I SSN 1746-7659, England, UK
Journal of Information and Computing Science
Voal. 9, No. 4, 2014, pp. 310-320

World Academic Union

J ACADEMIC]

| dentification of the unknown diffusion coefficient in a parabolic
equation using HPM

F. Parzlivand and A. M. Shahrezaee

Department of Mathematics, Alzahra University, Vanak, Post Code 19834, Tehran, Iran
(Received September 19, 2014, accepted October 20, 2014)

Abstract. In this paper, the homotopy perturbation method (HPM) is proposed to solve an inverse problem
of finding an unknown function in parabolic equation with an extra measurement. For solving the discussed
inverse problem, at first we transform it’s into a nonlinear direct problem then uses the proposed method.
Also an error analysis is presented for the method and prior and posterior error bounds of the approximate
solution are estimated. Application of the HPM to this problem shows the rapid convergence of the sequence
constructed by this method to the exact solution.
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1. Introduction

The homotopy perturbation method was first proposed by the Chinese mathematician Ji-Huan He [1-5].
The method has been used by many authors to handle a wide variety of scientific and engineering
applications to solve various functional equations. In this method, the solution is considered as the sum of an
infinite series, which converges rapidly to accurate solutions. One of the most remarkable features of the
HPM is that usually just few perturbation terms are sufficient for obtaining a reasonably accurate solution.
Considerable research works have been conducted recently in applying this method to a class of linear and
nonlinear equations. This method was further developed and improved by He, and applied to nonlinear
oscillators with discontinuities [5], nonlinear wave equations [6], boundary value problems [7], limit cycle
and bifurcation of nonlinear problems [8], nonlinear Schrodinger equations [9], nonlinear equations arising
in heat transfer [10] quadratic Ricatti differential equation [11] Klein-Gordon equation [12] and Blasius
eguation [13].

In this paper, we propose HPM to solve the inverse problem of finding the function u(x,t) and the

unknown positive diffusion coefficient a(t) in the parabolic initial-boundary value problem as following:

u, =a(t)u,, + p(t)u+g(xt); O<x<1, O<t<T, (1)
subject to theinitial and boundary conditions:
u(x,0) = u,(x); 0<x<1, 2
u(0,t) = g, (t); 0<t<T, (3)
u(L, t) = g,(t); 0<t<T, 4

where T >0 and g, p, Uy, g, and g, are known functions.
An additional boundary condition which can be the additional specification at a point in the spatial domain
(temperature additional specification), is given in the following form:

u(x’,t) = E(b); 0<t<T, (5)
where E is known function and X" € (0,1) is constant. Employing the condition (5), a recovery of the
function a(t) together with the solution u(x,t) can be made possible.

Therefore in this study, we solve the inverse problem (1)-(5).

Certain types of physical problems can be modeled by (1)-(5). Asis said in [18], one application isin the
determination of the unknown properties in a region by measuring only data on the boundary and particular
attention has been focused to coefficients that present physica meaning quantities. For example, the

conductivity of amedium.
The existence and unigueness of the solution of this problem and more applications are discussed in
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[14-17]. However, the theory of the numerical solution of this problem is far from satisfactory. In [18], a
backward Euler finite difference scheme was discussed. Authors of [19] proved the determination of atime-

dependent conductivity is possible for an arbitrary domain in U "ina well-posed manner. In [20], this
problem was studied from a different point of view. The authors first transformed a large class of parabolic
inverse problems into a non-classical parabolic equation whose coefficients consist of trace type functional
on the solution and its derivatives subject to some initial and boundary conditions. For the resulted non-
classical problem, they introduced a variational form by defining a new function, then both continuous and
discrete Galerkin procedures are employed to the non-classical problem. Author of [21] used the severa
explicit and implicit finite difference methods to solve this problem. In [22], an efficient pseudospectral
Legendre method is developed to solve problem (1)-(5). Also, a method is proposed in [23] to solve this
problem which is based on a semi-analytical approach. In [24], the numerical solution is also considered by
use of Chebyshev cardinal functions. This problem is solved by a high-order compact finite difference
method in [25].

