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Abstract. In this paper we give new perturbation analysis of generalized singular val-
ues of Grassmann matrix pairs with arbitrary permutation from a new perspective.
The new explicit expressions of the chordal metric between generalized singular val-
ues of Grassmann matrix pairs with arbitrary permutation are presented, which result
in only two small-size singular value decompositions to evaluate. The proposed re-
sults are generalizations of several results on bounds on perturbation of generalized
singular values.

AMS subject classifications: 15A18, 15A23, 65F15

Key words: Perturbation analysis, Chordal metric, Generalized singular value, Grassman matrix
pair, Arbitrary permutation.

1 Introduction

The generalized singular value decomposition (GSVD) for a matrix pair of two matri-
ces with the same number of columns was proposed by Van Loan in 1976 [1]. Numerical
methods and perturbation analysis of GSVD have been well developed, see [2–7]. Zha [8]
proposed a generalized SVD for matrix triplets. Stewart [9] and Van Loan [10] proposed
two algorithms for computing the GSVD. Sun [11] presented the Hoffman-Wielandt the-
orem for the generalized singular values (GSVs) of Grassman matrix pairs and gave
bounds on perturbations of GSVs, which generalized several well-known results for the
standard singular value problem. Li [12] presented several perturbation bounds of GSVs
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and its associated subspace. Xu et al. [13] provided the explicit expression and sharper
bounds of the chordal metric between generalized singular values of Grassmann matrix
pairs. We note that in these papers theoretical existence of chordal metric between gen-
eralized singular values of Grassmann matrix pairs with the permutation are discussed
more.

In this paper, from a computable and practical perspective, we will analyze the calcu-
lation formula and model of the chordal metric between the generalized singular values
of Grassmann matrix pairs with arbitrary permutations, and subsequently design an ef-
ficient algorithm. The proposed results can theoretically be considered generalizations
of several findings regarding bounds on the perturbation of generalized singular values
presented in [12, 14]. They can be further well applied to comparative analysis of gene
mRNA expression data [15] and other aspects in applications.

1.1 Notation

Throughout this paper we always use the following notations and definitions. i denotes
imaginary unit

√
−1. R, C, Rn, Cm×n and Un are the sets of real numbers, complex

numbers, n-dimensional real vectors, m×n complex matrices and n×n unitary matrices,
respectively. |·|, Im(·) and Re(·) stand for absolute value, imaginary part and real part of
a complex number, respectively. The symbols In and Om×n stand for the identity matrix of
order n and m×n zero matrix, respectively. For a square matrix A∈Cn×n, Ā, AT, AH, A−1,
det(A), tr(A) denote the conjugate, transpose, conjugate transpose, inverse, determinant
and trace, respectively. By ∥·∥2 we denote the spectral norm of a matrix, and by sin(·) and
cos(·) we denote sin and cos functions, respectively. eικ stands for cosκ+ ιsinκ for angle
κ. The singular value set of A is denoted by σ(A). For given matrices A, B∈Cn×n, the
notation A< (≤)B indicates that B−A is a positive (semi-)definite matrix. The conjugate
of a number c∈C is denoted by c∗. diag(0, .. ., 0, 1k, 0, . . ., 0)∈Cm×m denotes m-order
diagonal matrices with the kth row and kth column element being 1 and the remaining
main diagonal elements being zero. For a matrix A∈Cn×n, we denote the singular values
by σ1(A)≥σ2(A)≥···≥σn(A)≥0, arranged in decreasing order. We denote a(b) by a or
b. Let X, Y ∈Cm×n(m> n) both have full column rank n, and define the angle Θ(X, Y)
between X and Y as [16]

Θ(X,Y)≡ arccos((XHX)−1/2XHY(YHY)−1YHX(XHX)−1/2)−1/2≥0.

Definition 1.1. [17] Let A ∈Cm×n and B ∈Cp×n. A matrix pair {A, B} is an (m, p, n)
Grassman matrix pair (GMP) if rank (AT, BT)T =n.

Definition 1.2. [17] Let {A, B} be an (m, p, n)-GMP. A nonnegative number-pair (α, β)
is a GSV of the GMP {A, B} if

(α, β)=(
√

λ,
√

µ), where (λ, µ)∈λ(AH A, BHB) and λ, µ≥0.
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The set of GSV of {A, B} is denoted by σ{A, B}, where

σ{A, B}={(α, β) ̸=(0, 0) |det(β2AH A−α2BHB)=0, α, β≥0}.

Evidently, for GSVD it has several formulations in the literature. In this paper we
adopt the following form as in [10, 15, 18].

Definition 1.3. [17] Let {A, B} be an (m, p, n)-GMP. Then there exists unitary matrices
U∈Cm×m, V∈Cp×p, and a nonsingular matrix R∈Cn×n such that

UH AR=ΣA, VHBR=ΣB, (1.1)

ΣA =

(
Λ

O(m−r−s)×(n−r−s)

)
, ΣB =

(
O(p+r−n)×r

Ω

)
, (1.2)

where O(m−r−s)×(n−r−s) and O(p+r−n)×r are zero matrices, and

Λ=diag(α1, . . ., αr+s), Ω=diag(βr+1, . . ., βn),

with
1=α1= ···=αr >αr+1≥···≥αr+s >αr+s+1= ···=αn =0,

0=β1= ···=βr <βr+1≤···≤βr+s <βr+s+1= ···=βn =1,

and
α2

i +β2
i =1, 1≤ i≤n.

