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Abstract. In this paper, we propose a smoothing Newton method to find the minimum norm solution of
linear program problems. By using the smoothing technique, we reformulate the problem as an unconstrained
minimization problem with a twice continuous differentiable objective function. The minimization of this
objective function can be carried out by the classical Newton-type method which is shown to be globally
convergence.
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1. Introduction

Consider the linear program in primal form
minc' x st. Ax=b,x>0 (1)
Together with its dual
maxb'A st. ATA<c ()
Where Ae Rmm,ce Rn, and be R™ are the given data, and A is assumed to have full row rank. Let us
denote the optimal value of the primal problem (1) by
inf(P) := {c"x| Ax=b, x> 0}
Throughout this manuscript, we assume
inf (P)e R 3)
This is equivalent to saying that the primal (and hence also the dual) linear program has a nonempty

solution set.
The aim of this paper is to find the minimum norm solution of the primal program (1), i.e., we want to

find the solution X of the program
.1 .
m1n§||X||2 st. Ax=b,c"'x=inf(P),x >0 (4)

Note that this problem has a unique solution under the assumption (3).Since the minimum norm
solution could be a vertex as well as a point belonging to the relative interior of the solution set, neither the
simplex method [1] nor the class of interior-point methods [2] will be assured to find the minimum norm
solution of (1).

The standard method for finding a minimum norm solution of a convex program is based on the
Tikhonov regularization[3]. Specialized to our linear program (1), the Tikhonov regularization generates a

sequence of iterates{xk} with X© being the unique solution of the regularized program
. &
mlnCTx+?k||x||2 st. Ax=b,x>0 %)

where £ >0 is a positive parameter and the sequence { &, } tends to zero. However, the Tikhonov

regularization is, in general, quite costly since it has to solve a sequence of quadratic programs. On the other
hand, due to special properties of linear programs, it is known that a solution of a single quadratic program (5)
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with a sufficiently small but positive parameter already gives a solution of (4). This follows from
Mangasarian and Meyer[[4],Corollary2].

To overcome this drawback, Kanzow, Qi and Qi [5] describes a new technique to solve problem (4),
their main idea is to reformulate the problem as an unconstrained minimization problem with a convex and
smooth objective function, a Newton-type method with global convergence was proposed. We note that
although the objective function in [5] is smooth and convex, it does not twice continuous differentiable, and
therefore the classical Newton method can’t be used. Based on the recently development of smoothing
function for complementarity problems, see, for examples [8,15,16,19], in this paper, we propose a
smoothing unconstrained optimization reformulation and a Newton method to find the solution of problem
(2). This reformulation provides a twice continuous differentiable objective function of the reformulation in
[5], we obtain the positive definite of the Hessian matrix of the objective function under certain conditions
and hence the classical Newton method can be used to solve the problem directly.

The organization of this paper is as follows. In Section 2, we give the smoothing unconstrained
optimization reformulation and some properties of the reformulation including the Newton method. The
numerical results are reported in Section 3.

A few words about our notation: We denote the n-dimensional real space by R". For a vector X€ R", we

writel] XU for its Euclidean norm, and X, or [X], for the vector max{O, X}, where the maximum is taken
componentwise, 1.e., X, is the projection of X onto the nonnegative orthant. The rows of a matrix B will be

denoted by B, where as we write b for the (i, ] ) th element of the matrix B.

2. Unconstrained Minimization Refor mulation
The following result is given in [6], which is essentially based on some related results given by
Mangasarian [7] and Mangasarian and Meyer[4].
Theorem 2.1 A vector X € R"is the minimum norm solution of the primal linear program (1) if and

only if there exists a positive number R>0 such that, for each = R, we have
* T A% _
X = I:A A rC]+
Where A denotes a solution of the nonlinear system

A[ A2 — rc]+ =b

Motivated by the characterization stated in Theorem 2.1, Kanzow, Qi and Qi [5] gave an unconstrained
minimization reformulation of problem (4) as follows:

min f(4)= %H[AT& —ml”2 -b'2, 4 eR" (6)

The objective function in (6) has the following property, the proof can be found in [5].
Lemma 2.1 The function f from (6) is convex and continuously differentiable with gradient:

Vi(4)=A[ A -rc| -b (7)

The lemma shows that X is the minimum norm solution of (1) if and only if ﬂ: is the stationary point of

problem (6). The objective function f is once but not twice continuously differentiable, [5] employed a
generalized Newton method to find the solution of problem (6).

