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Abstract. In this article, we put a direct method to construct the rational solitary wave solutions for some
nonlinear differential difference equations in mathematical physics which may be called the rational solitary
wave difference method. We use the proposed method to construct the rational solitary exact solutions for
some nonlinear differential difference equations via the lattice equation, the discrete nonlinear Klein
Gordon equation. The proposed method is more effective and powerful to obtain many rational solitary exact
solutions for nonlinear differential difference equations.
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1. Introduction

It is well known that the investigation of differential difference equations (DDEs) which describe many
important phenomena and dynamical processes in many different fields, such as particle vibrations in
lattices, currents in electrical networks, pulses in biological chains a many others and so on, has played an
important role in the study of modern physics. Unlike difference equations which are fully discredited, DDEs
are semi- discredited with some (or all) of their special variables discredited while time is usually kept
continuous. DDEs also play an important role in numerical simulations of nonlinear partial differential
equations (NLPDES), queuing problems, and discretization in solid state and quantum physics.

Since the work of Fermi, Pasta, and Ulam in the 1960s [1], DDEs have been the focus of many nonlinear
studies. On the other hand, a considerable number of well-known analytic methods are successfully extended
to nonlinear DDEs by researchers [2-17]. However, no method obeys the strength and the flexibility for
finding all solutions to all types of nonlinear DDEs. Zhang etal. [18] and Aslan [19] used the (G'/G) -

expansion method to some physically important nonlinear DDEs. Qiong etal. [12] constructed the Jacobi
elliptic solutions for nonlinear DDEs. Recently Zhang etal [20] and Gepreel [29,30] have used the Jacobi
elliptic function method for constructing new and more general Jacobi elliptic function solutions of some
nonlinear difference differential equations. The main objective of this paper, is to modify the rational
solitary wave method which discussed by Xie [31] to solve the nonlinear differential difference equations
instead of solving the nonlinear partial differential equations which my be called rational solitary wave
difference method. We use the proposed method to calculate the rational solitary wave solutions for some
nonlinear DDEs in mathematical physics via the lattice equation and the discrete nonlinear Klein Gordon
equation.

2. Description of the rational solitary wave difference method

In this section, we would like to outline on algorithm for using the rational solitary wave difference
method to solve nonlinear DDEs. For a given nonlinear DDEs
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where A = (Ag,.Ag), X = (X, Xg e X )s N = (Mg, Ng) and §,M,Q, py ..., Py are integers, ul™ ("

denotes the set of all r " order derivatives of u;,v; with respect X .

The main steps of the algorithm for the rational solitary wave difference method to solve nonlinear DDEs
are outlined as follows:
Step 1. We take the traveling wave solutions of the following form:

u, () =U(&), va(X) =V (&), )
where
Q m
§n:_§dini— ;ijj+§01 3

and d;(i=1.,Q), c¢;,(j=1...,m), the phase &, are constants to be determined later. The
transformations (2) is reduced Eqgs.(1) to the following nonlinear differential difference equations

Q(U (§n+p1)""1U (§n+pk )’ U ,(§n+p1)""’u I(§n+pk )"'-’U ® (§n+p1)1“-1u ® (§n+pk )!
V(§n+p1)""’v (§n+pk )’ V’(§n+p1)""’vl(§n+pk )""’Vn(+r)pl (§n+p1)""1vn(+r)pk (§n+pk )’) =0,

where Q = (Q;,..., Qg).

(4)

Step 2. We suppose the rational solitary wave series expansion solutions of Egs (4) in the following form:

U(s) = i%ai[g(fn)]i + j%_lbj[g(fn)]j_l F(Sn),

_ _ )
V(&) =§ai[9(§n)]' + jéﬂ,-[g(é”n)]“l f(Sn)eens
with
3 1 3 sech(&,)
Fen)= Atanh(&,) +Bsech(&,)’ 9(n) = Atanh(&,) +Bsech(é,) ©
which satisfy
(&) =-Ag*(E) + e - Bg(5, )], 0'(6) =~AF (6,)0(5,).
2(60) = 026 + 57 - Bo&)T,
B A% (d)f(&,)+[1-Bg(&,)][L- Bg(d)]
f(S,£d)=—; 2 2 ' ©)
AT (d)[1-Bg(&,)]1+ A" (&)L - Bg(d)]+ BA®g(S,)9(d)
o(, +d) = 9(5x)g(d) ’
f(d)[1-Bg(s,)]+ f(&,)[L-Bg(d)]+Bg(s,)a(d)
where a;,q;, bj ,ﬂj , A, B are constants to be determined.
Also, we can assume that
3 1 3 sec(<,)
flen)= Atan(&,)+Bsec(&,)’ 9(n) = Atan(&,) + Bsec(&,) ®)
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which satisfy