According to [10–12,19], we use the chordal metric on the Riemann sphere to measure
the difference between two GSVs. The pair (α, β) can be regarded as a point in Gauss
plane P(1, 1). For two points (α, β) ̸=(0, 0), (γ, δ) ̸=(0, 0) in Gauss plane P(1, 1), their
chordal distance is defined by

ρ((α, β), (γ, δ))=
|αδ−βγ|√

(|α|2+|β|2)(|γ|2+|δ|2)
, (1.3)

which measures the difference between two points (α, β) and (γ, δ). Next, we outline
some definitions related to GSVD. Readers may refer to [2, 12, 19] for these definitions.
In order to give the perturbation bound of GSVs of GMPs, in [19] the authors use the
distance of two points Z and Z̃ in the Grassmann manifold P(N, n) (N>n), as follows:

d(Z, Z̃)=

{
1− |det(ZH Z̃)|2

det(ZHZ)det(Z̃H Z̃)

} 1
2

. (1.4)

The following theorems are basic and known in [2, 19]. Throughout this paper, {A, B}
and {C, D} are always reserved two (m, p, n)-GMPs. The following results [19] provide
perturbation bounds based on the chordal metric of GSVs.
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Theorem 1.1. [12] Let {A, B}, {C, D} be two (m, p, n)-GMPs and let σ{A, B}={(αi, βi)}n
i=1

and σ{C, D}={(α̃i, β̃i)}n
i=1. Then there exists a permutation π of {1, 2, .. ., n} such that

max
1≤i≤n

ρ((αi, βi), (α̃π(i), β̃π(i)))≤∥sinΘ(Z, Z̃)∥2,

where

Z=

(
A
B

)
, Z̃=

(
C
D

)

and ρ((αi, βi),(α̃i, β̃i)) is given by (1.3) and d(Z, Z̃) is defined by (1.4).

Theorem 1.2. [12] Let {A, B}, {C, D} be two (m, p, n)-GMPs and let σ{A, B}={(αi, βi)}n
i=1

and σ{C, D}={(α̃i, β̃i)}n
i=1. Then there exists a permutation µ of {1, 2, .. ., n} such that

√√√√ n∑
i=1

[ρ((αi, βi), (α̃µ(i), β̃µ(i)))]2≤∥sinΘ(Z, Z̃)∥F,

where

Z=

(
A
B

)
, Z̃=

(
C
D

)

and ρ((αi, βi), (α̃i, β̃i)) is given by (1.3) and d(Z, Z̃) is defined by (1.4).

1.2 Organization

The rest of this paper is organized as follows. In Section 2, we will give some lemmas,
which are useful to deduce the main results. In Sections 3 and 4, we will provide new
formula model for computing generalized singular values of Grassman matrix pair.

2 Preliminaries

In this section, we propose some useful lemmas in order to deduce the main results.

Lemma 2.1. [14] Let A1, . . ., Am∈Cn×n with σ1(Aj)≥σ2(Aj)≥···≥σn(Aj)≥0 the singular
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values arranged in decreasing order and c∈R, j=1, .. ., m. We have the following extreme values:

max
U1,...,Um∈Un

∣∣∣det(cIn±
m∏

j=1

AjUj)
∣∣∣= n∏

i=1

(| c |+
m∏

j=1

σi(Aj)),

max
U1,...,Um∈Un

∣∣∣tr(cIn±
m∏

j=1

Uj Aj)
∣∣∣=n | c |+

n∑
i=1

m∏
j=1

σi(Aj),

max
U1,...,Um∈Un

Re
(

tr(cIn±
m∏

j=1

Uj Aj)
)
=nc+

n∑
i=1

m∏
j=1

σi(Aj),

min
U1,...,Um∈Un

∣∣∣det(cIn±
m∏

j=1

AjUj)
∣∣∣=


n∏
i=1

(| c |−
m∏

j=1
σi(Aj)),

∏m
j=1 σ1(Aj)≤| c |,

n∏
i=1

(
m∏

j=1
σi(Aj)−| c |),

∏m
j=1 σn(Aj)≥| c |,

0, otherwise.

Lemma 2.2. [20] If A and B are n×n positive semidefinite Hermitian matrices with eigenvalues
λ1(A)≥λ2(A)≥···≥λn(A) and λ1(B)≥λ2(B)≥···≥λn(B), then

tr(AB)=
n∑

i=1

λi(AB)≤
n∑

i=1

λi(A)λi(B).

If A and B are n×n positive semidefinite Hermitian matrices, then

tr(AB)=
n∑

i=1

λi(AB)≥
n∑

i=1

λi(A)λn−i+1(B).

Lemma 2.3. Let
∆=diag(δ1, δ2, . . ., δn), Γ=diag(γ1, γ2, . . ., γn)

with δ1≥δ2≥···≥δn ≥0, 0≤γ1≤γ2≤···≤γn. Then

min
U∈Un

tr(U∆UHΓ)=
n∑

i=1

δiγi,

max
U∈Un

tr(U∆UHΓ)=
n∑

i=1

δiγn−i+1.