In what follows, we consider reformulating the problem into a smoothing unconstrained optimization
and then employ the classical Newton to solve it. Firstly, we introduce the smoothing function used in this

paper. Define the step function
1 7if x >0
ol -,

0 if x <0

In the extensive neural network literature, the step function is very effectively approximated by the
sigmoid function

s(x &)= L >0

1+e’
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In this work we utilize the integral of the sigmoid function as an approximation to the plus function
(X)+ as follows:

X 1
(x), = p(x@)=]_s(y.e)d, = x+—log(l+e ™) (3)

For even moderate value of ¢, the function p(X, a) is a good approximation to the plus function. As
o approaches infinity, p(X, a) approaches (x) .. from above and remains continuously differentiable as

many times as we wish. Hence first order and second order gradient methods can be used to solve the
reformulated problem involving the p function. We treat ¢ as a parameter in the function p(.,Xx). Hence
when we say p’ or p'l, we mean the derivative or inverse of pwith respect to the first variable with the

parameter « fixed.
The basic properties of p(x,a) can be found in [8].

Lemma 2.2 The function of p( X, 0{) ,a > (0 has the following properties:

—aX

1. p( X, 0() is k-times continuously differentiable for any positive integer k, with p’( X, ) = ]
+e

ae*ax
(I+e ™)

2. p( X, ) is strictly convex and strictly increasing on R.

and P'(x,0) =

3. p(x,a)>X,, forall xe R.
_log2

4.max{p(x.a)-x}=p(0.a)

5.lim p(x,a)—x, =0, forallar >0 .

X

6. lim p(X,O() =X, , forallxe R.

o—>e0

7. p(X, 0!) € (0,00) for all Xe R x> 0 .The inverse function p_l is well defined for Xe€ (0,00).
8. p(x,) > p(x, B), forar < B,xe R.

This p function with a smoothing parameter ¢ is used here to replace the plus function of (6). Then we

can rewrite the unconstrained minimization problem as (9), whose objective function is twice continuously
differentiable.

f(A.) ::%H p(ATA, —rc),aHz —b'A,AeR" (9

Lemma 2.3 Combining lemma 2.1 and the property 2 of lemma 2.2, we know that the objective
function (9) is also convex.
In order to describe our Newton-type method we have to give the gradient and Hessian matrix of (9). For

the sake of writing conveniently in our calculating, we use Xinstead of A, , let

Ae Rmxn, ce Rn, and be Rm, the objective function (9) is the following form:
1 1 T
f(x)= ED A'x—rc+—log(l+e&* ") [ —b'x, xe R™
o

The gradient of f (x) as well as its Hessian matrix is described as follows:

t,

t2
VE(x)=All - . T-b
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VE()=VTT+)> TVT,
i=l
1

a(Y a%-rG+)+l
e i=1

1 T .
Where T(X) = A'X—rc+—log(l+e&***") andt; = ,i=L2,---n.
o

The calculate process is described as follows:

1 :
Let T(X) = A'X—rc+—log(1+€&***™), T(X) is a n dimensional vector
o

T(X)
T,(X
T(X)= 2,( ) (10)
T.(%)
Thus the objective function of (9) can be wrote as
1
f(x)=ETT(x)T(x)—bTx (11)
then Vf(X)=VT'T —b, we need to calculate VT first.
1 T
VT = A" +—Vlog(l+e&***) (12)
o
Viog(1+ g (AT
1 1 1
- all _— a21 e — am
(Y ax%-re+) (Y a%-re+) (Y a%-rg+)
e = e = e =
=-a : : : (13)
! ! Lo
a(ianx—rwl) " a(ian&—rcnﬂ) " a(ianx—rwl)
e = e = e =
tl
t
B 2 N AT
tn
with t, = — ! , ] =1,2,---n.Consider both (12) and (13), we can get
a(Y ax—rg++
e i=1
t1
t
VT =A"- . AT (14)