() =-Ag*(E) - e o Bge )] 06 =-AT(E)a(E)

£2(£,)= gz(«:n)—%[l— By (&)1,

(e td) - A’ 1(d) (&) FIL- By (£,)][1— By(d)] ©
" ATHOR-Bg (&) AT (&)L Bg(d)]+ BAG(,)g(d)

_ 9(&n)g(d) .
f (0L~ By (&)= T (£)L-Bg(d)]+Bg(&,)a(d)

Equations (7) and (9) can be written into unified form

(&) =—Ag*(6)+ oo p By )l 0'(6) = —Af ()&,

£2(£,) = gz(én)+5%[l— By (&,)17,

g(5, £d)

fe £d) = A’ F(d) f (&,) % ST1— Bg(&,)]IL - Bg(d)] (0
" A f(d)[L-Bg(&, )]+ A*f (&,)[L- Bg(d)]+ BA*g(&,)g(d)’
o(&. +d) 9(&,)9(d)

- F(A)L-Bg(&)]+ f(&)-Bg(d)]+By(&,)g(d)
Step 4. Determine the degree N, L,... of Egs. (4) by balancing the nonlinear term(s) and the highest

order derivatives of U(&,)V(&,).... in Egs. (4). It should be noted that the leading terms
U(Snip )V (&nsp e P = 0 will not affect the balance because we are interested in balancing the terms

of f(5,)and g(s,)-

Step 5. Substituting Egs. (5) and (10) the given values of K,L,... into Egs.(4). Cleaning the denominator
and collecting all terms with the same degree of f(&,)and g(&,,) together, the left hand side of Eq. (4) is

converted into a polynomial in f(&,) and g(&,) . Setting each  coefficients
f i(én),g j(fn)(i =01, j=0.12,...) of these polynomials to be zero, we derive a set of algebraic equations
for a;,¢;, bJ-,,HJ-,Ci A B.

Step 6. Solving the over determined system of nonlinear algebraic equations by using Maple or
Mathematica software package. We end up with explicit expressions for a;,«;, bj ,ﬂj ,C; A/B

Step7. Substituting a;,;, bj ,B;,C; A B into Eq.(5) along with (6) and (8), we can finally obtain the
rational solitary wave solutions for nonlinear difference differential equations (1).

3. Applications

In this section, we apply the proposed rational solitary wave difference method to construct the traveling
wave solutions for some nonlinear DDEs via the the lattice equation, the discrete nonlinear Klein Gordon
equation, which are very important in the mathematical physics, modern physics and have been paid
attention by many researchers.

3.1. Example 1. The Ilattice equation
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In this section, we study the lattice equation which take the following form [30,32]

du, (1
dt

where «, 5,7 is an arbitrary constant. The lattice equation contains hybrid lattice equation, mKdV lattice
equation, modified Volterra lattice equation, and Langmuir chain equation for some special values «, £, .

According to the above steps, to seek traveling wave solutions of Eq. (20), we construct the traveling wave
transformation

:(a+ﬁun +7ur%)(un+1_un—l)! (20)

Un(t)=U(§n), égn =dn—c1t+§o, (21)
where d, ¢, and &, are constants. The transformation (21) permits us converting Eq. (20) into the
following form:

—cU (&) = (@ + BU (&) + M2 (E DU (&, +d)-U (&, —d)], (22)
where '=d/d¢&,. Considering the homogeneous balance between the highest order derivative and the
nonlinear term in (22), we get N =1. Thus the solution of Eq. (22) has the following form:

U(fn)=a0+a1f(§n)+blg(9&n)i (23)
where a,, @; and b, are constants to be determined later. With the aid of Maple, substituting Eq.(23) and
Egs.(10) into Eq.(22) and collecting all terms with the same power in f'(&,),g(£,)(i=0.1,j=012,..).

Setting the coefficients of these terms fi(fn),gj(fn)(i =01,j=012,..) to be zero yields a set of
algebraic equations which have the following solutions:

When 6 =1

Case 1.
N 0 - A .. _ 485 (cosh(d) +1)
T 2 LT a.g? ' sinh(d)(A% + B?)’

