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Abstract. In this paper, we introduce the notion of biorthogonal wavelet packets associated with
nonuniform multiresoltion analysis and study their characteristics by means of Fourier transform. Three
biorthogonal formulas regarding these wavelet packets are established. Moreover, it is shown how to obtain

several new Riesz bases of the space L? (R) by constructing a series of subspaces of these nonuniform
wavelet packets.
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1. Introduction

In his pioneering paper, Mallat [11] first formulated a new and remarkable idea of multiresolution
analysis (MRA) which deals with a general formalism for the construction of an orthonormal basis of

wavelet bases. Mathematically, an MRA consist of a sequence of embedded closed subspaces, {VJ Jj €

Z of LZR such that fx€Vyif and only if /2xEV/+1. Furthermore, there exists an element @€/0 such

that the collection of integer translates of function @, {@(x — K):k € Z} represents a complete
orthonormal system for /). The function ¢ is called the scaling function or the father wavelet. Recently, the
idea of MRA and wavelets have been generalized in many different settings, for example, one can replace
the dilation factor 2 by an integer M = 2 and in higher dimensions, it can be replaced by a dilation matrix A,
in which case the number of wavelets required is |[detA| — 1. But in all these cases, the translation set is
always a group. In the two papers [6, 7], Gabardo and Nashed considered a generalization of Mallat’s [11]
celebrated theory of MRA based on spectral pairs, in which the translation set acting on the scaling function
associated with the MRA to generate the subspace Vj is no longer a group, but is the union of E and a
translate of Z. More precisely, this set is of the form A = {0,r/N} + 2 Z, where N > 1 is an integer,
1 < r <2N —1, ris an odd integer relatively prime to N. They call this a nonuniform multiresolution
analysis (NUMRA). Moreover, they have provided the necessary and sufficient conditions for the existence
of associated wavelets in L?(R). Later on, Gabardo and Yu [8, 9] continued their research in this non-
standard setting and gave the characterization of all nonuniform wavelets associated with nonuniform
multiresolution analysis.

It is well-known that the classical orthonormal wavelet bases have poor frequency localization. To
overcome this disadvantage, Coifman et al. [5] constructed univariate orthogonal wavelet packets as a
generalization of Walsh systems. Wavelet packets give rise to a large class of orthonormal bases of
L?(R), each one corresponding to a different splitting of L?(R) into direct sum of its closed subspaces.
Wavelet packets, due to their nice characteristics have been widely applied to signal processing, coding
theory, image compression, fractal theory and solving integral equations and so on. Chui and Li [3]
generalized the concept of orthogonal wavelet packets to the case of non-orthogonal wavelet packets so that
they can be applied to the spline wavelets and so on. The introduction of biorthogonal wavelet packets
attributes to Cohen and Daubechies [4]. Shen [14] generalized the notion of univariate orthogonal wavelet
packets to the case of multivariate wavelet packets. Other notable generalizations are the orthogonal version
of vector-valued wavelet packets [2], higher dimensional wavelet packets with arbitrary dilation matrix [10],
the orthogonal p-wavelet packets and the p-wavelet frame packets on the positive half-line R* [12, 13].

In his recent paper, Behera [1] has constructed nonuniform wavelet packets associated with

nonuniform multiresolution analysis. He proved lemmas on the so-called splitting trick and several theorems
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concerning the construction of nonuniform wavelet packets on R. It is well known that the orthogonal
wavelet packets have many desired properties such as compact support, good frequency localization and
vanishing moments. However, there is no continuous symmetry which is a much desired property in image
and signal processing. To achieve symmetry, several generalizations of scalar orthogonal wavelet packets
have been investigated in literature. The biorthogonal wavelet packets achieve symmetry where the
orthogonality is replaced by the biorthogonality. Therefore, the main goal of this paper is to introduce the
notion of biorthogonal wavelet packets associated with nonuniform multiresoltion analysis and investigate
their properties by means of the Fourier transform. Further, we also construct several new Riesz bases of

space L2(RR) by constructing a series of subspaces of nonuniform wavelet packets.

2. Nonuniform multiresoltion analysis and the wavelet packets

In this section, we state some basic preliminaries and definitions including nonuniform multiresoltion
analysis, the associated nonuniform wavelets and wavelet packets. More details are referring to [6-9].

