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Abstract. The conservative domain decomposition procedure for solving the variable coefficient diffusion
equation is presented. In this procedure, the fluxes at the interface of subdomains are properly defined, which
results in the unconditional stability of the procedure. Numerical results examining the stability, the second-
order accuracy of solution values aswell as fluxes, and parallelism of the procedure are also presented.
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1. Introduction

The diffusion eguation is a basic topic, for many equations include the diffusion term, such as Sobolev
eguation, convection diffusion equations, and so on. The sequent finite difference methods are considered
subject to such equations (see [8,9]). There is rich literature on paralel finite difference methods (see
[1,2,3,4,5,6,7]). Domain decomposition is a powerful tool for devising parallel methods to solve the diffusion
equation. The basic procedure of domain decomposition methods is to first decompose the domain into some
subdomains, then define the interface values of subdomains by explicit schemes and the inner values of
subdomains by implicit schemes. Once the interface values are available, the global problem is decoupled
and parallélization is achieved. Domain decomposition methods with unconditional stability are desired in
the application. However, most domain decomposition methods are conditionally stable . The major
difficulty devising domain decomposition methods with unconditional stability is defining the suitable
interface values of subdomains. It's also an issue to consider conservative domain decomposition methods,
for some diffusion problems have the conservation property. Conservative domain decomposition procedures
for the constant coefficient diffusion equation are considered in [1,3,6], in which the scheme in [1] is
unconditionally stable. The purpose of this paper is to present the conservative domain decomposition
procedure with unconditional stability for the following variable coefficient diffusion problem

U, ()~ (% DU, (x 1), =0, (xt)e 0.Dx(0.T], LY
U,(0,t)=U, (Lt)=0, te(0O,T], (1.2)
U(x,0)=U,(x), xe[01], (1.3
where a(X,t) issmooth enough and 0 < ax(X,t) < & . Define the flux
Q(xt) =—a(x,t)U, (X t). (1.4
Then (1.1) and (1.2) become as
U, +Q, =0, (xt)e (0,)x(0,T], (1.5
and
QOt)=Q(Lt)=0, te(O,T]. (1.6)

From (1.5) and (1.6), thereis
d e
— j Udx=0,
dt Jo

which expresses conservation of mass. For the above problem, giving the solution U and flux Q the same

second-order accuracy approximations, we consider the block-centered finite difference discretization.
The rest of this paper is organized as follows. In the next section, we present the domain decomposition
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procedure. In Section 3, we prove the unconditional stability. In Section 4, we examine numerically the
stahility, accuracy, and parallelism of the procedure. In the final section, we give a conclusion.

2. Domain Decomposition Scheme
Divide the domain [0,1] X[0,T] by aset of lines parallel to the X - and t -axes. The crossing points are
O=Xy, <Xy <+ <Xy =1

0=t<tl<...<tN =T.

Denote
" =t"—t"!, 1<n<N,
h =X, X4, 1Si<l,
x =dwe T hae gcjqy,
2
+ .
hwz:)ﬂu_x:%, 1<i<l -1
and

h=maxh, Z=minh, At=maxz".

Let f." be the discrete function on {(Xi,t”)} and f.7,, be the discrete function on {()ng,t”)} . Define the
difference operators

n n-1 n n n n
A f" :#, A, f" :M’ AfN, = firve— filua ’
4 I’]+1/2 h

and the discrete norms

117 IE= X (R, 7 IP=3 () h e

Denote U" =U (x,t"), Q",, =Q(X,,,,t") . And let u” and @, be the numerical approximations of

U" and Q",,. For simplicity, assume a decomposition of the domain [0,1]x[0,T] into two subdomains

[0,X]x[0,T] and [X,1]x[0,T], where X = X,,,,, for someinteger k, O<k <1 . It's easy to extend to the

case of multiple subdomains. Next we give the domain decomposition procedure.
Approximate the equation (1.5) by

AU'+AQ,,=0 1<i<lI. (2.1)
Enforce the boundary condition (1.6) by
,=0,=0 1<n<N, (2.2)
and the initial condition by
u=Uy(x), 1<i<l. (2.3)

| |
Sum for (2.1), by the boundary condition (2.2), there is z u' = Z u"", which simulates conservation of