2. Homotopy perturbation method
Toillustrate the basic idea of this method [1-13], we consider the following nonlinear differential equation:

A()-f(r)=0; reQ. (6)
Considering the boundary condition of:
B(u,a—u) =0, reT, (7
on

where A isagenera differential operator, B aboundary operator, f (r) aknown analytical functionand I"

is the boundary of the domain Qc1%: d=1,2,3. Generally speaking, the operator A can be divided

into two parts which are Land N , where L is a smple part which is easy to handle and N contains the
remaining parts of A . Therefore equation (6) can be rewritten as follows:

L(u) + N(u) —f(r) =0. (8)
Using the homotopy technique, we construct a homotopy as V(r,p) : Qx[0,1] — [ which satisfies:
H(v,p) = A= p)[L(V) - L(up)] +p[AV) -f(N]=0;  pe[01], (9)
or

H(v,p) =L(V) - L(up) + pL(up) + p[IN(V) -f(N]=0;  pe[01], (10)

where p isan embedding parameter and U, is an initial approximation of equation (6). Clearly, we have:
H(v,0)=L(v)-L(u,) =0, (11)
H(v,)=AV)-f(r)=0. (12)

The changing process of p from zero to unity isjust that of v(r,p) from u,(r) to u(r). In topology, this

is called deformation, and L(v)—L(u,) and A(v)— f(r) are called homotopy. According to HPM, we can
first use the embedding parameter p as a “small parameter” and assume that the solution of equations (9)
and (10) can be written as a power seriesin p:

V=U,+ pu, + p°U, +.... (13)
Setting p =1 results the approximate solution of equation (6):
u=|irqv=uo+u1+u2+.... (14)
P

For nonlinear term N in equation (8), we can write:

N(v) = N(uo)+ pN(UO,U1)+--- = i pnN(uo’U11"'1un)’ (15)

n=0

where N(u,,u,,---,u,) iscaled He's polynomial [26] defined by:
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l dn oo
= N pU) po- (16)

N(u ,u’...’un e
(U e ) = NG

3. Convergence analysisand error bound of HPM

In this section, the sufficient conditions are presented to guarantee the convergence of HPM when applied
to solve the differential equations. Also, an error analysisis presented for the method and prior and posterior
error bounds of the approximate solution are estimated.

3.1. Convergence analysis
Theorem 1. Let (X,].|,) and (Y,|],) be Banach space and T : X —Y is a nonlinear mapping and suppose
that:
[TVI-TY|, < y|v—-¥];  wve X,
for some constant ¥ <1. Then, T hasaunique fixed point u, that is T[u] = u.
The sequence generated by the homotopy perturbation method will be regarded as[27]:

n-1
Vn:T[Vn—l]’ Vn—l:zui’ n21,2,3,...,
i=0

and suppose that V, =u, e B, (u) where B, (u)={u’ e X| Hu—u*H1 <r}, then we have the following
statements:

() [Vo = v, < 7" uo -l

(i) V., € B, (u),

(i) limV, = u.

Proof. See [27].

According to the above theorem, a sufficient condition for the convergence of the variationa iteration
method is strictly contraction of T .

3.1. Approximation error

In the following theorem we introduce an estimation of the error of the approximate solution of problem (6)
and prior and posterior error bounds of the approximate solution are estimated. The prior error bound can be
used at the beginning of a calculation for estimating the number of steps necessary to obtain a given accuracy
and the posterior error bound can be used at intermediate stages or at the end of a calculation.

Theorem 2. Under the conditions of Theorem 1, the prior and the posterior estimates can obtain as:

Ju-Val, Slf—ylM—uolll, (17

Ju=Val, Sﬁll\/n “Vaaly. (18)

Also, if suppose that T[0] = Othen the error of the approximate solution V, to problem (6) can be
obtained as follows:

Ju=Va, <

1+y
el 19

Pr oof:
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Nn+1 _Vn

i < ||T[Vn] _T[\/n—l]”Z < 4 Nn _Vn—l |1
< 7/2 ||Vn—1 _Vn—2||1

<y ”V1 _Vo”l =7 ”Vl - u0||1 .