Definition 2.1. We say that a pair of functions f(x), f(x) € L?(R) are biorthogonal, if their translates
satisfy

(FOLFC=D)= 62, LEN, (2.1)

where 0§ 5 is Kronecker symbol, i.e., 5o, = 1 whenA =0 and &, = 0, otherwise.
Definition 2.2. Let H be a Hilbert space. A sequence {f};-, of H is said to be a Riesz basis for H if there

exist constants A and B,0 <A < B < oo such that any f € H can be represented as a series f =

Yke1Ck fx = 1 converging in H with

[oe]

ANFIE < )l < BIFI3, 22)

k=1
We first recall the definition of nonuniform multiresolution analysis and some of its properties.
Definition 2.3. A sequence {VJ 1 jE Z} of closed subspaces L?(R) is called a nonuniform multiresolution

analysis of L?(R) if the following hold:

(i) Vjc Vjyq, forall je Z,

(i) Ujez V; isdense in L?>(R) and Njez V; = {0},

(iii) f (x) € V; ifand only if f (2N.) € Vjyq,

(iv) there is a function ¢ in V,,, called the scaling function, such that the system of functions {¢p(.—1) : 1 €

/1 forms a Riesz basis for subspace /0.

It is worth noticing that, when N = 1, one recovers from the definition above the standard definition
of a one-dimensional multiresolution analysis with dilation factor equal to 2. When N > 1, the dilation

factor of 2N ensures that 2NA € 2Z c A.

Since p(x) € V, c V,, there exists sequence {a;}; ex With X ;¢ A lay]|? < oo such that

® (%) = Z ay @(x — ). (2.3)

A€EA
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Taking Fourier transform of (2.3), we get

@ (2N§) = ho($) @ ($), (2.4)

where hy( &) = Yiepan e 2™, is called the symbol of ¢(x).
LetW; : j € Z be the direct complementary subspaces of V; inV;,;. Assume that there exist a set

of 2N — 1 functions {1, V¥,,..., YWyy_1}in L2(R) such that their translates and dilations form a Riesz basis
of Wj, i.e,
W; = span {,(2N)/.-2): 1 €A, 1=12,...2N -1}, j €Z. (2.5)

Since Y.(x) € Wy < V3, 1< r < 2N — 1, there exists a sequence {aj};ep With Yjeplaf|? < oo such

that
o (2) = ) a gl 26)
2N 7T \2N A ' '
AEA
Implementing the Fourier transform for both sides of (2.6) gives
Pr(2NE) = h (9) (), (2.7)
where
h(€) = Z al ™M, 1< r<2N -1, (2.8)
AEN

If 9(x), @(x) € L?(R) are a pair of biorthogonal scaling functions, then it follows by Definition 2.1 that

(@(), G(~D) = gp A EA (2.9)

Moreover, we say that ,.(x), ¥, (x) € L2(R),1 < r < 2N — 1 are pair of biorthogonl nonuniform wavelets
associated with a pair of biorthogonal scaling functions @(x) and @(x) if the family {y,(.—1): 1 €
A, 1=1,...,2/—1is a Riesz basis of /0, and

(), Y. (=))y=10, 2 EANLI<Tr<2N-1, (2.10)
(@), Y (=))=10, L EA1STr<2N-1, (2.11)
W), Ps(—=D) = 8,5602,4 EN1< 1,5 <2N — 1. (2.12)
Set
W/ = span{y,((2N).-2): 1 €N }, j €Z,1<r<2N-1. (2.13)

By definition of W; and formulae (2.9)- (2.12), we obtain the following proposition.
Proposition 2.4. If ,.(x),{,(x) € LI*>(R),1 < r <2N —1, are a pair of biorthogonal nonuniform

wavelets associated with a pair of biorthogonal scaling functions ¢(x), §(x), then

I*(R) =@ ez W) = @jer @7 W/, (2.14)

where @ denotes the direct sum.
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Similar to (2.3) and (2.6), there exist finite sequences {@;}; ep and {@}}1ep, 1 < 7 < 2N — 1 such

that @(x) and 1, satisfy the following equations:

@ (%) = AZEAa,l B0 — ). (2.15)
i (o) = AZEA@ = ). (216)

Forn = 0,1,2,..., the basic biorthogonal nonuniform wavelet packets w, and @, (as defined in [1])

associated with the scaling functions ¢ (x) and @ (x), respectively, are defined recursively by

Wasanp(X) = Z 2N)al w,(2Nx — 2), (2.17)
AEN

Bgsanp(X) = Z @N)al @,2Nx — 1), (2.18)
AEN

where p = 0 is the unique element such thatn = q + 2Np,0 < q < 2N — 1 holds.