1
i=1 i=1
mass. So, we call the scheme (2.1) conservative scheme.
We further define the approximating values of fluxes. For 1<i < | —1i #Kk, approximate Q", , by
Ohaz = —0h,A U (24

Suppose U and Q are smooth enough, it's easily get from the Taylor expansion that (2.1) and (2.4) have the
second-order truncation error O(h? + At) if At/ A? is any congtant. To define g, with the second-order
truncation error, from (1.4) and (1.5), we have
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Q(X.t") =[Q+7"QI(X,t") +O((z")’)
=[-oU, +7" (U, — U, )I(X,t") + O((z")*)
=[~(a+7"a)U, +7"aQ,] (X, ") + O((z")*)

=—a(X,t"U (X" )+ "a(X,t")Q, (X, t" ) + O((z")?).
Then,
Qk+]/2 ak+]/2A U i

+T”a” 12 k+3/2 kaz Qk+l/2 k yz
hk+1/2 h<+1 hk

+O(h? + =2+ hAt + (At)?).

(At)°
&

Thus, define ¢,;,, b
n n n-1
Oz = ~lsnoA Uy
n_,n n-1 n n n-1
T O (qk+3/2 ~ o _ Qa2 — Qk—uzJ (2.5)
N2 R h,

+

or

1+ h.fI}\;Jr1 ak+]/2 hl<+1/2 hl<+1 hk

qk+]/2 M{_Aﬂ'ls_l'i‘ " (qﬂ;i/z + ql?:]]_-/z J}
Now we get the domain decomposition procedure (2.1)-(2.5). Since qy,,,, is defined by the solution

values and fluxes in the former time level, we are able to identifying it with the Neumann boundary data of
subdomains. Substituting (2.4) into (2.1) and using (2.2), we get two digjoint systems of equations

=b", i=12 1<n<N,
in which
n n n n\T n n n n\T
Uy = (U, Uy, -, U0) " Uy = (U, U, U0,
n
n-1 Nl ,n-1 T n T
(u1 57 g Uy _EquZ) >
n
n-1 n-1 n-1\T
(uk+1 qk+ﬂ2’uk+2’”"ul—1’ul ) ’
e
and we have
n
dl _Cln
g d g
Al = . . ,
n
—61 dI?l - n—1
-6 dp
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d|?+1 G
_ele dl?+2 _Clr<1+2
Al = ,
_eln—l d|n—1 Cln—l
_qw dln
where
n Tna:ryz ; n n
c¢'=—"=i#kl, ¢ =¢' =0,
hh.y, |
n 2'0!_]/2
g = Jizlk+l € =€, =
hh_.. '
d"=1+c"+¢€".

Thus, the two systems of equations can be solved in parallel.

3. Unconditional stability

For the domain decomposition procedure presented in the previous section, we have the following
theorem of stability.
Theorem 3.1. Assume 7" <7" and At/#°=r , where r is any positive number. Then the procedure
(2.1)-(2.5) is L, stable, i.e.,

max [|u" | +aZIIIq I 7" <@+2r*a?) U P

n=1
To prove the result, we need the following lemma.
Lemma3.2. Let u, and V; bethe discrete functions defined on{x},i =0,1---,1 , then

z U (v i1 i) = _i (ui _ui—l)vi —UpVp +U, 4V,

Proof of Theorem 3.1 Multiplying (2.1) by u'h and summing up the resulting equations for
i=12---,] yields

leu”A u'h +Zu”A q,,h =0. 3.1)
Using lemma 3.2 and the boundary Ig(l)ndi'[ion (2.2), we get
2 U'A_qlyoh = —i Qa2 Wy, (32)
Noticing that - -
Zu“A = - )+ A @9

and substituting (3.3) and (3.2) into (3.1), we have

1 n n-. Tn n o n n

S U7 P =l P+ AT I =2 dlA uthg, =0, (34)
i=1

From the definition of g",,, and (2.1), we get

A=y
ai+1/2

and
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n_ n-1 n n
_A+uk - _A+uk -7 A+ (Aruk )
n n n n-1 n n-1
— Oksv2 + v (kaz — O3z + O — Qk—]JZJ
p .
ak+]]2 hI<+l/2 hk+1 hk