Therefore for any m> n, we have:
Vo =Valh < Vo Vol + Vs =Vi ol +-- Vs Vil

m- — n n 1- mn
<SG M-t = 7 1_7y IV, — .
Since0 < y <1, in the numerator, we have,1— ™" < 1. Consequently,
Y .
Mool <3 Ma—tlyi o m>n, (20)

The first statement follows from (20) by using Theorem 1, as m— . We derive (8). Taking n=1
and writing Vv, for u,and v, for V,, we have from (17):

M-u, < 1T7/7||V1 ~Vg,

Setting v, =V, ,, wehave v, = Alv,] =V, and obtain (9).
Also, we have:
V= o, < [ ALVo] Vo, <[AIVol], + Vol
We can write:
| AVl = [ALVol - AL0], < 7[[Vel,

Therefore:

Vs =], <2+ 7] (21)

From Theorem 1, as m— o, then V., — U and by using (20)-(21), inequality (19) can be obtained.

4. Theapplication of HPM in an inver se problem

In this section the application of the HPM is discussed for solving the discussed problem. To use the
HPM for solving the problem (1)-(5), at first we use the following transformation.

4.1. Theemployed transformation
By differentiation with respect to the variable tin the equation (5) and using the resulting equation, one
obtains:

U, (X", t)
provided that u, (x",t) # Ofor any te [0, T]. Assuming F (t) = E'(t) - p(t) —g(x", 1) , the inverse parabolic
problem (1)-(5) is equivalent to the following nonlinear parabolic egquation:

(22)

=Lt*)uxx+ pt)u+g(xt); O<x<1 O<t<T, (23)
U, (X", t)

u(x,0) = u,(x); 0<x<1], (24)

u(0,t) = g, (t); 0<t<T, (25)

u@,t) = g,(); O<t<T, (26)
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Therefore, for solving the inverse problem (1)-(5), we shall investigate the nonlinear direct problem (23)-
(26).

4.2. HPM solutions
In order to solve equations (23)-(26) by HPM, we choose the initial approximation, L(u) and N(u) as

following:
F(©)

ou
U, (X, t) = u(x,0) = u,(x), L(u)=—, N(u)=-———7—u t)u. 2
o (X, 1) =u(x,0) = Uy(x) (u) o (u) L - p(t) (27)
And from equations (10) and (15) construct the following homotopy:
ov du,
———+p—+ N(ug, Uy,....,u,)—a(x,t)] =0. 28
Er— |oat p[nZ(])p(“ )=g(x,0)] (28)
Assume the solution of equation (28) in the form:
V=U,+ pu, + p°U, +.... (29)
Substituting (29) into equation (28) and collecting terms of the same power of p gives:
0. Mo % _ (30)
ot ot
1 oy,  du,
: —2+—+N(u x,t) =0, 31
ot HNUo) gk b= (31)
. aut“ U,enU)=0,  n>2. 32)

The above partia differential equations must be supplemented by conditions ensuring a uniqueness of
the solution. For equation (31) we assume the following conditions:

Uy O,t)+ U O, H)= Y ), (33)

U (1, 1) +uy (1, 1) = g, (1), (34)
while for equation (32) conditions arein the form (n> 2):

u,(0,t)+u, (Lt)=0. (35)

We can start with u,(X,t) =u,(X) and all the equations above can be easily solved, we get all the
solutions. The solution of (23)-(26) can be obtained by setting p =1 in equation (29):

U=Uy+U+U,+.... (36)

5. Test examples

In this section, the theoretical considerations introduced in the previous sections will be illustrated with some
examples. For all of the three examples, the true solutions are available.

Example 1. We solve the problem (1)-(5) withT =1, p(t) =0, g(X,t) =0 and with the following initial,
boundary and extra measurement conditions [21, 24, 25]:

3 3
“Zt - +sinC). 6,0 = ﬁe“z

Uy (X) = exp( ) 9t = +sm( ))

1+ 2t3

E(t) =1. 13315( + Sln(lz)) and X" =0.25 for which the true solution is

t
3 2[6t%+ (1+1t%)? cos(=)]
U, 1) = eXp)C- -2+ S a() = 2

(L )14 2t%+ (1+ %) § n(tz)] |

3
Itiseasy toseethat U, (X, t)—— p(ﬁ)(ll—FZtt3

+sin(t§))¢0for any X>0 and t>0. Asthe
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initial approximation U, the function that satisfies the initial condition is taken:

U, 8) = Up() = expC)
From equations (31), (33) and (34), we have:

oy
5 N(u,) =0,
. (u,)

1+2t2 . ot
u,(0,t) = +sin(=) -
1( ) 1+t3 (2) 11
1+2t° .t X
uLt) =+e +sin(—=)) —exp(—=).
(L 1) ( e (2)) p(z)
By using the above eguations and from equation (16), we obtain:
x, 1+2t2 . ot X
U, (X, t) = exp(—= +3n(—)) —exp(—).
L(x,1) = ep()( 5 +Sin) —exp()
In next step, the functions u, (X,t); N =2 are determined recursively by solving the equation (32) with
boundary conditions (35). Finally we obtain:
u,(x,t) =0; n>2.
Thus from (36), we have:

e X, 1+2t° .t
ux,t)= > u (x,t) =exp(—= +sin(—)),
(x,1) Z; 2 (X, 1) |D(2)(1th3 (2))
which is the exact solution of the problem. Knowing the exactu(x,t), from equation (22), we can easily
determine the function describing the diffusion coefficient:

A6+ (1+1°)° cos(L)]
a(t) = 2

(L )1+ 2%+ (1+ t3)sin(t2)]

which is equal to the exact a(t) of this example. Authors of [21, 24, 25] used the numerical methods to

solve this problem and achieved the approximation solution at mesh point only while the HPM provide the
solution in aclosed form.

Example 2. Asthe second example, consider (1)-(5) with [25]:
Uy (X) = cos(x) , g, (t) =exp(t), g,(t) =exp(t)cos(1) , p(t) =0, g(x,t) = (3+cos(x)) exp(t) cos(x)

E(t) = exp(t) cos(g) T=1,and X = g. The true solution i U(X, t) = exp(t) cos(x) and

a(t) = 2+ cos(t) . We can seethat u, (x",t) #0.
Astheinitial approximation u, we assume the function satisfying theinitial condition:
Uy (X, 1) = cos(x)

Solving now equation (31) with boundary conditions (equation (33) and equation (34)) and by using
eguation (16) we determine:;

u, (x, t) = exp(t) cos(x) — cos(x).

The functions u,(X,t); N =2 are determined recursively by solving the equation (32) with boundary
conditions (35). Finally we obtain:

u,(x,t)=0; n>2.

Thus from (36), we have:

u(x,t) = i u, (X, t) =exp(t) cos(x),
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which is the exact solution of the problem. Knowing the exactu(x,t), from equation (22), we can easily
determine the function describing the diffusion coefficient:

a(t) = 2+ cos(t)
which is equal to the exact a(t) of this example.

Example 3. For this example, we solve the problem (1)-(5) with:
Up(X) =exp(=x) + X, Go() =1, g;(t) =exp(-1t) +exp(-1), p(t)=-1, g(x,t)=0

E(t) = exp(—0.25) + 0.25exp(—1t), T =1, and X" = % The true solution is

u(x, t) = exp(— x) + xexp(—t) while a(t) =1.
We can see that:
u, (X t)=exp(-x")#0  Vte[o,1].
Astheinitial approximation u, we assume the function satisfying the initial condition:
Uy (X, ©) = U (X) = exp(=X) + X

Solving now equation (31) with boundary conditions (equation (33) and equation (34)) and by using
equation (16) we determine:

u (X, t) =—xt.

The functions u,,(X,t); N =2 are determined recursively by solving the equation (32) with boundary

conditions (35). Finally we obtain:
2

t
u,(x,t) =x—,
,(X, 1) 5

t3
u3(x,t):—x§,

t4
u4(x,t):xz,

tn
u,(x,t) =x(-9" —.
n!
We known that
t? " :
(-t +E +..+(=D" —I) isthe nth order Taylor seriesof exp(—t) . Thus from (36), we have:
n!

UOG D) = DU, (%, ) =exp(—X) + Xexp(~1),

n=0

which is the exact solution of the problem. Knowing the exact u(x,t), from equation (22), we can easily
determine the function describing the diffusion coefficient:

a(t) =1,
which is equal to the exact a(t) of this example.

Example 4. In the next example, we assume:
Uy (X) = exp(x), go(t) =exp(t), g,(t) =exp(t+1), p(t) =-t, g(x,t) = exp(x+1)
E(t) =exp(0.5+1t), T=1,and X =0.5. Thetrue solution is u(X, t) = exp(x+t) while a(t) =t.