So the gradient of f(X) is
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T
tl
Vi(x)=| A" - b N A T-b
tn
t1
t
=All-| 7 T-b
tn
Now we compute the Hessian matrix of f (X).
T JT(X . IT(X
X, ox, ox,
Since VT (X) = : : :
IT,(X) dT,(X)  IT(X)
X, oX, ox,
S0 its transposition can be noted as
(X L) . IT(X)
o 0% 9%
VT () =| : :
MK MKW ALK
N, o X,
Using (16) and (17) we kwon
OT. 0T _0°T oT, aT 0T, n
T | cee
Z:(ax ax ' axf) Z:(ax2 ax ax1x2) Z:
V(VT'T)= : :
aT, 8T o°T, aT, 8T BQTi aT, E)T
Z(ax 8xn axxn) Z(ax2 axn axxn) le xnaxn
=VT'T+ ZTiWTi
=
—a[jznjl:ajixj—rc] |

z 1
T= 2 a; X, —rg +—log|1+e
j=1 o

As we know Vf(X)=VT'T —Db, so the Hessian matrix of f(X) is

VE(x)=VT'T+) TVT,.

i=1

271
(15)
(16)
(17)

BZT )

axlxrI

azTi where

Since we get the Hessian matrix of the objective function (9), our next theorem is supposed to prove

that it’s positive definite.

Theorem 2.2 Let assume the matrix A has row full rank, then the Hessian matrix of f (X)is positive

definite.
Proof The Hessian matrix of f (X) is the form of

JIC email for subscription: publishing@WAU.org.uk



272 Lina Zhang et.al. : A smoothing Newton method for the minimum norm solution of linear program

VE()=VTT+)> TVT,

i=1

m 1 a[iajixjrc]
where T, =Y a, X, —rc +—log|1+e "
j=1 @

n
It is obviously that VT'T is positive definite, thus we only need to prove Z:TiVZTi is at least positive
i=1
semidefinite.
We calculate VT, which is the form as we show next.

a; a;
a1 g a,
VT i: . I +— m (_a)e . I
. a ﬂl(Zajixj—rq) N
1+ =
Ay © Ay
_a(iajixj_rci) Rl
e ™ a,,
=1- _ :
_a(zajixj_rci)
. l+e 7 a,
a,;
_ 1 ay
_a(iajixj_rci) :
l+e - a,
Now we need to compute VZTi , which is necessary for our proof.
a
—a(ZaJ,xJ—rq)
I1+e *
&,
VT = V2 —a(Y ;% -16)
! l1+e ~
Ay
*a(zajixj*f‘%)
l1+e *
fa(zm:a,»ixifrq) ;8 ;a, ;&
_ ae " a,a; a,a, &,
= . ~
_a(zajixj_rci)
I+e 8,8 8uly  Bydy
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—a(zm:ajixj—rci) ali
oe * a,,
= - 5. (& Ay e ay)
_a(zajixj_rci) )
l+e - a,

We can easily find VZTi >0, consider the description of lemma 2.2 for all Xxe R, p(x,a) >X,,s0
p(X,a)>0.Now we can conclude Z:TiVQTi =0, 1ie. Z:TiVZTi is positive semidefinite. Then the
i=1 =l

Hessian matrix of f(X) is positive definite.
Since the Hessian matrix of f(X) is positive definite, we can use a Newton-type algorithm with an
Armijo stepsize. We next describe our Newton-type algorithm for the objective function f(4, ), which is refer

to the algorithm in [9].
Algorithm 2.1(Newton-type method)

(S.0) choose parameters 0 < e[1 1,8€ (0,1),0¢€ (0,0.5),cr>1,r>1, and a starting point .’ € R". Set
k:0.