(24)
Yo [8%(A? + B?)(cosh(d) —1) — 4ya; (cosh(d) +1)]

4y (A% + B?)(cosh(d) —1)

where A, B,a,,y, [ arearbitrary constants. In this case the rational hyperbolic solitary wave solution for

the nonlinear lattice equation takes the following form:

Yij Aa, N a,sech(&,)

) ATy B [Ann(z ) s Bseoh(z.)] | TAWIN(E,) + Bsech(@)]”
where
When 0 = -1
Case 2.
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W B L o tAg, ; _ 483 (cos(d) +1)
° oy bJar_B?’ " sin(d)(A? - B?)’
azjﬂ%AZ—Bﬁ@mm)—n+4m§@mm)+n]

4y(A? —B?)(cos(d) —1) ’

In this case the rational trigonometric solitary wave solution for the nonlinear lattice equation have the

(27)

following form:

14 Aa, a, sec(&y)
UG)=-—- = + , (28)
"2y AT _B?[Atan(s,) + Bsec(s,)] [Atan(&,)+Bsec(s,)]
where
4ya2 (cos(d) +1
g =dn- LD D, o (29)
sin(d)(A° —-B“)
Note that, there are other cases which are omitted here for convenience.
3.2 Example 2. The discrete nonlinear Klein Gordon equation
In this section, we consider the following discrete nonlinear Klein Gordon equation [29,33]:
d2u, (t
d'[nz( ) = g(un)(un+1+un—1_zsun) (30)

The non-constant ( in contrast to the standard models of harmonic coupling and linear dispersion [34])
function g(u,,) ensures the presence of nonlinear dispersion , which is critical for the existence of compactly

supported solutions and s can take values in the interval [-1,1] . Kevrekidis etal [33] have obtained some
exact compaction solutions and claim that this DDE does not have the traveling compact solution. If we set

g(u,) = & —u? as similar in [33] and take the traveling transformation

Up :U(é:n)v ‘):Zn :dn_clt+§0’ (31)
where d, ¢, sand &, are constants. The transformation (31) permits us converting Eq. (30) into the
following form:

cfU"(&,) = (@ ~U (&)U (&, +d) +U (&, —d) - 25U (&,)], (32)

where '=d/d¢&,. Considering the homogeneous balance between the highest order derivative and the
nonlinear term in (32), we get N =1. Thus the solution of Eq. (32) has the following form:
U(ng):ao_i_alf(é:n)_"blg(‘fn)f (33)
where @;,a,and b, are constants to be determined later .With the aid of Maple, substituting Egs.(33) and
(10) into Eq.(32) and collecting all terms with the same power in fi(§n),gj(§n)(i =01,j=012,...).
Setting the coefficients of these terms fi(fn),gj(cfn)(izO,l,j=0,1,2,...) to be zero yields a set of

algebraic equations which have the following solutions:When & =1
Case 3.

JIC email for subscription: publishing@WAU.org.uk



88 Khaled A. Gepreel: Rational solitary wave solutions for some nonlinear differential difference equations

2
_tAs, *2a, o a,[cosh(d) +1] s=1 (34)

Jatier L Jarepr O (AT+BD)(cosh(d) -
where A, B,a,,d are arbitrary constants. In this case the rational hyperbolic solitary wave solution for the
discrete nonlinear Klein Gordon equation have the following form:

+ Aa, a,sech(s,)

8.020, al—

U () = (35)
VA?Z + B2[Atanh(¢,) + Bsech(&,)] [Atanh(fn)+ Bsech(,)]’
where
¢ _dnizLHgZ (36)
Jaz, g2
When 6 =-1
Case 4.
2
a, =0, a =A% * Aa, _ *2a, o a,[cos(d) +1] s=1  @37)

Jargr  Jaopr O (A -B(os@) -
where a,, A, B are arbitrary constants. In this case the rational trigonometric solitary wave solution for the
discrete nonlinear Klein Gordon equation have the following form:

+
U(E,) = Aa, N a, sec(&,)

JAZ ZB2[Atan(&, )+ Bsec(&,)] [Atan(&,)+Bsec(&, )]’

(35)

&, =dnF—2—t+ &os (36)
A? - B2
Note that, there are other cases which are omitted here for convenience.

4. Conclusion

In this paper, we put a direct method to calculate the rational solitary wave solutions some nonlinear
difference differential equations via the the lattice equation, the discrete nonlinear Klein Gordon equation.
As a result, many new and more rational solitary wave solutions are obtained, from which hyperbolic
function solutions and trigonometric function solutions.
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