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Abstract. In this paper we give new perturbation analysis of generalized singular val-
ues of Grassmann matrix pairs with arbitrary permutation from a new perspective.
The new explicit expressions of the chordal metric between generalized singular val-
ues of Grassmann matrix pairs with arbitrary permutation are presented, which result
in only two small-size singular value decompositions to evaluate. The proposed re-
sults are generalizations of several results on bounds on perturbation of generalized
singular values.
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1 Introduction

The generalized singular value decomposition (GSVD) for a matrix pair of two matri-
ces with the same number of columns was proposed by Van Loan in 1976 [1]. Numerical
methods and perturbation analysis of GSVD have been well developed, see [2-7]. Zha [8]
proposed a generalized SVD for matrix triplets. Stewart [9] and Van Loan [10] proposed
two algorithms for computing the GSVD. Sun [11] presented the Hoffman-Wielandt the-
orem for the generalized singular values (GSVs) of Grassman matrix pairs and gave
bounds on perturbations of GSVs, which generalized several well-known results for the
standard singular value problem. Li [12] presented several perturbation bounds of GSVs
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and its associated subspace. Xu et al. [13] provided the explicit expression and sharper
bounds of the chordal metric between generalized singular values of Grassmann matrix
pairs. We note that in these papers theoretical existence of chordal metric between gen-
eralized singular values of Grassmann matrix pairs with the permutation are discussed
more.

In this paper, from a computable and practical perspective, we will analyze the calcu-
lation formula and model of the chordal metric between the generalized singular values
of Grassmann matrix pairs with arbitrary permutations, and subsequently design an ef-
ficient algorithm. The proposed results can theoretically be considered generalizations
of several findings regarding bounds on the perturbation of generalized singular values
presented in [12,14]. They can be further well applied to comparative analysis of gene
mRNA expression data [15] and other aspects in applications.

1.1 Notation

Throughout this paper we always use the following notations and definitions. i denotes
imaginary unit v—1. R, C, R", C"™*" and U, are the sets of real numbers, complex
numbers, n-dimensional real vectors, m x n complex matrices and n X n unitary matrices,
respectively. |-|, Jm(-) and Re(-) stand for absolute value, imaginary part and real part of
a complex number, respectively. The symbols I,, and Oy, stand for the identity matrix of
order n and m X n zero matrix, respectively. For a square matrix AcC"*", A AT AH A1)
det(A), tr(A) denote the conjugate, transpose, conjugate transpose, inverse, determinant
and trace, respectively. By ||-||> we denote the spectral norm of a matrix, and by sin(-) and
cos(-) we denote sin and cos functions, respectively. ¢ stands for cosx+sink for angle
k. The singular value set of A is denoted by 0(A). For given matrices A, B € C"*", the
notation A < (<)B indicates that B— A is a positive (semi-)definite matrix. The conjugate
of a number ¢ € C is denoted by c¢*. diag(0, ..., 0, 1, 0, ..., 0) € C"*™ denotes m-order
diagonal matrices with the kth row and kth column element being 1 and the remaining
main diagonal elements being zero. For a matrix A €C"*", we denote the singular values
by 01(A) > 02(A) > --- >0,(A) >0, arranged in decreasing order. We denote a(b) by a or
b. Let X, Y € C"*"(m > n) both have full column rank 7, and define the angle ©(X, Y)
between X and Y as [16]

O(X,Y)=arccos((XHX)"V2xHy (YHy) IyHx(xHX)"1/2)~1/2 >,

Definition 1.1. [17] Let A € C"*" and B € CP*". A matrix pair {A, B} is an (m, p, n)
Grassman matrix pair (GMP) if rank (AT, BT)T =n.

Definition 1.2. [17] Let {A, B} be an (m, p, n)-GMP. A nonnegative number-pair («, )
is a GSV of the GMP { A, B} if

(a, B)=(VA, \/1), where (A, ) € A(AR A, BB) and A, u>0.



New Perturbation Analysis of Generalized Singular Values of Grassmann Matrix Pairs 17

The set of GSV of {A, B} is denoted by ¢{A, B}, where
o{A, B}={(a, B) #(0, 0) |det(B? A" A—a*B"B) =0, a, >0}.

Evidently, for GSVD it has several formulations in the literature. In this paper we
adopt the following form as in [10,15,18].

Definition 1.3. [17] Let {A, B} be an (m, p, n)-GMP. Then there exists unitary matrices
UeC™ ™, VeCP*P, and a nonsingular matrix R € C"*" such that

UPAR=X,, VIBR=X3, (1.1)

A (@)
Ya= < >, Xp= < (prtr=m)xr >, (1.2)
O(mfrfs)x(nfrfs) QO

where O, _r_s)x (n—r—s) and O(p ., _)x, are zero matrices, and

A=diag(ai, ..., arts), Q=diag(Br+1, ..., Bn),

with
l=ty=-=0,>0, 112 2015 >0 51 =" =0, =0,

0251:"':,Br<,37+1S"'S,Br+s<,37+s+1:"':,8n: ’

and
W4 pi=1,1<i<n.