(S.1) calculate g, = Vf(A),if[1g, [K&, stop, set A’ = A*.

(S.2) compute G, = Vv f (ﬂrk) , and solving the following linear system of equations to get the solution
d.:

Gd=-g,
(S.3) let M, is the smallest non-negative integers satisfying the under inequation.
f(A4+6Md,) < f(A4)+0odMg,d,
(S4) let B, =™, A =2+ Bd, . k=k+1,goto(S.1)

Considering the twice differentiability of the objective function of problem (9) as well as an Armijo
stepsize, our algorithm can be described as global quadratic convergence. The next work we’ll do is to show
this property of Algorithm 2.1.

Theorem 2.3 Let {lrk} be a sequence generated by Algorithm 2.1 and /1: " be the unique solution of
problem (9).
(i) The sequence {ﬂk

. } converges to the unique solution l:* from any initial point /Ir() inR".

(i1) For any initial point /lro , there exists an integer K such that the stepsize S, of Algorithm 2.1 equals 1 for

k >k and the sequence {/lk} converges to /1: " quadratically.

T

The proof is similar to the Theorem 3.2 in [10], we omit it here.

3. Numerical results

In this section we consider some numerical results obtained with the approach described in the previous
section. The Algorithm 2.1 were coded in MATLAB2013b and run on a PC with 2.50 GHz CPU processor.
We implement MATLABV2013b to solve the following two examples. In the numerical experiments, we

choose parameters 0=0.55, 0=0.4, X' is the minimum norm solution of the primal linear program (1),[1 g, [I

denotes the Euclidean norm of the gradient.
Examplel.
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max Z=2X+X,
3% +5X, <15
St.{6X +2X, <24

X, % =0

We choose the initial point A’ =(0,0)" and lete =1e—10.

Tab.1 Resultsfor Example 1

L

o r o X g, O
(0,0)" 10 1 (3.8160,0.6889)"  5.5140e-006
(0,0)" 10 21 (3.7500,0.7500)7  1.2946e-007
(0,0)" 10 41 (3.7500,0.7500)7  7.6528e-014
(0.0) 10 61 (3.7500,0.7500)" 0
(0,0)" 10 81 (3.7500,0.7500)" 0
(0,0)" 5 100 (3.7500,0.7500)"  1.1516e-014
(0,0)" 7 100 (3.7500,0.7500)"  3.5527e-015
(0.0) 13 100 (3.7500.0.7500)" 0
(0.0) 19 100 (3.7500,0.7500)" 0
(0,0)" 25 100 (3.7500,0.7500)" 0

Example2.

max Z=3X +2X, +2.9X,
8% +2X, +10x, <300
ot 10X +5X%, +8%, <400
2X +13x, +10%, <420

X, X, % 20

We choose the initial point 4’ =(0,0,0)" and lete =1e—20 .
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Tab.2 Resultsfor Example 2

] -

Ay r a x Ug, O
(0.0,0 25 1 (225371,23.1943,7.3356)" 3.0611¢-013
(0.0,07 26 38 (22.5333,23.2000,7.3333)" 8.0389¢-014
(0,0.0)) 29 75 (22.5333,23.2000,7.3333)" 1.9691¢-013
(0,0.0)" 29 112 (22.5333,23.2000,7.3333)" 1.3924¢-013
(0,0,0)) 29 149 (22.5333,23.2000,7.3333)" 8.0389¢-014
(0,0,0)) 22 100 (22.5333,23.2000,7.3333)" 0
(0,0,0)" 24 100 (22.5333,23.2000,7.3333)" 0
(0,0.0)) 26 100 (22.5333,23.2000,7.3333)" 0
(0,0.0)" 28 100 (22.5333,23.2000,7.3333)" 1.9691e-013
(0,0,0)) 29 100 (22.5333,23.2000,7.3333)" 8.0389¢-014

In summary, the results from tablel and table2 show that the performance of our smoothing method is
quite effective. The parameter r and the smoothing parameter ¢ effects our results as they changed.
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