Applying the Fourier transform for the both sides of (2.17) and (2.18) yields, respectively,

Bgrzanp(0) = hq(2N) 1)@, ((2N)7TH), 0 < g <2N -1 (2.19)
Dqranp () = he((2N)72E) &,((2N)71E), 0 < g <2N —1. (2.20)

Lemma 2.5[6]. Let ¢(x), $(x) be a pair of scaling functions. Then ¢ (x), §(x) are biorthogonal if and only
if

Y PE-DFE-D=1 aecfceR

AEN
3. Propertiesof biorthogonal wavelet packets
In this section, we characterize the biorthogonality property of the nonuniform wavelet packets by means of
Fourier transform.
Lemma 3.1. Assume that wg, @, € L?’(R), 1 < q <2N —1 are a pair of biorthogonal nonuniform

wavelets associated with a pair of biorthogonal scaling functions w, and @,. Then, we have
2N-1
z hp((ZN)‘1(§' + 27o)) flq((ZN)‘l(E +2n0)) = 6pq, 0 < pqg <2N-—1. (3.1)
=0

Proof. By using equations (2.9)—(2.13), (2.19), (2.20) and Lemma 2.5, we obtain
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Spa= ) @p§ +2m0) By G + 27D

AEA
= > (@A + 270) Bo(@N) 7§ + 270)
AEN
X &((2N)~1(€ + 2mA)) hy((2N)~1(¢ + 21A))
2N-1
- z hy, (2N)(E + 210)) g (2ZN) (¢ + 270))
o=0
x z Bo((2N)"1(E + 2100) + 272) Bo((2ZN)~1(€ + 270) + 27A)
AN-1 A€EN
= D (@) +210)) Ry (@) + 210) o
o=0

Theorem 3.2. Suppose {w,(x) : n = 0} and {®,(x) : n = 0} are nonuniform wavelet packets with respect
to a pair of biorthogonal scaling functions wq(x) and @y (x), respectively. Then, forn > 0, we have

(wn(), @p(.=2)) =602, A EA. (3.2)

Proof. We prove this result by using induction on n. It follows from (2.9) and (2.12) that the claim is true for
n=0adn = 1,2,...,2N — 1. Assume that (3.2) holds when n < [, where £ > 0. Then, we prove the
result (3.2) for n = £. Ordern = q + 2Np, wherep = 0, 0 < g < 2N — landp < n. Therefore, by

induction assumption, we have

@p() @p(=D) =801 = Y @E-DFE-D =1, § ER
AEA

Using Proposition 2.4, Lemma 2.5, (2.19) and (2.20), we obtain

<(‘)n(-):5n(' _/1) ) = (&)\n(-): 511( _/1)>

= f @q+2Np(f) §q+2Np €3] eznilfdf
R

= th((ZN)—lf)&)p((ZN)—lf) Eq((ZN)_lf) (ﬁp((zN)—lf) e2miAE g
R

= Z f hq((ZN)—lf)é)\p((ZN)—lst) Eq((ZN)—lf) 5;;((21\’)_15) 2 4
AEN  2N([0,21]+2)

{ z 0,((2N)1E + 212)) B, (ZN) L€ + 27A))
2N[0,2m] L A1 EA
X he((2N)718) hy((2N)~18) e*™ g

he((2N)718) hy((2N)718) e?mMdg

2N[0,2m]
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2N-1

= z hy, (2N)"1(€ + 210)) hg((2N)71(§ + 210)) e2™H d¢
[0,2r] 0=0
= f el gs = 5, , -

[0,27]

Theorem 3. 3. Suppose {w, (x) : n = 0} and {@, (x) : n = 0} are nonuniform wavelet packets with respect

to a pair of biorthogonal scaling functions wq(x) and @, (x), respectively. Then, for p = 0, we have

(g, +2np (L)) Dgianp(-—A) ) =601 0,4, A ENO < q1,9, <2N—-1. (3.3)
Proof. By Lemma 2.5, we have

(wq1+2Np( D, Bg,+2nvp (- —A) )= <@q1+2Np(-), 8qz+2Np( =)

- f B 1209 (&) Baramy () 2T dE
R

= thl((ZN)_lf)é)\p((ZN)—lst) qu((ZN)—lf) 3,(2N)719) 2 4
R

— Y [ h 6,6 Ry ® 5@ e
AEN  ([0,2m]+2mA)