According to [10-12,19], we use the chordal metric on the Riemann sphere to measure
the difference between two GSVs. The pair («, f) can be regarded as a point in Gauss
plane %3(1, 1). For two points («, 8) # (0, 0), (v, 6) # (0, 0) in Gauss plane (1, 1), their
chordal distance is defined by

lad— B
V(@ +1BR) (7P +161%)

which measures the difference between two points («, ) and (v, ¢). Next, we outline
some definitions related to GSVD. Readers may refer to [2,12,19] for these definitions.
In order to give the perturbation bound of GSVs of GMPs, in [19] the authors use the
distance of two points Z and Z in the Grassmann manifold ‘B(N, 1) (N >n), as follows:

iz, 2)2{1— [det(Z7Z)P }2. (1.4)
det(ZHZ)det(Z17)

o((a, B), (7,6))= (1.3)

The following theorems are basic and known in [2,19]. Throughout this paper, {A, B}
and {C, D} are always reserved two (m, p, n)-GMPs. The following results [19] provide
perturbation bounds based on the chordal metric of GSVs.
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Theorem 1.1. [12] Let {A, B}, {C, D} be two (m, p, n)-GMPs and let 0{ A, B} ={(a;, Bi) }I 4
and c{C, D} ={(&;, B;)}!_,. Then there exists a permutation 7 of {1, 2, ..., n} such that

max p((ai, Bi), (&r(i), Br(i))) < |sinO(Z, Z) |2,

1<i<n
A -~ C
=(5)2-(5)

and p((a, Bi), (&, Bi)) is given by (1.3) and d(Z, Z) is defined by (1.4).

where

Theorem 1.2. [12] Let { A, B}, {C, D} be two (m, p, n)-GMPs and let 0{ A, B}={(a;, Bi) }I;
and o{C, D} ={(&;, B;)}_,. Then there exists a permutation y of {1, 2, ..., n} such that

i=1

$ > (@i, Bi)s (@i, Bup)))?< Isin®(Z, Z)|I,

where
A =~ C
(5 )2(5)

and p((a;, Bi), (&;, Bi)) is given by (1.3) and d(Z, Z) is defined by (1.4).

1.2 Organization

The rest of this paper is organized as follows. In Section 2, we will give some lemmas,
which are useful to deduce the main results. In Sections 3 and 4, we will provide new
formula model for computing generalized singular values of Grassman matrix pair.

2 Preliminaries

In this section, we propose some useful lemmas in order to deduce the main results.

Lemma 2.1. [14] Let Ay, ..., Ay €CV " with 01(A;) > 02(A;) > -+ >0, (Aj) >0 the singular
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values arranged in decreasing order and c€R, j =1, ..., m. We have the following extreme values:

o T8 det(cI, ijl—[lA iU;) ‘— C|+HU’Z
o max tr(cly, j:HLIA ‘—n\c\—l—;]l_{a,
;. max %e(tr(c]niHUjAj)):nc—i—ZHUi(A])
e €U j=1 i=1j=1
) (el = TTorta), T4 <lel,
UL%SEU” det(CInj:jlj[lAjUj)‘: 1ﬁl<JHUl( D=lel), TTon(A4)) >cl,

0, otherwise.

Lemma 2.2. [20] If A and B are n X n positive semidefinite Hermitian matrices with eigenvalues

M (A)>A2(A)> > Ay (A) and Ar(B) > Ay (B) > > Ay (B), then

B)=3 A(AB) <3 A (AIA(B)
i=1 i=1

If A and B are n x n positive semidefinite Hermitian matrices, then

ZA (AB) >ZA An-is1(B).

Lemma 2.3. Let
A=diag(61, &2, ..., 0n), T=diag(v1, Y2, ---, Yn)
with 61>07>->6,2>0,0<y1 <2 <+~ <yy. Then

min tr UAUHF 251’)11,

ueu,
max tr UAUHF 0;
UeU, Z iYn—i+1-

Proof. Let the eigenvalues of A and I' have descending sorts, then A;(A)
Yn—i+1, i=1, ..., n. By Lemma 2.2 we have for any Uc U,

n
tr(UAUPT) > " A(UAUP)A, i ( Z(sz%,
i=1

=0;, Mi(T) =
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which implies that

min tr UAUHF Z&l’y,

ueu,

By Lemma 2.2, we have for any U € U,

n
V)=> A (UAuT) Z (uauta Z‘Sz% i1,
1 1
which implies that
tr(UAUMT) 5i
gg{ﬁ I‘ Z iYn—i+1-
The proof is complete. O

Lemma 2.4. For every permutation 7t:7t(i) = 71;, 1 <i<mn, there exists the corresponding n x n
permutation matrix I1 such that T1diag(1, 2, ---, n) 11" =diag(my, 72, -+, 71,).

Proof. For every permutation 7t:7t(i)=r;, 1<i<nand let IT=(ery,, ery,, -, er1,), where
ery, is a column vector with the ith entry is 1, and all other entries are 0,i=1, 2,..., n, then

Idiag(1,2, -+, n)HH:diag(m, T, *++, TTy).
The proof is complete. O
Let {A, B} and {A, B} be two (m, p, n)-GMPs and
Si=(AHA+BHB)"V2BH 5, = (AMA+BHB) 1/2BH
and the SVDs of S, S, be

Si=PAFl, S, =P, ArFH, 2.1)

where P, €U, FF€U,, P€U,, €U, and diagonal elements of A1, A have ascending
sorts.