Hence, the last termin (3.4) is changed as

-1
n n
_Z qi +1/2A+ui h+]/2
i=1

n

:IZ_]j (q n ) h+]/2

i=1 0{i+112

+q 7" (q|?+3/2 — ql?:—;/Z + q|?71/2 — q;:]ljz
qk+1/2 h<+ 12
Mol N h,

5 n-1 n n-1
2;|||qn|||2+z-nqlr(1+y2( Okr32 — Okia2 n Ok-v2 — a2 J

hk+1 h(

Substitute the above equality into (3.4) to get
1 R w2y, T PR
u | =Jlu +—||Au
S U P =l P+ A |
- nen | Gsaz |, e
+E|”q |”2 +7 Qiy2 [M"'MJ

I1»<+l hk

n-1 n-1

< anlr(1+1/2 ( qu.<l:3/2 + QIR]JZ j
+1

" z' A
< ( 2h<+1 2h< j(qsz) 2h.<+1 (qk+3/2 ﬁ (qk—]1/2 2' (35

Denote

haa R

Tn n n 2
(2% 2hJ(qk+m) o —(O032)" hK(qk,m)-

Tn n n
F = ? || ATU” ”2 +an|?+y2 ( Ocia2 + qk—yzj

Rewrite (3.5) as

1 n n— n n
nUw IF=llu™ IF )+ _mqu|+F+2mﬂme) m(mwaz

(3.6)

e
2h<+1 k+3/2 th

By (2.1), put F inorder, we have

Tn n n n n
F= ? I A.u ”2 2h»<+1 (qk+3/2 qsz)z hk (qsz - qk—1/2)2
|

=L 3" (Aur)zh=0.
2 i3
izk,k+1

Multiplying (3.6) by 27" and summingon n=12,---,m for any m yields
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Jum [P [l If + zmq P+ E gy E e
= he h,
) (a)l (n) (e 2]-
From 7" < 7" for n>1, thereis
m 12 E S n2
o F = g«
2 2
<o+ T e, )+ E (e,

hk+1 hk

0 0 \? 2 0_ 0 \?
<fuelp+AD° [%2 Ueer —um] +(A”(as_m U —uk_lj
h h<+3/ 2 h hk—]/2

Al + 2O (0 vz (w0 ) (W0 + ()]

<(+2r252)|ue|p.

Thus, the theorem is proved.

4. Numerical results

In this section, we show numerical results examining the stability, accuracy and paralelism of the
domain decomposition procedure. Consider the problem

U, (%) = (e(x U (% 1)), = F(x1), (xt)e (0,)x(0,T], 4.1
U,(0,t)=U (Lt)=0, te (0T, (4.2)
U(x,0)=coszx, xe[0,1], (4.3

where a(x,t) =1+ € sinzx and f(xt) =72sin2zx. Thesolutionis U (x,t) =" cos(zx) .

4.1 The stability of the procedure

Consider the domain decomposition procedure on uniform mesh h=0.001 and 7" =At with two
subdomains 2, =[0,0.5]x[0,T] and Q, =[0.51]x[0,T] . We show the numerical results ||u" || for

r =10 and 100 in Table 1, and plot ||u" || versus t in Fig. 1. It can be seen that the L* -norm |Ju” |
doesn’'t occur blowing up even if r islarge enough. This explains the unconditional stability of the domain
decomposition procedure.
r=10 r =100

t n Ju” | tn Ju” Il

0.1 10000 2.63553e-01 0.1 1000 2.63467e-01

0.2 20000 9.82296e-02 0.2 2000 9.81735e-02

0.3 30000 3.66111e-02 0.3 3000 3.65837e-02

0.4 40000 1.36452e-02 0.4 4000 1.36333e-02

0.5 50000 5.08565e-03 0.5 5000 5.08565e-03

0.6 60000 1.89545e-03 0.6 6000 1.89350e-03

0.7 70000 7.06446e-04 0.7 7000 7.05677e-04

0.8 80000 2.63297e-04 0.8 8000 2.62997e-04

0.9 90000 9.81325e-05 0.9 9000 9.80160e-05

1.0 1000003.65750e-05 1.0 10000 3.65298e-05

Tablel. ||u" || versus t
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4.2 Theerrorsof solution values and fluxes