Proof. Let the eigenvalues of ∆ and Γ have descending sorts, then λi(∆) = δi, λi(Γ) =
γn−i+1, i=1, .. ., n. By Lemma 2.2 we have for any U∈Un

tr(U∆UHΓ)≥
n∑

i=1

λi(U∆UH)λn−i+1(Γ)=
n∑
1

δiγi,
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which implies that

min
U∈Un

tr(U∆UHΓ)=
n∑

i=1

δiγi.

By Lemma 2.2, we have for any U∈Un

tr(UV)=
n∑
1

λi(U∆UHΓ)≤
n∑
1

λi(U∆UH)λi(Γ)=
n∑

i=1

δiγn−i+1,

which implies that

max
U∈Un

tr(U∆UHΓ)=
n∑

i=1

δiγn−i+1.

The proof is complete.

Lemma 2.4. For every permutation π : π(i)=πi, 1≤ i≤n, there exists the corresponding n×n
permutation matrix Π such that Πdiag(1, 2, ··· , n)ΠH =diag(π1, π2, ··· , πn).

Proof. For every permutation π : π(i)=πi, 1≤ i≤n and let Π=(eΠ1 , eΠ2 , ··· , eΠn), where
eΠi is a column vector with the ith entry is 1, and all other entries are 0, i=1, 2,.. ., n, then

Πdiag(1, 2, ··· , n)ΠH =diag(π1, π2, ··· , πn).

The proof is complete.

Let {A, B} and {Ã, B̃} be two (m, p, n)-GMPs and

S1=(AH A+BHB)−1/2BH, S2=(ÃH Ã+ B̃H B̃)−1/2B̃H

and the SVDs of S1, S2 be

S1=P1Λ1FH
1 , S2=P2Λ2FH

2 , (2.1)

where P1∈Un, F1∈Up, P2∈Un, F2∈Up and diagonal elements of Λ1, Λ2 have ascending
sorts.

Lemma 2.5. Let {A, B}, {Ã, B̃} be two (m, p, n)-GMPs. σ{A, B}= {(αi, βi)}n
i=1 and
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σ{Ã, B̃}={(α̃i, β̃i)}n
i=1. Then

β2
1 = min

Φ1∈Up
tr((AH A+BHB)−1/2BHΦH

1 K1Φ1B(AH A+BHB)−1/2)

= tr((AH A+BHB)−1/2BH F1K1FH
1 B(AH A+BHB)−1/2)

≡ θ1,
β2

n = max
Φ1∈Up

tr((AH A+BHB)−1/2BHΦH
1 K2Φ1B(AH A+BHB)−1/2)

= tr((AH A+BHB)−1/2BH F1K2FH
1 B(AH A+BHB)−1/2)

≡ θn,
β̃2

1 = min
Φ1∈Up

tr((ÃH Ã+ B̃H B̃)−1/2B̃HΦH
1 K1Φ1B̃(ÃH Ã+ B̃H B̃)−1/2)

= tr((ÃH Ã+ B̃H B̃)−1/2B̃H F2K1FH
2 B̃(ÃH Ã+ B̃H B̃)−1/2)

≡ θ̃1,
β̃2

n = max
Φ1∈Up

tr((ÃH Ã+ B̃H B̃)−1/2B̃HΦH
1 K2Φ1B̃(ÃH Ã+ B̃H B̃)−1/2)

= tr((ÃH Ã+ B̃H B̃)−1/2B̃H F2K2FH
2 B̃(ÃH Ã+ B̃H B̃)−1/2)

≡ θ̃n,

where
K1=diag(1, 0, .. ., 0)∈Cp×p, K2=diag(0, .. ., 0, 1)∈Cp×p.

Proof. Let
G1=diag(1, 0, .. ., 0)∈Cn×n, G2=diag(0, 0, .. ., 1)∈Cn×n,

if n≤ p and let ΣB =

(
0(p−n)×n

Σ̂B

)
, then

min
Φ1∈Up

tr((AH A+BHB)−1/2BHΦH
1 K1Φ1B(AH A+BHB)−1/2)

= min
Φ1∈Up

tr(ΣH
B VHΦH

1 K1Φ1VΣB)

= min
ϕ24ϕH

24≤In

tr(Σ̂H
B ϕH

24G1ϕ24Σ̂B),

which can attain its minimum modulus on the characteristic manifold {ϕ24∈Cn×n:ϕ24ϕH
24=

In}. Here Φ1V=

(
ϕ21 ϕ22
ϕ23 ϕ24

)
and ϕ24∈Cn×n . By Lemma 2.3, we have

min
Φ1∈Up

tr((AH A+BHB)−1/2BHΦH
1 K1Φ1B(AH A+BHB)−1/2)

= min
ϕ24ϕH

24=In

tr(Σ̂H
B ϕH

24G1ϕ24Σ̂B)

=β2
1. (2.2)
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Similarly, by Lemma 2.3, we have

β2
n = max

Φ1∈Up
tr((AH A+BHB)−1/2BHΦH

1 K2Φ1B(AH A+BHB)−1/2)

= max
ϕ24ϕH

24≤In

tr(Σ̂H
B ϕH

24G2ϕ24Σ̂B),

which can attain its maximum modulus on the characteristic manifold {ϕ24 ∈ Cn×n :
ϕ24ϕH