Lemma 2.5. Let {A, B}, {A, B} be two (m, p, n)-GMPs. o{A, B} ={(«;, Bi)}", and
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o{A, B} ={(&, Bi)}}_,. Then

IB% = q)mi{[]} tr((AHA+BHB)_1/2BH¢{IK1CD1B(AHA+BHB)_1/2)
1€Up
tr((AHA+B"B)1/2BHE K FB(AH A4-BHB)~1/2)
61,

,B%l _ (II)_nea]I)J( tr((AHA+BHB)*1/2BH(I){-IK2(D1B<AHA_{_BHB)*l/Z)
1 P

tr((AHA+BHB)12BHE K, FB(AH A4-BHB)~1/2)
01’1/

B o= min tr((AH A+ BHB)1/2BHol K @ B(AH A+ BHB)~1/?)
1 P

tr((AHA+BHB)"V2BHE K, FB(AH A+ BHB)~1/?)
él/
B = max t((A"A+B"B) 2B 0y Koy B(A A+ BB) )
1€Up
tr((AHA+BHB)"V2BHE K, FHB(AR A+ BHB)~1/?)
= él’ll

where
Ky =diag(1, 0, ...,0)eCP*?, Ky =diag(0, ..., 0, 1) e CP*P.

Proof. Let
G1=diag(1,0, ...,0)eC"", Gy =diag(0, 0, ..., 1) eC"*",

ifn<pandletXp= < O(FE”)X” ),then
B

Jmin tr((AHA+B"B)"1/2BH®H K, & B(AH A+ BHB)~1/?)
1€Up

:@rlr}eiur}ptr(ZIg VESHK ®1VEp)

= mFiIn tr(ﬁggbg Gy 4)242.3),
P25, <In

which can attain its minimum modulus on the characteristic manifold {¢, €C"*":¢p4 4)544:

I,}. Here ®;V = < ii 222 > and ¢4 € C"*" . By Lemma 2.3, we have
24

Jnin tr((A¥A+BB) B0l K @1 B(A7 A+BB) 1/2)
1€Up
= min tr(ZH ol G1rap)

¢24¢24:In

=p2. (2.2)
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Similarly, by Lemma 2.3, we have

B = Jnax tr((AHA+BHB)"12BHOI K, &, B(A” A+ BIB)~1/2)
1€ r
= max tr(ig(l)icz(l)mig),
4724¢§1S1n

which can attain its maximum modulus on the characteristic manifold {¢ € C"*" :
¢2apli =1, }. Then by Lemma 2.3, we have

max tr((A"A+B"B)/2B"®{'K,®,B(A" A+ B"B)1/2)
1€Up

= maxX tr(ﬁgcpi G2¢2423 )
Poupli=I,

=p2. (2.3)

Ifp<nandletXp= (Opx(n_p), 23), then

min tr((AFA+BHB)"V2BHOHK, &, B(AH A+ BHB)~1/2)

@€U,
= min tr(XFVHEOHK, &, VE3)
<I>1e1Up
= min tr((ﬁﬁqu){{Klq)lVﬁB Opx(n-p) ))
@€V, Ou—p)xp O1—p)x (n-p)
= min tr(ZHVHOIK @, V)
d>1€1Up
=p1. (2.4)

Similarly, by Lemma 2.3 we have

max tr((A”A+B"B)~1/2BH®! K, ®;B(AF A+ BHB) /%)

€U,
SHy HgH $
= max tr<<ZBV D KoP1 Vg OPX(”—P) >)
®,cU, O(nfp)xp O(”*P)X(”*p)
= max tr(ZHVIGHK,® V)
@1€Up
= B (2.5)

Therefore, by (2.5)-(2.8), we have

ﬁ%:q)meilr} tr((AHA+BHB)"1/2BHelK & B(AHA+BHB)71/2),
2&Up

B2 = max tr((A" A+ B"B) /2BH 0l Ko, B(A" A+ BYB) 1/2).
2=Yp
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By (2.1), we have

S =(A"A4+BHB)"1/2BH, 5, = (A1

b
+
T
T
=
|
=
N
ou}
T

and the SVDs of §q, S; are
S1 =PI\ F, Sy=P,AFY,

where P, €U, F; € U, heU, KLeU, and diagonal elements of Ay, A have ascending
sorts. Then by Lemma 2.1, we have

Bl = Jin tr((AFA+BH"B) /2Bl K, &, B(AH A+ BHB)~1/?)
YIS 4

tr((A" A+ B"B) " /?BYF Ky F{'B(A" A+B"B)~1/?)