Denote
1/2

AU -U" L g =

N 2
2 lla"-QP "
n-1

L L L
[N 0.2 03 04 085 08 a7 o8 08
[

Fig. 1. ||u" || versust
To observe the accuracy of the domain decomposition procedure, we compute errors 77, and &, for
subsequent mesh refinements. Let 7" = At andr = At/ #* =1. We will look at the following three scenarios:

1. Fully implicit finite difference scheme on uniform mesh h.
2. Domain decomposition procedure on uniform mesh h with two subdomains €2, and €2,, where

Q, =[0,0.5]x[0,T] and Q, =[0.51x[0,T].

3. Domain decomposition procedure with two subdomains €, =[0,0.6]x[0,T] and
Q, =[0.6,1)]x[0,T]. Use uniform mesh for each subdomain. The coarsest mesh on €, and Q,
consist of 60 blocks and 50 blocks respectively. All subsequent mesh refinements are obtained by
halving the mesh. Denote 7/, to be the mesh spacing for subdomain Q. , i=12, then
h=max(%,,%,)=h, and At =h*=h3.

The errors i, of solutions at T =0.1 for Scenarios 1-3 are compared in Table 2. Three mesh
refinements were used. As can be seen in this table, the errors for each scenario are roughly of the
same order of magnitude, and the errors appear to be O(h*) in each case.

The errors g, of fluxesat T =0.1 are given in Table 3. We see virtualy the same phenomenain Table 3
asin Table 2. Theerrorsare al of roughly the same magnitude, and the converge rate is like O(h?).

Scenario 1 Scenario 2 Scenario 3
h™ M n,/ h?® N m/ h? N m,/ h?

100 1247e-04 125 1.107e-04 111 7.908e-05 .791
200 311905 1.25 2.943e-05 118 2.03%-05 .815
400 7.798e-06 1.25 7.577e-06 121 5.173e-06 .828

Table 2. Convergence of solution
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Scenario 1 Scenario 2 Scenario 3
h™ €, €,/ h? £, g,/ h? & &R

100 1.393e-04 1.39 1477e-04 147 9.460e-05 9.46
200 3483e-05 1.39 3.577e-05 143 2.342e-05 9.46
400 8.706e-06 1.39 8.816e-06 141 5.809e-06 9.30

Table 3. Convergence of flux

4.3 The parallelism of the procedure
The method has been implemented on the Nankai Star cluster system. In Table 4, we show running timings,

speed-up and errors 77, for different decompositions. The notation n refers to the domain decomposition

scheme with n subdomains, as well as the number of processors. When n=1, this represents the fully
implicit finite difference scheme, which is without the domain decomposition. T, refers to the total running

time with n processors. The speed-up of N processors is defined as S, =T, /T, . In these runs an uniform

mesh is used with h=1/10000. The time step 7" =At=10"°, and T =0.1. The Thomas algorithm is
used to solve the tridiagona systems on each subdomain.

The table shows that, for the test problem, the errors resulting from the domain decomposition algorithm
are slightly less than that from the fully implicit finite difference scheme, and they decrease with the increase
of the processors. This may be due to the fact that the rounding error in each subdomain decreases with the
increase of the number of subdomains. These results also indicate that the speed-up is dlightly better than
linear. Thus, the scheme is of high parallelism.

n nh Tn (SeC) Sn
1 9947e-07 126.44

2 8.229e-07 64.90 1.95
3 7.361le-07 49.33 2.56
4  6.495e-07 36.56 3.46

Table 4. The paralelism of the scheme
5. Conclusion

We have presented a conservative domain decomposition scheme with unconditional stability for
variable coefficient parabolic problems. The constructed scheme satisfies the discrete mass conservation.
The unconditional stability are proved. Numerical results demonstrate the unconditional stability, the second-
order accuracy to solution values as well as fluxes and high parallelism. The numerical results also show that
the errors resulting from the domain decomposition algorithm are less than that from the fully implicit finite
difference scheme, which is without the domain decomposition.
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