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Abstract. Throughout the paper we consider relative order of functions of several complex variables

analytic in the unit poly disc with respect to an entire function and after proving several theorems, we show
that relative order of analytic function and its partial derivatives are same.
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1. Introduction

A function f analyticintheunit disc U :{ z:| z|< 1}, is said to be of finite Nevanlinna order [7] (Jungjaand
Kapoor 1985) if there exists anumber 4 such that Nevanlinna characteristic function T(r, ) of f defined by

f(re?) de

1 2z
T(r,f)=—/ log"
(r,f) Zﬁj g
satisfies
T(r,f)=@A-r)"*
foral r in0O<ry(u)<r <1l

The greatest lower bound of all such numbers i is called Nevanlinnaorder of f . Thusthe Nevanlinnaorder p( f)
of f isgivenby

p(f)= Ii@jjp%.

In [1] Banerjee and Duttaintroduced the idea of relative order of an entire function which as follows:

Definition 1.1. If f beanalyticinU and g beentire, then the relative order of f with respect to g, denoted
by p, (f) isdefined by

1
—r

pg(f):inf{,u>O:Tf(r)<Tg“l jﬂ}forall 0<r,(u)<r<1}.

Note 1.2. When ¢(Z) = exp z then the Definition 1.1 coincides with the definition of Nevanlinna order of f .

Alsoin [2] Banerjee and Duttaintroduced the idea of relative order of an entire function of two complex variables
which asfollows:

Definition 1.3. Let f(Z, Z,) be anon-constant analytic function of two complex variables z, and z, holomorphicin
the closed unit poly disc P:{(z,2,):|z; €1, ] =1, 2} and g(z, Z,) be an entire function then relative order of f
with respect to g denoted by o, () and is defined by
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1 1
(1-n)" " @-r,)"

Py (f)=inf{u>0: F(rl,r2)<G[ ]forall O<ry(u)<r,r,<1}.

In aresent paper [3] Dutta introduced the following definition.

Definition 1.4. Let f(Z,Z,.....2,) and (2, Z,.....Z,) betwo entire functions of N complex variables
z,7,.....Z, with maximum modulus functions F (1, T, .....I,,) and G(I;,r, .....I,) respectively then relative order of
f with respectiveto g , denoted by o () and is defined by

po(F)=inf{u>0:F (r,1,....r,) <G(rf,rf ootft) for b 2 R(u)i =1,2......1}.

Also in a paper [4] Duttaintroduced the following definition.

Definition 15. Let f(2,2,,.....2)= Y, Cup - Z*Z".....Z]" beafunction of n complex variables

Z,Z,...... Z, holomorphic in the unit polydisc
P={(z,z,...2))1z |} j=12,....n}
and
F(r, ) =max{| f(z,z,....2) ||z |<1;; j=12,...n},
be its maximum modulus. Then the order p and lower order A are defined as
P sup  loglogF(r,,r,,......1,)
A et nf —log(l-r)(@A-T1,).....(1=1.)

Now we introduce the following definition.

Definition 1.6. Let f(Z,Z, .....Z,) beanon-constant analytic function of several complex variables z,, Z, ..... Z,
holomorphic in the closed unit polydisc

P{(z,2...2)]z KL j=12...n}
and §(Z,Z,.....Z,) be an entire function then relative order of f with respect to g denoted by o, () and defined
by

where G(I,, T, ... ) =max{| 9(z,z....2)) ['| z, Fr;; | =1 2....n}.
Note 1.7. When g(Z, 2, .....Z,) = €*%"™ then Definition 1.6 coincides with the Definition 1.5 and if n=2 then
coincide with Definition 1.3.

We require the following definition.

Definition 1.8. An entire function g(Z,z, ..... Z,) issaid to have the property (R) if for any o >1, 4 > O and for all
I sufficiently closeto 1; i =1,2.....n,

{G{ ! , . 1 H:G ! , ! .
(:]-_rl)/1 (1_',2)1 (]'_rn)/1 ((l_rl)ﬂ)a ((1_r2)ﬂ)“ <(1_r”)/1)0

27,.....