61

and

13121 _ q?‘lea{[)} tr((AHA+BHB)*l/ZBH(D{Iqu)lB(AHA_{_BHB)*l/Z)
2<Lp

tr((A"A+BHB)V2BHE K, FHB(AH A+ BTB)~1/2)
= 0,.
Similarly, by the above similar methods, we have

H

S
S

Bo=  min e(A"A+B"B) 2B ol B(
2 P

tr((AHA+BHB) V2BHEK EFB(AM A+ BHB) 172
01,

_|_BHB)—1/2)

B = Jnax tr((AHA+BHB) \2BHOHK,d B(ATA+BHB)~1/2)
2&Yp

tr((AHA+BHB) V2BHEKFIB(AH A+ BHB)172)
= 4,

This completes the proof. O

3 Explicit Formula of Y~ p*((wi, Bi), (&x(:), Pr@i))) for Arbitrary
=1
Permutation 7 l

n ~
In this section, we will give explicit formula of > p?((a;, B;), (&7(i), Br(i))) for every given
i=1
permutation 7t of {1, 2, ..., n}. We first give some necessary symbols as follows. Let ITbe
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an n X n permutation matrix corresponding to the given permutation v and S;, F;, j=1, 2
be given by (2.1) and

_ S (if n<p) diag(IT,Ip—n) (if n<p)
S]_{ O (n—p),Sj) (if p<n), j=1,2 A= { (ffPSn) '

F. = { (lfi’l<p) ,Q'—{ diag(o(pfn)x('pfn)le)(ifn<p) ,
J diag(Ip—p,F;) (if p<n), j=1,2, T;(if p<n)
T;=diag(1, ..., 1;, 0,41, 0, ..., 0,) €C™", 1<i<n,
0 «+ 0 v - - 0 1
m=| 0 o 20
1 0 v cor e e e 0
¢(i) =tr(S; F1Q;FEST) —tr(S1 F1Qi 1 FELSH), (3.1)

P(i) =tr(S: F2QiF5' S ) —tr(So F2 Qi1 F5 S37).

Theorem 3.1. Let {A, B}, {A, B} be two (m, p, n)-GMPs and let 0{A, B} = {(a;, i)},
and o{A, B} ={(&;, B:) Y1, Then for every given permutation 7t of {1, 2, ..., n} we have

sz((ﬂéi,ﬁi)/ (& (i) Breiy))
i—1

= tr(S1S+8,88) —2tr (S FNIFHSES, /11H FESH)

_ziW(ih/l—(l’(i)z\/ﬁ”("("))\/l_

where I1 is given by (3.1).

Proof. Let T; = diag(1, ..., 1;, 0;11, 0, ..., 0,) € C"*". We will consider two cases as

follows. Case 1: If n < p, then for 1 <i<n we have Q; = diag(O(p,n)X(p,n), T;). Let
Yp= <O<PA”>X">, OV = <4’11 4’”) €U, with ¢4 € C"*", then by the GSVD of {4, B}
2B P13 Pua

and Lemma 2.3, we have

min tr(S;®F Q;®;SF ):q)min tr(S1 @ Q@ 51)

€U p

= min tr((AFA+BHB)"1/2BHol Q0 B(AH A+ BHB)~1/2)
1€ 4

= min tr(ZHVHEOHQ;d,VXp)

" ®eU,

= min tr(ZHpHTip1435),
¢l4¢14<1n
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which can attain its minimum modulus on the characteristic manifold {¢14€C"*":¢14p} =
I,}. Then

min tr(S;PHQ;®1S1) = min tr(ZHel Tip1455)

®1€Uy ¢14¢14_In
=i+ +h; (3.2)
Similarly, we have
min tr(S;PFQ; 1S =B34+ +57 ;. (3.3)
q>1EUp
By (3.2) and (3.3), we have
B?= min tr(S;®HQ;®1ST) — min tr(S;PIQ; @1 S). (34)
CI>1E p ®1EUP
Let & F = (01 £12) ey where @ cU d FpeC™ Ap=(0 An), A=
1401 = Ey Fx p, Where @1 p and 722 - M= Unx(p—n)s A11), A1 =

diag(yi) €C™", Ao=(0px(p—n), N22), Aop=diag(%;) €C"*". Based on the SVDs of S; and
Sy given in (2.1), it follows that

min tr(S;®HQ;d, S ):q)rnein tr(S;®H Q@ 5H)

$,€U p

——mmnuynﬁ%ﬁQ®ﬁyga)

d,€cU P

- mln tr(A]1P22TP22A11)_ mln tr(A11F22TF22A11)
F S Fo<Iy, F S Fn=1I,

=Y+ o+ (3.5)
holds when & = FlH =F H_ Similarly, we have

min ’cr(81<I>1 Qi_ 1613181 )= 'y%—l—---—l—'yiz,l (3.6)

®1€U,
holds when ®; = FlH :]-"H. By (3.5) and (3.6), we have fori=1, ..., n,
B?= min tr(S; P QP S )—(Dmilr} tr(SPHQ; 1@, SH)
1€ P

P,€U,
=tr($IFIQIFTST) —tr(S1F1Qi1 Fi'ST)
=77 =9(0). 37)
Similarly, fori=1, ..., n, we have
G :qDIIneiI[r}ptr(SzCD{{Qid)lSzH) _d>r1nei1[r},, tr(S,®HQ;_1dSH)
=tr($:F2QiF3 S} ) —tr($:F2Qi 1 3 S37)
=B=9(0). (38
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By Lemma 2.4, for every permutation 7t:77(i) =71;, 1<i<n, there exists the corresponding
nxn permutation matrix I such that I1diag(1, 2, ---, n)I1¥ =diag(m;, mp, -+, 71,). Let
II=diag(IL, I,,). Using the SVDs of S; and S, in (2.1) and (3.7), (3.8), we have

tr(S FANFESHES, /i FRSH)
—tr(S;FIIFASH S, KLITHEH S
=tr(P AL FH F1HP2HF2A§A2F2H ERIIAEIF AHPH) (3.9)

n
=tr(ApnTIAR ApRITHAH) Z%% > BB

Note that

tr(S1SH 4+ 5,85 = tr(P A FHY R AN P+ P AL EFTE, AN PH)
r(AFF AT+ A FE R AR

(A AL+ ApAL)

r(AnYuAf +An¥AL)

n

(VF+7) =D (Vi +7%)
1 i=1

(/31 +B7)= Z(ﬁ%ﬁ%)- (3.10)

i=1

t
t
tr
t

=

i

IF%:

