂ), = > ai( y
where k *(A* —4u) #1.
Case 2.
—6k k —ak
= =0, ay=——(A-4p), o=—f
where k (1% —4 ) # 1. Consequently, we deduce the following exact solutions of Eq.(10):
(i) If 2> —4u >0 ( Hyperbolic solutions )
When A% =4 >0, we set ¢ =§\Mz —4 . Then for Case 1 we get
f— 2 f— i 2 2 —
u(E) = 3k (4 4ﬂ)j c,sinhg+c, c93h¢ d§+3k 4 4ﬂ)5+d1.-
2a ¢, coshg+c,sinh ¢ 2a (24)
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Substituting the formulas (8), (10), (12) and (14) obtained in [19] into (24) we have respectively the
following kink-type traveling wave solutions:

(1) If [c,| >[c,|, then

3k (A% —4u)

+d
2a s+,

(&) =2 frant[g +sgnie, )y 6 +

2 J—
KA A i+ sn(e, )]+,

(25)

(2) If [c,| > [c,| # 0, then

3k (A2 —4u)

+d
> &+d,

(&) = =2 oon?prsgntec, vl & +

2 —
=Mcoth[¢+sgn(clc2)w2]+d1.
a

(26)

(3) If [c,| > [c,| =0, then

-3k (A° —4u) IC 3k (1% —4u)
2a

oth® ¢d & + 5
[04

u(s) =

2 —
:Mcoth ¢ +d1_
@ (27)

¢+d,

(4) If [c,| =[c,|, then
u($)=d,, (28)

where y, =tanh™(c,|/[c,|), w, =tanh™(k,|/[c,|)and sgn(c.c,) is the sign function, while & is given by

ot
i {X _1—k2(/12—4u)}'

Similarly, we can find the kink-type traveling wave solutions for Case 2, which are omitted here for
simplicity.

(ii) If 2> —4u <0 ( Trigonometric solutions )

For Case 1, we have

—clsin(g;My—/lz j+c2 003(9;/4#—/12)

(=X : T
¢ clcos[2\/4y—22j+czsin(§\/4y—iz)
K@Y,
2a ! (29)

We now simplify (29) to get the following periodic solutions:
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6k 4u—A° 1
1) U(é)=+tan{é—§§\/4u—ﬂz}+dp

c
where & =tan™ (—ZJ and c2+c2 #0.

Cl
2
(2) u(é) :6k— WCOt{§2+%§‘/4ﬂ—ﬂz}+dl,
a

(30)

(31)
where &, =cot™ ((C:—Z) and ¢ +cZ = 0. Similarly, we can find the periodic solutions for Case2 which are
omitted here. 1

(iii) If > —44 =0 (Rational function solutions)

For both Cases 1,2, we have

_ —bk C, i B 6ke,
uey=—, -[Ll+czf}d§+d1_a[cl+c2k(x—at)]+d1’

where d, is an arbitrary constant.

(32)

3.2. Example 2. Nonlinear Breaking soliton equation

In this subsection, we will use the proposed method of Sec.2, to find the solutions to the Breaking soliton
equation [26,28,29]:

u,—4uu, —2u,u, +u,. =0 (33)
To this end, we use the wave transformation
ux,y t)=u(é), &=kx+k,y +at, (34)

where k,,k,and @ are constants, to reduce Eq.(33) to the following ODE:

" [ 2 "
wu” =6k kuu"+kk,u"=0.

(35)

Integrating (35) once w.r.t. &, with zero constant of integration, we get
au’ -3k Ku"?+k’k,u"=0. (36)

Setting r =1, and u’ =V , we deduce thatV (&) satisfies the equation:
& -3k kY *+k’ky "=0. 37)

According to Step 1, we get m = 2. Thus the formal solution of Eq.(37) has the same form (14).
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!

i
Substituting (14)-(16) into Eq.(37) and collecting the coefficients of (2—+%) ] =0,1,2,3,4. Setting

each coefficient to zero, we get the following algebraic equations:

0:8wa, — 24k K, +k/K,a,(A* —4u)* =0, (38)
1: 2wa, 12K K ,a,0, — kK ,a, (A —4u) =0, (39)
2 wa, — 3k Ko7 — 6k K,a,a, — 2k K,a,(A° —4u) =0, (40)
3: -6k ka0, + 2k K ,a, =0, (41)
4:-3k ko +6k/k,a, =0. (42)
On solving the algebraic equation (38)-(42) we have two cases:
Case 1.
a, =2k, =0, ¢ :—ﬁ(/lz—4 ), @=-kk,(A*—4u)

2= =Y G 2 H), =K1Ky H), (43)
Case 2.

=2k _ _ _ﬁ 12 —4 1,2 2
a,=2k;, o,=0, o= 5 ( H), o=Kk,(A"-4u). (44)
Consequently, we deduce the following exact solutions of Eq.(33) :
(i) If 2> —4u >0 ( Hyperbolic solutions )
Setting ¢ = %«Mz —4 1. Then for Case 1 we get
. 2
() =2 (2 4[| SRR g B (324,
2 ¢, coshg+c,sinh ¢ 2 '
(45)

Substituting the results (8), (10), (12) and (14) of [19] into (45), we have respectively, the following
Kink-type traveling wave solutions:
(1) If [c,| >[c,|, then
u(é)=-k, A% —4u tanh[¢ +sgn(c.c,)y,]+d, (46)
(2) If [c,| > [c,| # 0, then
u(&) =—k /A% —4u coth[g+sgn(cc,)w,]+d,. 47)
(3) If [c,| > [c,| =0, then
u(&) =-kA*>—4ucothg+d,. (48)
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(4) If [c,| =[c,|, then
u(g)=d, (49)
where &=k x +k,y —kZk, (A% —4u)t.

Similarly, we can find the kink-type traveling wave solutions for Case 2, which are omitted here for
simplicity.

(ii) If 1> —4u <0 ( Trigonometric solutions )
For Case 1, we have
2
—clsin(g«/4y—/12j+czcos(g«/w—/lzj "
dé-
C, 005(9;\/4#—/12}02sin(iwm/;—lzj

Su-23)E+d,

u(©) = 2 4=

(50)
We now simplify (50) to get the following periodic solutions:
Q) u(é) =k, 4u—2° tan [51 _E§V4/J_ﬂ~2 }—Fdl’
2 (51)
where & =tan™ (E—ZJ and ¢’ +c? #0.
1
(2) U(E) =k \Jdu—A? cot[ﬁ2 +1§«/4,u—/12}+d1,
2 (52)
where &, =cot™ {2—2) and ¢/ +c # 0. Similarly, we can find the periodic solutions for Case2
1
which are omitted here.
(iii) If A -4, =0 (Rational function solutions)
For both Cases 1,2, we have
2
U(é:):2klj[ = :|dé:+dl: 2k, 1
C, +C,¢ C,+C,(kx +k,y) (53)

where d, is an arbitrary constant.

4. Conclusion

This study shows that the modified (G'/G )- expansion method is quite efficient and well suited for
finding exact solutions to the Hirota-Ramani equation and the Breaking soliton equation. Our solutions are in
more general forms, and many known solutions to these equations are special cases of them. With the aid of
Mathematica, we have assured the correctness of the obtained solutions by putting them back into the
original equations.
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