Note 1.9. Thefunction 9(z, Z, .....Z,) = €**™ hasthe property (R) but 9(2,, 2, .....Z,) = ZZ, ..... Z, hasnot.
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Throughout we shall assume that f, f,, f, etc, to be functions analytic in P andg, g,,d, €tc, are
non-constant entire functions of several complex variables. We do no explain stander notations and

definitions of analytic functions those are available in [5] and [6].
2. Lemmas

We require the following lemmas.
Lemma2.l. Let g(Z,Z,..... Z,) be an entire function which has the property (R). Then for any positive

integer nandforalo >1,4 >0,

{G( 1 T 1 YR 1 l]:l <G 1 — 1 e 1 — | holdsfor all
A=n)" d-r)  d=r) (@-n) (@-ny)  (a-1))

r,0<r <lsufficiently closeto 1; i =1,2.....n.

1 .
The Lemma 2.1 follows from Lemma 2.1 in [3] on replacing T, byl—y,whae I=12...n
i

Lemma2.2. Let g(z,z,.....z,)beanentireand o >1,0< S < & then

G o o o > BG 1 1 1
@-r)" ' @-r)* @-r)! @-r)" ' @-r)* @-r)

foral r,0<r, <lsufficiently closetol; i =12.....n.

The Lemma 2.2 follows from Lemma 2.2 in [3] on replacing r; by% ,Where i =12.....n.

(1_ f )

3. Sum and Product Theorems

Theorem 3.1. Let f,(Z,z,....Z,) and f,(Z,Z,.....2,) beanalyticin theunit polydisc P having relative
order p,(f,) and p, (f,)respectively, where g(z,2, .....7,) isan entire function having the property (R).
Then
(@p,lh + &} Kmax (p A1 p, (7)) and
(b) p b7l & max (p R0 p, (R)].
The same inequality holds for the quotient. The equality holdsin (a) if p, ( f,) # p, ( f,).

Proof. We may assumethat p, (f,) and p,(f,) both arefinite, because if one of them or both are infinite
then inequalities are evident.

Letf =1+ 1, plng(f1)1p2 =pg(f2) andp, < p,.

For arbitrary € >0andfordlr, O<r, <1 i=12....n, sufficiently close to 1, we have

F(rr . rn)<G[ 1 . 1 j

(L-r)?* " (A-r,)* (A—r )+

<G 1 , o 1
A=r) (A=) (A-r)
and

F(r,r...r,)<G 1 , S 1 :
A-r)” (@A-r,)" @a-r )"
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G 1 1 1
< Aor) Aoy A=ty

<G 3 , 3 . 3 by Lemma 2.2
@-r)”* (@-r,)>" @-r,)>*

<G 1 , . L :
(1_ rl)p2+3e (1_ rz)p2+3e (1_ rn)p2+3e
Thereforep < p, —3¢.
Since € >0isarbitrary, sop < p, .
Therefore
which proves (a).
Next let p, < p, and suppose p, < L <A< p,.

Thenforalr,0<r, <1 i=12....n, sufficiently closeto 1, we have

1 1 1
F(r, )< G((l— AT rn)”j (1)

and there exist non-decreasing sequence {r., }; I, > 1_ ask — eosuch that

1 1 1
Rl ata)> G[(1— ) R () N (B M j X

We see that

G( Lot 14}2@[ L L J ®
Ay Ay ARy ) e Ay

foralr,0<r <1 i=12...n., sufficiently closeto 1.
From (1), (2) and (3) we get

1 1 1 1
>—-G e e from(2)
2 [(1_ rlk)/1 (1_ rzk)/1 (1_ rnk)/1 j
>G ! T ! T ! - | for al large k and by Lemma 2.2
3(1_ rlk) 3(1_ r2k) 3(1_ rnk)

1 1 1
>G A-g? A-g "7 A-g
(1_ rlk) (1_ r2k) (1_ rnk)
where £ >0 isarbitrary.

Thisgives p>A—¢gandsince p, < u <A< p,and & >0isarbitrary, wegetp > p, .
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Therefore

For (b), we consider f = f,.f,,p=p (f)andp, < p,.
Then for any arbitrary & >0,
F(r,fer)=F(n5..r).5(n,...r)

SH O — L ﬂ
@A-r)> (@A-r,)>*  (@A-r,)

1 1 1
<G . by Lemma 2.
[(1_r1)0'(,02+5) (L=1,)7P (1= rn)O'(Pz"'g)] y L

for every o >1.