24= In}. Then by Lemma 2.3, we have

max
Φ1∈Up

tr((AH A+BHB)−1/2BHΦH
1 K2Φ1B(AH A+BHB)−1/2)

= max
ϕ24ϕH

24=In

tr(Σ̂H
B ϕH

24G2ϕ24Σ̂B)

=β2
n. (2.3)

If p≤n and let ΣB =(0p×(n−p), Σ̂B), then

min
Φ1∈Up

tr((AH A+BHB)−1/2BHΦH
1 K1Φ1B(AH A+BHB)−1/2)

= min
Φ1∈Up

tr(ΣH
B VHΦH

1 K1Φ1VΣB)

= min
Φ1∈Up

tr
((

Σ̂H
B VHΦH

1 K1Φ1VΣ̂B Op×(n−p)
O(n−p)×p O(n−p)×(n−p)

))
= min

Φ1∈Up
tr(Σ̂H

B VHΦH
1 K1Φ1VΣ̂B)

=β2
1. (2.4)

Similarly, by Lemma 2.3 we have

max
Φ1∈Up

tr((AH A+BHB)−1/2BHΦH
1 K2Φ1B(AH A+BHB)−1/2)

= max
Φ1∈Up

tr
((

Σ̂H
B VHΦH

1 K2Φ1VΣ̂B Op×(n−p)
O(n−p)×p O(n−p)×(n−p)

))
= max

Φ1∈Up
tr(Σ̂H

B VHΦH
1 K2Φ1VΣ̂B)

= β2
n. (2.5)

Therefore, by (2.5)-(2.8), we have

β2
1= min

Φ2∈Up
tr((AH A+BHB)−1/2BHΦH

1 K1Φ1B(AH A+BHB)−1/2),

β2
n = max

Φ2∈Up
tr((AH A+BHB)−1/2BHΦH

1 K2Φ1B(AH A+BHB)−1/2).
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By (2.1), we have

S1=(AH A+BHB)−1/2BH, S2=(ÃH Ã+ B̃H B̃)−1/2B̃H

and the SVDs of S1, S2 are
S1=P1Λ1FH

1 , S2=P2Λ2FH
2 ,

where P1∈Un, F1∈Up, P2∈Un, F2∈Up and diagonal elements of Λ1, Λ2 have ascending
sorts. Then by Lemma 2.1, we have

β2
1 = min

Φ2∈Up
tr((AH A+BHB)−1/2BHΦH

1 K1Φ1B(AH A+BHB)−1/2)

= tr((AH A+BHB)−1/2BH F1K1FH
1 B(AH A+BHB)−1/2)

≡ θ1

and

β2
n = max

Φ2∈Up
tr((AH A+BHB)−1/2BHΦH

1 K2Φ1B(AH A+BHB)−1/2)

= tr((AH A+BHB)−1/2BH F1K2FH
1 B(AH A+BHB)−1/2)

≡ θn.

Similarly, by the above similar methods, we have

β̃2
1 = min

Φ2∈Up
tr((ÃH Ã+ B̃H B̃)−1/2B̃HΦH

1 K1Φ1B̃(ÃH Ã+ B̃H B̃)−1/2)

= tr((ÃH Ã+ B̃H B̃)−1/2B̃H F2K1FH
2 B̃(ÃH Ã+ B̃H B̃)−1/2)

≡ θ̃1,

β̃2
n = max

Φ2∈Up
tr((ÃH Ã+ B̃H B̃)−1/2B̃HΦH

1 K2Φ1B̃(ÃH Ã+ B̃H B̃)−1/2)

= tr((ÃH Ã+ B̃H B̃)−1/2B̃H F2K2FH
2 B̃(ÃH Ã+ B̃H B̃)−1/2)

≡ θ̃n.

This completes the proof.

3 Explicit Formula of
n∑

i=1
ρ2((αi, βi), (α̃π(i), β̃π(i))) for Arbitrary

Permutation π

In this section, we will give explicit formula of
n∑

i=1
ρ2((αi, βi), (α̃π(i), β̃π(i))) for every given

permutation π of {1, 2, .. ., n}. We first give some necessary symbols as follows. Let Π be
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an n×n permutation matrix corresponding to the given permutation π and Sj, Fj, j=1, 2
be given by (2.1) and

Sj =

{
Sj (i f n≤ p)

(0n×(n−p),Sj) (i f p≤n), j=1,2 ;Π=

{
diag(Π, Ip−n) (i f n≤ p)

Π (i f p≤n) ,

Fj =

{
Fj (i f n≤ p)

diag(In−p,Fj) (i f p≤n), j=1,2,
; Qi =

{
diag(0(p−n)×(p−n),Ti) (i f n≤ p)

Ti (i f p≤n)
,

Ti =diag(1, .. ., 1i, 0i+1, 0, . . ., 0n)∈Cn×n, 1≤ i≤n,

Π0=


0 ··· 0 ··· ··· ··· 0 1
0 ··· ··· ··· ··· 0 1 0
··· ··· ··· ··· ··· ··· ··· ···
1 0 ··· ··· ··· ··· ··· 0