We can seethat u (X", t) # 0. Astheinitial approximation u,we assume the function satisfying
theinitial condition:

Uy (X, 1) = exp(x).
Preceding the steps as in the previous example, we can obtain:

JIC email for contribution: editor@jic.org.uk



Journal of Information and Computing Science, Vol. 9 (2014) No. 4, pp 310-320 317

U (x,) =t exp(EXP() - 20,
U, (X, t) = exp(X)(—t’exp(t) —ét4+ 2texp(t) — 2exp(t) + 2),

U, (X, ) = exp(X)(12+ t’exp(t) —%tz exp(t) + 12 texp(t) —12exp(t) — t%%te).

Using the first four computed terms, the approximate solution U isgiven by:

D, (X, 1) =u, (X, t) +u (X, 1) +u, (X, t) + Uy (X, t).

The absolute error between the approximate solution and the exact solution is reported in Table 1. We
must state here that in practice al term of the series in (36) cannot be determined for this example and the
approximations @ (x,t) of u(x,t) will be approximated by series of the form:

D (x,1) :Zn:ui (x,1).

From (22), one can obtain the n-order approximation of a(t) by:

__FO®
0= D, (X", 1)

The rest of the terms are obtained using the Maple Package. The obtained numerical results are
summarized in Tables 2 and 3. From these results, we conclude that the HPM for this example gives
remarkable accuracy in comparison with the exact solution. The numerical behaviour of the error between
the exact solution and the solution obtained by HPM is shown in Figure 1.

Tablel. The absolute errors of @, for Example 4.

(x/ t) 0.0 0.2 0.4 06 0.8 1.0

0.0 0.0 1280E-6  1.745E-5  2162E-4  2515E-3  1272E-2
0.2 0.0 1593E-6  2132E-5  3862E-4  3072E-3  1558E-2
0.4 0.0 1890E-6  2205E-5  4717E-4  3752E-3  1903E-2
0.6 0.0 2421E-6  3180E-5 5762E-4  4583E-3  2.324E-2
0.8 0.0 2787E-6  3884E-5  7.038E-4  5598E-3  2839E-2
1.0 0.0 3510E-6  4745E-5  8596E-4  6.838E-3  2.467E-2

Table2. Absolute error |u(X,1) —®, (X,1) | for Example 4.

X Exact n=4 n=6 n=8
solution

0.0 2.71828 1.374E-3 2.022 E-5 3.489 E-8
0.2 3.32011 1.697E-3 1.187 E-5 5.595 E-8
0.4 4.05519 2.051E-3 1.379 E-5 7.052 E-8
0.6 4.95303 2.505E-3 2.015E-5 3.276 E-8
0.8 6.04946 3.060E-3 2.381 E-5 1.789 E-8
1.0 7.38905 2.737E-3 3.257 E-5 1.868 E-8

Table3. Absolute error | a(t) —a, (t) | for Example 4.

t Exact n=4 n==6 n=8
solution

0.0 0.0 0.0 0.00 0.00

0.2 0.2 1.451E-3 1.156 E-5 2.600 E-8
0.4 0.4 3.100E-3 1.176 E-4 7.180 E-8
0.6 0.6 3.871E-3 2.549 E-4 4,105 E-8
0.8 0.8 1.201E-3 4,237 E-4 6.278 E-8
1.0 1.0 2.093E-3 1.520 E-4 5.060 E-8
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a) Graph of |u(X,t) —Dy(X,t)]. b) Graph of |a(t) —a,(t) |.
Figurel. Graph of absolute error for Example 4.

6. Conclusion

In this paper an application of the homotopy perturbation method for the solution of an inverse parabolic
problem is presented. Comparisons with the exact solution reveal that HPM is simple, efficient and reliable.
The main advantage of the method isthat HPM is capable of greatly reducing the size of computational work
while still maintaining high accuracy of the numerical solution. Implementation of this method is easy and
straightforward. Also, the HPM solve the problem without any discretization of the variables, therefore is
free from rounding off errors in computational process. The examples presented in the paper confirm utility
of the homotopy perturbation method for solving the discussed problem.
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