<t
Il

Case 2: if p<n, let B= <O<”;3P>X”>, Sp= (OW—P)X") —=diag(B;) €C™", i=1, ..., n,
diag(ln_p, V), then by Lemma 2.2, we have fori=1, ..., n,

in tr(S;®MT,d,SH
q;lnelﬁnr( 197 Tid1S577)
= min tr((AFA+BHB) 2BH®H T, B(A" A+ BHB)~
1e n

= min tr(EHVHOHT,0,VEp)
d>1 eU,

N—

)

=BT+ 4P (3.11)
Similarly, fori=1, ..., n,

min tr(S;OHT, &S =p2 4 +52 . (3.12)
o,€U0,

nx(n—p)rs Al)/ [\2 = (Onx(n—p)r AZ)/ [\1 :diug(’)’i) GCnxn’ [\2 :diag(/?i) ECan’
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then

min tr(S; P T, SH)

¢‘1€ n
= min tr ((AHA+B"B)"12BHoH T, 0, B(AHA+BHB)~1/2)
16 n
_q>m1n tr(P A FEOET, @, F AHPH)
1e n
= min tr(A; F ST, F Al

@16 n

=i+ +9? (3.13)

holds when ®; = .7-"1H . Similarly, q)milr} tr(SﬁDf Ti,qulSlH )= ’)f%+---+’yl‘271 holds when
1€Uy
D, :FlH. By (3.11)-(3.13), we have fori=1, ..., n,

B?= min tr(S;®IT®,SH )—@miﬂr} tr(S;PHT;,_ &, SH)
1€Un

d, €U,
=tr(S AT FESE) —tr (S A T FESH)
=17 =¢(i). (3.14)

Similarly, fori=1, ..., n, let B= (O(”BP)X”> and we have

B?= min tr(S,®HET;®,S7) — min tr(S,®IT;_ P SI)

P,€U, P,€U,
= min tr(BEOHT,® B(ARA+BHEB) 1) — min tr(BROHET,_ & B(AHA+BHB)™1)
q>1eUn ®,€U,
:tI‘(BH.FzTi.FZHB(AHA—FBHE)_l)—tI‘(B szi_l‘/—"zHB(AHA—FEHB)_l)
=7 =9(). (3.15)

By Lemma 2.4, for every permutation 7r:77(i)=71;, 1<i<n, there exists the correspond-
ing n xn permutation matrix IT such that I'ldiag(1, 2, ---, n)HH =diag(my, 10, ++, Ty).
According to the SVDs of S1 and S in (2.1), we have

tr(S  FIITFESIES, FolTH FRSE) =tr(Py Ay FE FIIFE R AE A FEETTHFEE A PE)
= tI‘([\1 HA?[\QHH[\H>

—Z% Vot Zﬁ B (3.16)
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According to the SVDs of S1 and S in (2.1), (3.14), (3.15), we get

tr($1SH+5,85) = tr(S1SH4+8,88) =tr(PL AL FEF AR PR+ P, Ay FH F, AL PH)

= > P+ =) (i +%)
i=1 i=1

= D (B+BD =) (B +B%) (3.17)
i=1 i=1

By Definition (1.3), we have ,B‘ZZ =1- zx'z-z, [312 =1 —Ec% together with (3.7)-(3.10), (3.14)-(3.17).
For every permutation v of {1, 2, ..., n}, it holds that

> 07 (@i, Bi), (Briyy Bri)) =1— Y (782 )+ BT Bo) — D 2ifk (i) BiBr(i)
i=1 i=1

i=1

=n-— Z (25?531(1') — (B +B§-[(i)) + 1) - Zzo‘i&n(i)ﬁi,gn(i)
i=1 i=1

= Z(ﬁ% +B%‘[(i)) - Zzﬁlzg%r(i) - Zzo‘i&N(i)ﬁiBﬂ(i)
i=1 i=1 i=1

=tr(S;5H + 8,8 —2tr (S, FITFHSIS, FoITH FIISH)
=2 V@i 1= 97 b1 02
i=1

By Cases 1 and 2, we deduce the desired conclusions. This completes the proof. O

n ~
Remark 3.1. We give explicit formula of Y~ p*((ai, Bi), (&r(i), Br(i))) for every given
i=1
permutation 7 of {1, 2, ..., n}. When permutation 7 reduces to 77(i) =i, Theorem 3.1
reduces to

0% ((ai, Bi), (@r(iys Br(i))) =1— (@ill(i) +BiPr(i))*
=1=(Voiy/ P+ 197\ 197 )™

When permutation 7t reduces to 77(i) =n—i+1, Theorem 3.1 reduces to

0% (i, Bi), (B(iys Br(i))) =1— (Will (i) +BiBr(iy)*

=1= (V@i /(i) +1/1— 97y 1_9”721(1'))2'
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4 Interval Estimates of Y 0*((ai, Bi), (&x(), Pr(;))) for Any Per-
i=1
mutation