,

φ(i)= tr(S1F1QiFH
1 SH

1 )−tr(S1F1Qi−1FH
1 SH

1 ), (3.1)
ϕ(i)= tr(S2F2QiFH

2 SH
2 )−tr(S2F2Qi−1FH

2 SH
2 ).

Theorem 3.1. Let {A, B}, {Ã, B̃} be two (m, p, n)-GMPs and let σ{A, B}= {(αi, βi)}n
i=1

and σ{Ã, B̃}={(α̃i, β̃i)}n
i=1. Then for every given permutation π of {1, 2, .. ., n} we have

n∑
i=1

ρ2((αi,βi),(α̃π(i), β̃π(i)))

= tr(S1SH
1 +S2SH

2 )−2tr(S1F1ΠFH
2 SH

2 S2F2ΠHFH
1 SH

1 )

−2
n∑

i=1

√
φ(i)

√
1−φ(i)2

√
ϕ(π(i))

√
1−ϕ(π(i))2,

where Π is given by (3.1).

Proof. Let Ti = diag(1, .. ., 1i, 0i+1, 0, . . ., 0n) ∈ Cn×n. We will consider two cases as
follows. Case 1: If n ≤ p, then for 1 ≤ i ≤ n we have Qi = diag(0(p−n)×(p−n), Ti). Let

ΣB =

(
O(p−n)×n

Σ̂B

)
, Φ1V=

(
ϕ11 ϕ12
ϕ13 ϕ14

)
∈Up with ϕ14∈Cn×n, then by the GSVD of {A, B}

and Lemma 2.3, we have

min
Φ1∈Up

tr(S1ΦH
1 QiΦ1SH

1 )= min
Φ1∈Up

tr(S1ΦH
1 QiΦ1SH

1 )

= min
Φ1∈Up

tr((AH A+BHB)−1/2BHΦH
1 QiΦ1B(AH A+BHB)−1/2)

= min
Φ1∈Up

tr(ΣH
B VHΦH

1 QiΦ1VΣB)

= min
ϕ14ϕH

14≤In

tr(Σ̂H
B ϕH

14Tiϕ14Σ̂B),
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which can attain its minimum modulus on the characteristic manifold {ϕ14∈Cn×n:ϕ14ϕH
14=

In}. Then

min
Φ1∈Up

tr(S1ΦH
1 QiΦ1SH

1 )= min
ϕ14ϕH

14=In

tr(Σ̂H
B ϕH

14Tiϕ14Σ̂B)

=β2
1+···+β2

i . (3.2)

Similarly, we have

min
Φ1∈Up

tr(S1ΦH
1 Qi−1Φ1SH

1 )=β2
1+···+β2

i−1. (3.3)

By (3.2) and (3.3), we have

β2
i = min

Φ1∈Up
tr(S1ΦH

1 QiΦ1SH
1 )− min

Φ1∈Up
tr(S1ΦH

1 Qi−1Φ1SH
1 ). (3.4)

Let Φ1F1 =

(
F11 F12
F21 F22

)
∈Up, where Φ1 ∈Up and F22 ∈Cn×n. Λ1 =(0n×(p−n), Λ11), Λ11 =

diag(γi)∈Cn×n, Λ2=(0n×(p−n), Λ22), Λ22=diag(γ̃i)∈Cn×n. Based on the SVDs of S1 and
S2 given in (2.1), it follows that

min
Φ1∈Up

tr(S1ΦH
1 QiΦ1SH

1 )= min
Φ1∈Up

tr(S1ΦH
1 QiΦ1SH

1 )

= min
Φ1∈Up

tr(P1Λ1FH
1 ΦH

1 QiΦ1F1ΛH
1 PH

1 )

= min
FH

22 F22≤In

tr(Λ11FH
22TiF22ΛH

11)= min
FH

22 F22=In

tr(Λ11FH
22TiF22ΛH

11)

=γ2
1+···+γ2

i (3.5)

holds when Φ1=FH
1 =FH

1 . Similarly, we have

min
Φ1∈Up

tr(S1ΦH
1 Qi−1Φ1SH

1 )=γ2
1+···+γ2

i−1 (3.6)

holds when Φ1=FH
1 =FH

1 . By (3.5) and (3.6), we have for i=1, .. ., n,

β2
i = min

Φ1∈Up
tr(S1ΦH

1 QiΦ1SH
1 )− min

Φ1∈Up
tr(S1ΦH

1 Qi−1Φ1SH
1 )

= tr(S1F1QiFH
1 SH

1 )−tr(S1F1Qi−1FH
1 SH

1 )

=γ2
i ≡ φ(i). (3.7)

Similarly, for i=1, .. ., n, we have

γ̃2
i = min

Φ1∈Up
tr(S2ΦH

1 QiΦ1SH
2 )− min

Φ1∈Up
tr(S2ΦH

1 Qi−1Φ1SH
2 )

=tr(S2F2QiFH
2 SH

2 )−tr(S2F2Qi−1FH
2 SH

2 )

=β̃2
i ≡ϕ(i). (3.8)
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By Lemma 2.4, for every permutation π :π(i)=πi, 1≤i≤n, there exists the corresponding
n×n permutation matrix Π such that Πdiag(1, 2, ··· , n)ΠH = diag(π1, π2, ··· , πn). Let
Π=diag(Π, Ip−n). Using the SVDs of S1 and S2 in (2.1) and (3.7), (3.8), we have

tr(S1F1ΠFH
2 SH

2 S2F2ΠHFH
1 SH

1 )

= tr(S1F1ΠFH
2 SH

2 S2F2ΠH FH
1 SH

1 )

= tr(P1Λ1FH
1 F1ΠFH

2 F2ΛH
2 Λ2FH

2 F2ΠH FH
1 F1ΛH

1 PH
1 ) (3.9)

= tr(Λ11ΠΛH
22Λ22ΠHΛH

11)=
n∑

i=1

γ2
i γ̃2

πi
=

n∑
i=1

β2
i β̃2

πi
.