So
pso(p,+é€).
Since € > 0 isarbitrary, we obtain by lettingo — 1, ,
PEP,.
Therefore

po(f f2) = max (p (f ) p (R)

This proves the theorem.

4. Asymptotic Behavior

Definition 4.1. Two entire functions g, and g, are said to be asymptotic equivalent in the unit polydisc P if
there exists| , O<| < such that

1 1 1
q(a—mﬂ%r4gﬂ """ a—mvj

64: Lot 1]
-5y @) )

where A >0 isany number and in this case we write g, ~ 0,.

—lasr—1;i=12..n,

Note4.2.If g, ~ g, thenclearly g, ~ g,.

Theorem 4.3. Let g;and g, be entire functions having property (R) and g, ~ g, then p, (f)=p, (f),
where f isanalyticinP.

Proof. Let £ >0 any arbitrary number and forr,, 0<r, <1, i =12.....n., sufficiently close to 1, we have

q( O S Jsa+@@[ L S J
-r) a-r) ) -ry a-r) )

ol @ o o
S lE-nt et e

where A>0and a¢>1issuchthat | +e<or.
Nextlet p (f)=p, and py, (f)=p,.

JIC email for subscription: publishing@WAU.org.uk



288 Ratan Kumar Dutta : Relative Order of Functions of Several Complex Variables Analytic in the Unit Polydisc

Then
1 1 1
F(r,r...r)< Gl[(l—r A A )pﬂj
1 2 n
o o o
S R —
1 2 n
1 1 1
< GZ [ (1_ r )p1+26‘ ! (1_ r )p1+25 """ (1_ r )p1+2£ j
1 2 n
Therefore
P, S p t+2€.
Since £ >0isarbitrary, so p, < p, .
Therefore
Py (1)< p, ().

Alsofromg, [J g,, weobtain p, (f) < p, ().
This proves the theorem.

Note 4.4. The converse of the above theorem is not always true.

Example 4.5. Consider the functions 0,(z7,z,..... zn)=ezlzz -----
f(21,22 ..... Zn):e

27,.....

5. Relative Order of the Partial Derivatives
Theorem 5.1: If f isanalyticin the unit polydisc P and g be transcendental entire having the property (R),

of
then p, (Ej:pg(f).

To prove the theorem we require the following lemma.
Lemmab5.2. Let f(z,z, .....z,) beatranscendental entire function then

F(r,r... r”)SE(rl,rz ''''' rn)SF(Zrl,rz ..... r)
r.1 r.1
where
— of (z,z,.... zn)|

Proof. Let (Z,Z, ..... Z,) besuch that
| f(2,2,.... z)) Emax{| f(z,2,....2,) |z Er;; j=12....n}.
With out loss of generality we may assumethat f (0,Z,.....z,) = 0. Otherwise we set
NZ.2,...2)=21(2,2,...2,).
Then h(0,z,..... z,)=0 and p (f)=p,(h).
We may writefor fixed z on|z|=r;i=2....n
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where the line of integration is the segment from z=0 to z=re%,r > 0.
Now

F(r,r..r)=f(z,2,....2)|
Taf(t,z'z ..... ;;)dt

"
o (z,z...
=1 F(f,Ty.l). )

oz |
Let C denotethecircle|t—z, = T,.
o,
= of (z,z,.....
F(r11 r2 ..... rn) = maX|Zi|=fi =12, n| (Zl ;221 Zn)%
@z 2)|
oo
1 (2. Z)
= - - d
‘Zm[([] (t—z)°
SiF(Zrl,rg ..... r“)27zr1
2 I
_F(Zrl,rz ..... r) )

From (4) and (5) we obtain

This proves the lemma.

. : L f
Proof of thetheorem 5.1: Let us consider any arbitrary £ > O then from definition of Py (3—} , we have for
Z
al r,0<r, <1 i=12....n sufficiently closetol,

= 1 1 1

P I mc

Now by Lemmab5.2
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S G 1 ) )
I 1 M RETS R

by Lemma 2.1 and for any o >1, since g hasthe property (R).

So,
pg(f)SO'[pg [a—thej
0z

Letting 0 — 1, , and since € >0 is arbitrary
of
Py (f)<p, (E]

Using (5) we obtain similarly

of
pg(a <py(f).

of

Py (a = pg(f).
This proves the theorem.
Note 5.3. Similar result hold for other partial derivatives.
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