In this section, we will give the upper and lower bounds of min Y~ 0> ((a;, B:), (& (i), Pr(i)))
T =1

n ~
and max " p?((w;, Bi), (&7(i), Br(i))) for any permutation 7w of {1, 2, ..., n}.
=1

Lemma 4.1. Let {A, B}, {C, D} be two (m, p, n)-GMPs and let c{ A, B} ={(w;, B;) }I_, and

c{C, D}y={(&;, Bi)}"_,. Then for any permutation 7 of {1, 2, ..., n} the following issues hold
true.

n

(i) min) (afal +BiPrp) =D (& i +BiBr i),
i=1 i=1

(i) max 3 (a2 + BB ) = D (3 + R,

i=1 i=1

Proof. (i) Itis easy to check that

mmz i +B? ,B >m1n20c +m1nZ,B ﬁ 4.1)
By (3.9) and (3.16), we have
n
. 252 . H cH H rHcH
méngﬁiﬁ”(i)_neﬁiﬂp,n}tr(slflnfz Sy S P ITTFIPSTY), (4.2)

where II is given by (3.1) and I1 € Upax(p,s)- Then by Lemma 2.3 and (4.2), we have if
n<p,

min  tr(S A NFISES, K FESH)
HEIPmax{p n}

min tr(Sl.'FlezHstzfanleSfI)

eP,
tr(SyFITFY SE S, KT FH st

qr)nin tr(S;®SE S, dH SH)

= tr(P Ay @A A DAL PH
‘I?;%Inr(l 1 2 432 1)

= Z,B%Bi—iﬂ- (4.3)
i=1

AV
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Ifp<n,

min  tr(S; A NFISES, K FESH)
He]Pmax{p,n}

> min tr(S; ®SHS,dHSH)

dclP,

= g%tr(Plf\lCI)[\gfxqu'HAfPf{)
6 n

n
= Z:B%B;Za—iﬂ-
i=1
It can be concluded from (4.3) and (4.4) that
n n
mgnZ&Z/;i(i) > Bibi-i
i=1 i=1
and it is easy to check that
n n n
mﬂinZ@ZBi(i) <> BB =2 _Bibr i1
i=1 i=1 i=1
where 719(i) =n—i+1. By (4.5) and (4.6), we have
n n
mninZﬁzzBi(i) =Y Bibr_ii1
i=1 i=1
Similarly, we have
n n
mninzaiz&zr(i) =) o ..
i=1 i=1

Then it follows from (4.1), (4.7) and (4.8) that

n n n
H}TinZ(“z’Z&i(i) +BiBrn) = H}Tinzf"iz&i(i) +m7}n2512531(i)
i=1 i=1 i=1

n
= Z(w%ﬁéi—i+l+5%3%—i+l)'
i=1
Meanwhile,
" n
min) (&%) +AiFy) < (@) AR )
P ljl
= Z(D{%ﬁ(%_i+1+ﬁglg%—i+l)’

i=1

(4.4)

(4.7)

(4.8)

(4.9)

(4.10)



New Perturbation Analysis of Generalized Singular Values of Grassmann Matrix Pairs

where 71y(i) =n—i+1. Combining (4.9) and (4.10) yields

n

min Y (afar ) +BBr) = D (a5 i+ BB i1)-
i=1

i=1

(ii) It follows that
n B n n 5
mgxz:(“z‘z&i(i) +Bi B < mgxzﬂ‘zzﬁ‘i(i) +m§XZﬁ$ﬁi(i)‘
i—1 i—1 i—1

By (3.9) and (3.16), we have

He}Pmax{p,n}

n
meaxZ BiBai = max tr(SFIF S S HITFISH).
i=1
From Lemma 2.3, it follows that if n <p,

maxtr(S; FIIIFESES, LI FESH) < maxtr(S; @S5 S,dHsH)

P, Pl

n
= max tr(PL AL @AY Ay @ AT PT) = Z,B%Bzz
p i=1
If p<n,

IrIna]antr(SlflﬂffISZHSz]:zl'[HFf{S{{) < gl%xtr(51q>$§132q>H${f)
e n 6 n

n
= max tr(PL A PAS Ay @ ATTPT) = 21312512
n i=1

By (4.12) and (4.13), we have
n . n 5
maxy BB <D BB
i=1 i=1

and it is easy to check that

mgXZ,B?Bi(i) > BB = BB
i=1 i=1 i=1

31

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)
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where 711 (i) =i. By (4.14) and (4.15), we have

n n
mﬁlegzzﬁi(i) => BB (4.16)
i=1 i=1
Similarly,
n n
max) aiiy = ajd;. (4.17)
i=1 i=1

Then it follows from (4.11), (4.16) and (4.17) that

maxz 12 -l-,Bl,Bn ) < mathx —|—maxz‘5 :Brr

n

= Y@, @19
i=1
Meanwhile,
maxz +,31 M) = Z(“? +Bi By ()
i=1
= S W R, 419)

where 710(i) =i. Combining (4.18) and (4.19) yields

n

mSXZ(“z'ZE‘zr(i) +Bi ) = D (aF& BB
i—1

i=1

The proof is complete. O

Theorem 4.1. Let {A, B}, {C, D} be two (m, p, n)-GMPs and let c{A, B} = {(a;, Bi) }I"4
and 0{C, D} ={(a;, Bi)}'_,. Then for any permutation 7 of {1, 2, ..., n} we have