Note that

tr(S1SH
1 +S2SH

2 )= tr(P1Λ1FH
1 ΨF1ΛH

1 PH
1 +P2Λ2FH

2 F2ΛH
2 PH

2 )

= tr(Λ1FH
1 F1ΛH

1 +Λ2FH
2 F2ΛH

2 )

= tr(Λ11ΛH
11+Λ22ΛH

22)

= tr(Λ11Ψ11ΛH
11+Λ22Ψ̃11ΛH

22)

=
n∑

i=1

(γ2
i +γ̃2

i )=
n∑

i=1

(γ2
i +γ̃2

πi
)

=
n∑

i=1

(β2
i + β̃2

i )=
n∑

i=1

(β2
i + β̃2

πi
). (3.10)

Case 2: if p<n, let B̄=

(
O(n−p)×n

B

)
, Σ̄B =

(
O(n−p)×n

ΣB

)
=diag(βi)∈Cn×n, i=1, .. ., n, Ṽ=

diag(In−p, V), then by Lemma 2.2, we have for i=1, .. ., n,

min
Φ1∈Un

tr(S1ΦH
1 TiΦ1SH

1 )

= min
Φ1∈Un

tr((AH A+BHB)−
1
2 B̄HΦH

1 TiΦ1B̄(AH A+BHB)−
1
2 )

= min
Φ1∈Un

tr(Σ̄H
B ṼHΦH

1 TiΦ1ṼΣ̄B)

=β2
1+···+β2

i . (3.11)

Similarly, for i=1, .. ., n,

min
Φ1∈Un

tr(S1ΦH
1 Ti−1Φ1SH

1 )=β2
1+···+β2

i−1. (3.12)

Let Λ̃1 =(0n×(n−p), Λ1), Λ̃2 =(0n×(n−p), Λ2), Λ̃1 =diag(γi)∈Cn×n, Λ̃2 =diag(γ̃i)∈Cn×n,
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then

min
Φ1∈Un

tr(S1ΦH
1 TiΦ1SH

1 )

= min
Φ1∈Un

tr((AH A+BHB)−1/2B̄HΦH
1 TiΦ1B̄(AH A+BHB)−1/2)

= min
Φ1∈Un

tr(P1Λ̃1FH
1 ΦH

1 TiΦ1F1Λ̃H
1 PH

1 )

= min
Φ1∈Un

tr(Λ̃1FH
1 ΦH

1 TiΦ1F1Λ̃H
1 )

=γ2
1+···+γ2

i (3.13)

holds when Φ1 =FH
1 . Similarly, min

Φ1∈Un
tr(S1ΦH

1 Ti−1Φ1SH
1 ) = γ2

1+···+γ2
i−1 holds when

Φ1=FH
1 . By (3.11)-(3.13), we have for i=1, .. ., n,

β2
i = min

Φ1∈Un
tr(S1ΦH

1 TiΦ1SH
1 )− min

Φ1∈Un
tr(S1ΦH

1 Ti−1Φ1SH
1 )

=tr(S1F1TiFH
1 SH

1 )−tr(S1F1Ti−1FH
1 SH

1 )

=γ2
i ≡ φ(i). (3.14)

Similarly, for i=1, .. ., n, let B̂=

(
O(n−p)×n

B̃

)
and we have

β̃2
i = min

Φ1∈Un
tr(S2ΦH

1 TiΦ1SH
2 )− min

Φ1∈Un
tr(S2ΦH

1 Ti−1Φ1SH
2 )

= min
Φ1∈Un

tr(B̂HΦH
1 TiΦ1B̂(ÃH Ã+ B̃H B̃)−1)− min

Φ1∈Up
tr(B̂HΦH

1 Ti−1Φ1B̂(ÃH Ã+ B̃H B̃)−1)

= tr(B̂HF2TiFH
2 B̂(ÃH Ã+ B̃H B̃)−1)−tr(B̂HF2Ti−1FH

2 B̂(ÃH Ã+ B̃H B̃)−1)

= γ̃2
i ≡ϕ(i). (3.15)

By Lemma 2.4, for every permutation π:π(i)=πi, 1≤i≤n, there exists the correspond-
ing n×n permutation matrix Π such that Πdiag(1, 2, ··· , n)ΠH = diag(π1, π2, ··· , πn).
According to the SVDs of S1 and S2 in (2.1), we have

tr(S1F1ΠFH
2 SH

2 S2F2ΠHFH
1 SH

1 )= tr(P1Λ̃1FH
1 F1ΠFH

2 F2Λ̃H
2 Λ̃2F̃H

2 F̃2ΠH F̃H
1 F̃1Λ̃H

1 PH
1 )

= tr(Λ̃1ΠΛ̃H
2 Λ̃2ΠHΛ̃H

1 )