= 2N f Z &)\p(f -A) 5;;(5 -2) hq1 €3) qu ) e2mi(2N)AE g

[0,2m] A EA

= f hg, (2N)718) mezmagdf

2N[0,27]
2N-1
= j z hg, ((2N)"(€ + 210)) hy,((2N)71(§ + 2m0)) e?™ M dE
[0,2r] 0=0
N f 6‘11"12 eznilfdf = 60,/1 6‘]1.‘12 ' ]

[0,27]

Theorem 3.4. If {w,(x) : n = 0} and {@,(x) : n = 0} are basic nonuniform wavelet packets with respect to
a pair of biorthogonal scaling functions wg(x) and @, (x), respectively. Then, for £,n = 0, we have

(@(.), @n(.=A)) = 8pn B0z, A EN. (34)

Proof. For £ = n, the result (3.4) follows by Theorem 3.2. When ¥ #n, and0 <¥4,n <2N — 1, the
result (3.4) can be established from Theorem 3.3. Assuming that £ is not equal to n, and atleast one of {£, n}

does not lies in 0,1,..,2N — 1, then we can rewrite ¥,n as £ = q; + 2Np,, n = s; + 2Nry,
wherepy, 3 = 0, 0<¢qq, 51 < 2N — 1.
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Case 1. If p; = 1y, then g # s4. Therefore, Eq. (3.4) follows by virtue of (2.19), (2.20), Lemma 2.5 and
(3.1), i,
(w#( -); 6n( : _A) ) = (wq1+2Np1( -): 651+2N rl( : _A) )

= (a)\q1+2Np1( ¥ @ S$1+2N rl( =) )

= f &)\q1+2Np1(‘>;) 5s1+2Nr1 (f) eznmfdf
R

= fhm((ZN)_lf)&)pl((zN)_lf) 57,1((2]\])—1{)}'151((2]\])—1{) eZm’Afdf

R

=y f gy (@N) 1)@, (2N)1E) By, (ZN) 1)

AEN  2N([0,2m]+A)

X he,(@QN)T1E) e?miHdg

{ z @p, (NG + D) B, (CNTIE +2)
2N[0,2m] VA EA

X hy ((2N)718) hg ((2N)71§) e2mX g
2N-1

= f z hq, (2N)"1(E + 210)) h ((2N)"1(£ + 2m0)) e2™Hdg

[0,2r] 0=0

e?mAds =gy, =0,

[ s
[0,27]
Case 2. Ifp; # 1y, order p; = q, + 2N p,, 1y = S, + 2N 1y, where py, 1, = 0and0 < gy, s, < 2N —
1. If p, = 1y, then g, # s,. Similar to Case 1, (3.4) can be established. When p, # r,, we order p, =
qz + 2N p3, 7, = s3+ 2N 13, where p3, 73 = 0and 0 < g3, s3 < 2N — 1. Thus, after taking finite steps
(denoted by k), we obtain 0 < p,, 1, < 2N — land 0 < qy, s < 2N — 1. If p, = 7, then g, # 5.
Similar to the Case 1, (3.4) follows. If p,, # 7, then it gets from (2.9)—(2.12) that
(@, (), B (~D))=0, LEA & > B, (E-NB, E-D =0, § ER
AEA

Furthermore, we obtain

(wp (L), B (=) =(Dp(.), B (.=2))
= (aq1+2Np1(-): 551+2N rl( =) )

= f 6ql+2Np1 (f) 851_‘_21\] I (x) eZTl'l'ﬂ.fdé—
R
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= thl((ZN)‘lf) hq, (2N)728) @y, (2N) 7?8, (2N)728)
R

X ks ((2N)718) h,, ((2N)2§) e?™Mq¢

[ Traewr-to| @ ccm o5, @0 || [@moea
R =1 £=1

{]_[ hqf((zzvrff)} (@, (@N)O)5 (2N )}
AeN  @N)k([0,2m]+A) V=1
X m} ez’”"lfdf
Il

K

hq{,((ZN)‘{’f)}{ HS{,((ZN)‘f’f)}
1

{ K
(2N)¥[0,2m) M= =1

X {Z @pk((ZN)_K(f +/1))8rk((2N)—K(€ +/~{))} eznugdg

A EA
0. {n Ry, (2N)~2)
=1

4. The nonuniform biorthogonal wavelet packet bases of L2(R)

In this section, we will decompose subspaces V; ,17]- and W; ,VT/]- by constructing a series of subspaces of

_ e2miAS d¢ a

[ [#a(@m~%¢)

(2N)¥[0,2m) {f’=1

nonuniform wavelet packets. Furthermore, we present the direct decomposition for space L?(R).