> 07 ((wi, B1), (Eniyy Briiy)) € G2, T,
i—1

where

01 = tr(51SH 48,88 —2tr(S R I FH SIS, BITE FHSH),

n
ln = tr(818174+5,8M) —2tr(S1FEHSH S, B EFSH) —sz/1—91\/1—é1@\/§
i=1

and 04, 0,,, 61, 0,, are given by Lemma 2.5 and Iy are given by (3.1).
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Proof. Let
Oy =diag(ay, ..., an), Qo=diag(ay, ..., &),
A1 =diag(B1, ..., Bn), Ao =diag(B1, ..., Bu),

where «;, &;, B; and B; are defined by (1.1) and (1.2). According to Lemma 2.4, for any
permutation 77, there exists the corresponding permutation matrix IT such that

n
r%n;ﬁiﬁn(i) = rr{é%tr(AlnAZHH)zgéﬁ tr(A P A, )
n
= > BiPu-it1- (4.20)
i=1
Meanwhile,
n n n
n\f}?irnZﬁiBn(i) SZ,Bi,gno(i) ZZﬁiﬁn—iH, (4.21)
i=1 i=1 i=1

where 719(i) =n—i+1. By (4.20) and (4.21), we have
frvlilleﬁiBn(i) = Zﬁiﬁnfﬁr (4.22)
i=1 i=1

By Lemmas 2.4 and 2.1, for any permutation 7t there exists the corresponding permuta-
tion matrix I'l such that

max» ailty ) Bifr) = max|tr(OTIOTTY AJTIALITY)|
v IeP,
< max | tr(Ql‘I’l Qz‘le\l‘f:;/\g‘ﬂl) |
Y1,¥2,93,¥Y1€U,
n
= > ai@iBu—it1Pn—it1. (4.23)
i=1

It is easy to check that for any permutation 7w of {1, 2, ..., n},
n n n
> 0 (i, Bi), (R, Bri)) =1—D (a8 1+ B Bosy) — O 20ilie(i) Bir(i),
i=1 i=1

i=1

which implies that

= n-min (Z(fx?&i(o + BB +Z2“i5¢n(i>/3i/§n(i>> (424)
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and

i=1
— n—max (Z(fx?ﬁcim +B7 B +Zz“i5<n<i>ﬁi5n<i>> : (4.25)
i=1 i=1

min (Zug&i(i) + BB ) +Z2“i5‘n<f>ﬁfﬁﬂ<f>>

IN

n=> (&) ;1 +B B 1)

i=1

= n- Z(Zﬁgﬁiqﬂ —(Bi+Ba_iv1)+1)
i—1

n
= Z(ﬁzz B i)~ 22,3125%4#1
i=1 i=1

tr(S18H + 5,841 —2tr(Sy F I i1 SH S, BITH F ST, (4.26)

VAN

where ITj is the corresponding permutation matrix for 7to(i) =n—i+1 and 6,, 0, i, Pi
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are given by Lemma 2.5 and (3.1). By (4.12), (4.13) and Lemma 4.1 we have

max (Z(“z’z&i(i) +1312531(i)) +Zzu‘i5‘n(i):3i5ﬂ(i)>
i—1 i=1
n

n
0+ BBA)) +m7?x(z2“i5¢n(i)ﬁiﬁn(i))

IA
55
X

|‘M

+:Bz +ZZ“ &; ﬁn z+1,3n i+1

IA
55
X
H'M

< ) (afai+BiRY) +ZZ\/ 1= @i/ 1=Pin/Pniz1y) Pu—it1,
i=1

i=1

which together with (4.25) leads to
n ~
mﬂianz((uci, ‘Bi)r (5‘71(1')/ .Bn(i)))
i=1
n n
2 1= ) (@EFR) = ) 2V e TPy i
= Zﬁlﬂa 225 B2 - 2271\/1 61\/1— alf\f
i=1
= tr(815¥+525§)—2tr(SlF1F2HS£{SZFZFf{S{{)—ZZn\/l—Gm/l—é]\/@\/a
i=1
n
> tr(sls¥+525§f)—2tr(51F1F§fsgfst2P{fs{f)—Zzn\/1—9m/1—él\/E\/é,
i=1

which together with (4.26) yields the desired results. This completes the proof. O

n ~

Remark 4.1. We give upper and lower bounds of > 0%((a;, i), (&r(i), Br(i))) for any
i=1

permutation 77 of {1, 2, ..., n}.