=
n∑

i=1

γ2
i γ̃2

π(i)=
n∑

i=1

β2
i β̃2

π(i). (3.16)
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According to the SVDs of S1 and S2 in (2.1), (3.14), (3.15), we get

tr(S1SH
1 +S2SH

2 ) = tr(S1SH
1 +S2SH

2 )= tr(P1Λ̃1FH
1 F1Λ̃H

1 PH
1 +P2Λ̃2FH

2 F2Λ̃H
2 PH

2 )

=
n∑

i=1

(γ2
i +γ̃2

i )=
n∑

i=1

(γ2
i +γ̃2

πi
)

=
n∑

i=1

(β2
i + β̃2

i )=
n∑

i=1

(β2
i + β̃2

πi
). (3.17)

By Definition (1.3), we have β2
i =1−α2

i , β̃2
i =1−α̃2

i together with (3.7)-(3.10), (3.14)-(3.17).
For every permutation π of {1, 2, .. ., n}, it holds that

n∑
i=1

ρ2((αi, βi), (α̃π(i), β̃π(i)))=n−
n∑

i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i))−
n∑

i=1

2αiα̃π(i)βi β̃π(i)

=n−
n∑

i=1

(
2β2

i β̃2
π(i)−(β2

i + β̃2
π(i))+1

)
−

n∑
i=1

2αiα̃π(i)βi β̃π(i)

=
n∑

i=1

(β2
i + β̃2

π(i))−
n∑

i=1

2β2
i β̃2

π(i)−
n∑

i=1

2αiα̃π(i)βi β̃π(i)

= tr(S1SH
1 +S2SH

2 )−2tr(S1F1ΠFH
2 SH

2 S2F2ΠHFH
1 SH

1 )

−2
n∑

i=1

√
φi

√
1−φ2

i

√
ϕπ(i)

√
1−ϕ2

π(i).

By Cases 1 and 2, we deduce the desired conclusions. This completes the proof.

Remark 3.1. We give explicit formula of
n∑

i=1
ρ2((αi, βi), (α̃π(i), β̃π(i))) for every given

permutation π of {1, 2, .. ., n}. When permutation π reduces to π(i) = i, Theorem 3.1
reduces to

ρ2((αi, βi), (α̃π(i), β̃π(i)))=1−(αiα̃π(i)+βi β̃π(i))
2

=1−(
√

φi

√
ϕπ(i)+

√
1−φ2

i

√
1−ϕ2

π(i))
2.

When permutation π reduces to π(i)=n−i+1, Theorem 3.1 reduces to

ρ2((αi, βi), (α̃π(i), β̃π(i)))=1−(αiα̃π(i)+βi β̃π(i))
2

=1−(
√

φi

√
ϕπ(i)+

√
1−φ2

i

√
1−ϕ2

π(i))
2.
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4 Interval Estimates of
n∑

i=1
ρ2((αi, βi), (α̃π(i), β̃π(i))) for Any Per-

mutation

In this section, we will give the upper and lower bounds of min
π

n∑
i=1

ρ2((αi, βi), (α̃π(i), β̃π(i)))

and max
π

n∑
i=1

ρ2((αi, βi), (α̃π(i), β̃π(i))) for any permutation π of {1, 2, .. ., n}.

Lemma 4.1. Let {A, B}, {C, D} be two (m, p, n)-GMPs and let σ{A, B}={(αi, βi)}n
i=1 and

σ{C, D}={(α̃i, β̃i)}n
i=1. Then for any permutation π of {1, 2, .. ., n} the following issues hold

true.

(i) min
π

n∑
i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i))=
n∑

i=1

(α2
i α̃2

n−i+1+β2
i β̃2

n−i+1),

(ii) max
π

n∑
i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i))=
n∑

i=1

(α2
i α̃2

i +β2
i β̃2

i ).

Proof. (i) It is easy to check that

min
π

n∑
i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i))≥min
π

n∑
i=1

α2
i α̃2

π(i)+min
π

n∑
i=1

β2
i β̃2

π(i). (4.1)

By (3.9) and (3.16), we have

min
π

n∑
i=1

β2
i β̃2

π(i)= min
Π∈Pmax{p,n}

tr(S1F1ΠFH
2 SH

2 S2F2ΠHFH
1 SH

1 ), (4.2)

where Π is given by (3.1) and Π∈Umax{p,n}. Then by Lemma 2.3 and (4.2), we have if
n≤ p,

min
Π∈Pmax{p,n}

tr(S1F1ΠFH
2 SH

2 S2F2ΠHFH
1 SH

1 )

= min
Π∈Pp

tr(S1F1ΠFH
2 SH

2 S2F2ΠHFH
1 SH

1 )

= tr(S1F1ΠFH
2 SH

2 S2F2ΠH FH
1 SH

1 )

≥ min
Φ∈Up

tr(S1ΦSH
2 S2ΦHSH

1 )