Foranyn > 0, define

U, =span{w,(x —1): 1 €N }, (4.1

Then, we have Uy = Vp, Us = W,,1 < q < 2N — 1. Assume that {hq (2N)"1(E - /1))}21;:2 is a unitary

matrix.
Lemma4.1l. Forn = 0, the space DU,, can be decomposed into direct sum of Ugionn, 0 < g < 2N — 1,
ie.

DU, = (211!51 Uq+2Nn' (4.3)
where D is the dilation operator with respect to the dilation 2N.

Proof. First, we claim that

2N-1

DU =Gt f@ = ) ) b wganmG=D ) i <ewr @)

q=0 AeA 1EA
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As forany0 < q < 2N — 1, by (2.17) and (4.1), Wg42nn(x — A) € DU,,. Assume that f(x) € DU,, then

there exists a sequence {c;} 5 such that

f() =2Xaen 2 wp(2ZNx = 2). (4.5)
Further, if there exists a sequence {bj’ } 2en, 0 < g < 2N — 1, as for f(x) € DUy, such that
flx) = ZSIXEIZAE/\ bf wq+2Nn(x - A). (4.6)

Taking Fourier transform on the both sides of (4.5) and (4.6), respectively and by using (2.19), we obtain
f@) =m(@N)718) @p((2N)7HE) = 25507 9¢(Dhg(RN)TIE) 3, (2N)TIE),  (47)

where
m(&) = Taepcre 28, g, (&) = Tpepbf €724, 0 < g < 2N - L, €R.

The above result (4.7) follows if the following equality holds:
m((2N)718) = X285t g4 (e (2N)T1E). (4.8)

For any sequence {c;} 1ep, we will prove that there exists a sequence {b/‘{ } 0<qg=<2N-1

AeN’
such that (4.8) is satisfied. Moreover, Eq. (4.8) is equivalent to the following equation:

m(2N)(E ~ D) = 52451 g, (Ohy (@M E ~ 1), 0 <A< 2N—1  (49)
The solvability of Eq. (4.9) for every sequence {c;},cp follows from the fact that the matrix

{he(@N)H(§ = )}

applying Theorem 3.3, it follows that

0sAqs 2N_lis a unitary matrix (see [6, 7]). Hence, equality (4.4) follows. Furthermore,

{wgravn(x =2 n>0,0 < g< 2N—-1,1€A },
forms a Riesz basis of DU,,. ]

Similar to (4.3), we can establish the following result:
Up=Vo, Uy =W,,0<q<2N -1,

and
DU, = ®%" Ugrann: (4.10)

For £ €N, define T,= Zj;O(ZN ) u L= I, —Ty_;. In what follows, we will give the direct
decomposition of space L2 (R).

Theorem 4.2. The family of functions {w,,(x — 1) : n € T, A € A} constitutes Riesz basis of D*W,. In
particular, {w,(x — 1) : n =0, 1 € A} constitutes Riesz basis of L?(R).

Proof. By equation (4.3), we have DUy = @2Y;'U, ie. DUy = Uy@®;Y7"Uy. Since Uy =V, and Wy, =
@2 W,! = @2N1U,, then DU, =V, @ W. It can be inductively inferred from (4.3) that
DUy = DUy ®rer, U, LEN. (4.11)
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Since Vi1 =V, @ W;, j € Z, therefore, DUy = DUy @ D"'W,,¢ € N. It follows from (4.3) and
Proposition 2.4 that D*W, =@®ner, Upn and

L2(R) = Vo @ (Bezo DWo) = Up ® (Bes0 (Brer, Un)) =Bio Up.  (412)
In the light of Theorem 3.2, the family {w,(x — 1) : 2 € A} is a Riesz basis of DW,,. Moreover, according
to (4.12), the family {w, (x — 1) : n =0, 1 € A} forms a Riesz basis of L?(R). [

Corollary 4.3. For every £ € N, the family of functions
{@,(x—A1): nel,, A€}

forms a Riesz basis of D¢W,,.

Corollary 4.4. For every £ € N, the family of functions

[wn((ZN)fx - /1) : JEZNET,L1E A}
forms a Riesz basis of L?(R).
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