Let {A, B} and {4, B} be two (m, p, n)-GMPs and let 0{A,B} = {(a;, B;)}", and
U'{A, B} = {(5(1‘, Bl) ?:1. If Ociﬁi Szx]ﬁ] and 5(1‘,81‘ S 56]'5]', 175], i, jZl, v, 1L Then, for any
permutation 77 of {1, 2, ..., n}, we have

mapr Déz, i) Ecnl ZP (Xu i) ( IB))

=tr(S185 + 8,88 —2tr (S FL FHSES, Fo FHSH) - Z\ﬁm @3/ Pin/1— 2.
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We will give some illustrations of &;; <a;B; and &;; 2&;B;, i#j, i, j=1

Corollary 4.1. Let {A B} and {A, B} be two (m, p, n)-GMPs and let 0{ A, B} ={(a;, B:) }I-,

Bi)}1,. If arccos(B1) € [0, F] and arccos(B1) € [ %] or arccos(B1) €
n} we have

and o{A, B} = {(&;, i)}
[Z, X] and arccos(B1) € [, Z]. Then for any permutation 7t of {1, 2, .

m;lepz((lxi, p ) (5‘%(1 ZP wi, B ‘X B ))
i=1
(S153 45,85 —2tr (S, Fy F SA Sz]-"z]-" SHy
-2 Vo /1-92Viy/1-
i=1
H}}“ZPZ((% Bi)s (Br(iys Breiy)) =D _0* (@i, Bi)s (g (i) Breoi)))
i=1 i=1
(S1S1 + 5,85 —2tr (S FiITg F SE S, AT 7 ST

=tr
23 Va1 102
i=1

where Iy is an n x n permutation matrix corresponding to permutation 77o(i) =n—i+1
Proof. Since
> 07 (@i, Bi)s (Briiys Br(i)) =n— > (@it(iy +BiBr(i)s
i=1 i=1
then
200w BY (7% i B oY) — 1 — 1 & BB )2
mgxgp ((‘xl/ :Bl)/ (“n(z)r :Bn(z))) n m%n;(altxn(l)—i_ﬁlﬁﬂ(l)) ’
ﬁiﬁn(i))

n
mninZ((xizx ) +Bi ﬁn
i=1
It follows from Lemma 4.1 that

mlnz —|—[5 ,[37T
€li

If arccos(B1) € [0, F] and arccos(B1) € [0, F] or arccos(B1) € [Z, Z] and arccos(B1) €

then
“1,81 S te Slxnﬁnz 5‘1,31 S e S&n,gn

=

Z i tBiB i)

i=1

I

S

7
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or
w1 B1> >, B>

which implies

Then
n

which implies
n
i=1

Since

it follows from Lemma 4.1 that

mng((x?&i(i) +181253t(i)) =
i=1

i
i=1

If arccos(B1) € [0, F] and arccos(B1) € [0, F] or arccos(B1) € [£, Z] and arccos(B1) €

&nPn

IN

then
11 < <Py, M1 <

&n,gn/

Y

or
alﬁlZ"'Z“n,Bm 5‘1512"'

which implies

n n
m7?XZZ“i5‘n(i),BiBn(i) = 22“1‘,31‘5‘1‘,31‘-
i=1 i=1

n

Then
o A )2 = . 2.2
max E_l (@ill (i) +BiBri) E (eilt;+Bifi)*,

i=1

37

1

7

NI

I/
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which implies

n

H}}HZPZ((% Bi), (&n(iyy Pr(i))) =1—>_(ailli+Bipi)*.
=1

i=1

This completes the proof. O

Remark 4.2. We give the upper and lower bounds of min
7T

1

max Y- 0% (i, Bi), (&ri), Bn(i))) for any permutation 7 of {1, 2, ..., n}.
Toi=1

11;02((041'/ Bi), (n(iy Br(iy)) and

5 Numerical Experiments

In this section, we give some numerical examples to illustrate the efficiency of the theo-
retical result by computing the chordal distance of two matrix pencils {A, B} and {A, B}.
All the experiments were carried out on an Apple MacBook Pro late 2016 using MATLAB
R2018b with machine epsilon €~22.2204 x 10~ 1°.

The result we used to compare is the upper bound obtained in [13]. In order to
make fair comparisons, we use the economic version of the generalized singular value
decomposition, i.e. MATLAB command gsvd(4, B, 0) and gsvd(&, B, 0), to get the com-
pact forms of U, V and U, V. Then we define

utA\ o (THA
v= (i) 7= (7).

and the upper bound in [13] is now calculated from

10 det(YHY)2
. det(YHY)det(YHY) )’

which saves a lot of calculations for large m and p.

Example 5.1. To test the efficiency of the new explicit formula, we randomly generated
the matrix pencils {A, B} and {A, B} by MATLAB command rand(m, n) for A, A and
rand(p, n) for B, B, whereas m = p=20000 are fixed, 7 is firstly chosen as 300 and then
repeatedly increased by 100 each time until 2000. The running times for calculating the
exact values and the upper bounds of the chordal distances are shown in Fig. 1. In our
experiments, the calculation of the exact value is always about 10 times faster than that
of the upper bound. The speedup is mainly due to less computations in the SVD rather
than the GSVD.

It is necessary to point out that we need to properly scale H and H to avoid overflow
or underflow in the calculation of the determinants in the upper bound when the matrix
sizes are getting large. While the calculation of our new formula is more robust.
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140 T
——— Upper Bound
—-—- Distance

120 b

100 T

80 - T

60 - T

time in seconds

40 - T

20 - b

0 N I I I
300 500 700 9S00 1100 1300 1500 1700 1800

Figure 1: Performance comparison of calculating the exact values (by SVD) and the upper
bounds (by GSVD) of the chordal distances. The matrices are randonly generated with
m=p=20000 and n increasing from 300 to 2000.
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