= min
Φ∈Up

tr(P1Λ1ΦΛH
2 Λ2ΦHΛH

1 PH
1 )

=
n∑

i=1

β2
i β̃2

n−i+1. (4.3)
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If p≤n,

min
Π∈Pmax{p,n}

tr(S1F1ΠFH
2 SH

2 S2F2ΠHFH
1 SH

1 )

≥ min
Φ∈Pn

tr(S1ΦSH
2 S2ΦHSH

1 )

= min
Φ∈Pn

tr(P1Λ̃1ΦΛ̃H
2 Λ̃2ΦHΛ̃H

1 PH
1 )

=
n∑

i=1

β2
i β̃2

n−i+1. (4.4)

It can be concluded from (4.3) and (4.4) that

min
π

n∑
i=1

β2
i β̃2

π(i)≥
n∑

i=1

β2
i β̃2

n−i+1, (4.5)

and it is easy to check that

min
π

n∑
i=1

β2
i β̃2

π(i)≤
n∑

i=1

β2
i β̃2

π0(i)=
n∑

i=1

β2
i β̃2

n−i+1, (4.6)

where π0(i)=n−i+1. By (4.5) and (4.6), we have

min
π

n∑
i=1

β2
i β̃2

π(i)=
n∑

i=1

β2
i β̃2

n−i+1. (4.7)

Similarly, we have

min
π

n∑
i=1

α2
i α̃2

π(i)=
n∑

i=1

α2
i α̃2

n−i+1. (4.8)

Then it follows from (4.1), (4.7) and (4.8) that

min
π

n∑
i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i)) ≥ min
π

n∑
i=1

α2
i α̃2

π(i)+min
π

n∑
i=1

β2
i β̃2

π(i)

=
n∑

i=1

(α2
i α̃2

n−i+1+β2
i β̃2

n−i+1). (4.9)

Meanwhile,

min
π

n∑
i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i)) ≤
n∑

i=1

(α2
i α̃2

π0(i)+β2
i β̃2

π0(i))

=
n∑

i=1

(α2
i α̃2

n−i+1+β2
i β̃2

n−i+1), (4.10)
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where π0(i)=n−i+1. Combining (4.9) and (4.10) yields

min
π

n∑
i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i))=
n∑

i=1

(α2
i α̃2

n−i+1+β2
i β̃2

n−i+1).

(ii) It follows that

max
π

n∑
i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i))≤max
π

n∑
i=1

α2
i α̃2

π(i)+max
π

n∑
i=1

β2
i β̃2

π(i). (4.11)

By (3.9) and (3.16), we have

max
π

n∑
i=1

β2
i β̃2

π(i)= max
Π∈Pmax{p,n}

tr(S1F1ΠFH
2 SH

2 S2F2ΠHFH
1 SH

1 ).

From Lemma 2.3, it follows that if n≤ p,

max
Π∈Pp

tr(S1F1ΠFH
2 SH

2 S2F2ΠHFH
1 SH

1 ) ≤ max
Φ∈Up

tr(S1ΦSH
2 S2ΦHSH

1 )

= max
Φ∈Pp

tr(P1Λ1ΦΛH
2 Λ2ΦHΛH

1 PH
1 )=

n∑
i=1

β2
i β̃2

i . (4.12)

If p≤n,

max
Π∈Pn

tr(S1F1ΠFH
2 SH

2 S2F2ΠHFH
1 SH

1 ) ≤ max
Φ∈Un

tr(S1ΦSH
2 S2ΦHSH

1 )

(4.13)

= max
Φ∈Pn

tr(P1Λ̃1ΦΛ̃H
2 Λ̃2ΦHΛ̃H

1 PH
1 )=

n∑
i=1

β2
i β̃2

i .

By (4.12) and (4.13), we have

max
π

n∑
i=1

β2
i β̃2

π(i)≤
n∑

i=1

β2
i β̃2

i , (4.14)

and it is easy to check that

max
π

n∑
i=1

β2
i β̃2

π(i)≥
n∑

i=1

β2
i β̃2

π1(i)=
n∑

i=1

β2
i β̃2

i , (4.15)
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where π1(i)= i. By (4.14) and (4.15), we have

max
π

n∑
i=1

β2
i β̃2

π(i)=
n∑

i=1

β2
i β̃2

i . (4.16)

Similarly,

max
π

n∑
i=1

α2
i α̃2

π(i)=
n∑

i=1

α2
i α̃2

i . (4.17)

Then it follows from (4.11), (4.16) and (4.17) that

max
π

n∑
i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i)) ≤ max
π

n∑
i=1

α2
i α̃2

π(i)+max
π

n∑
i=1

β2
i β̃2

π(i)

=
n∑

i=1

(α2
i α̃2

i +β2
i β̃2

i ). (4.18)

Meanwhile,

max
π

n∑
i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i)) ≥
n∑

i=1

(α2
i α̃2

π0(i)+β2
i β̃2

π0(i))

=
n∑

i=1

(α2
i α̃2

i +β2
i β̃2

i ), (4.19)

where π0(i)= i. Combining (4.18) and (4.19) yields

max
π

n∑
i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i))=
n∑

i=1

(α2
i α̃2

i +β2
i β̃2

i ).

The proof is complete.

Theorem 4.1. Let {A, B}, {C, D} be two (m, p, n)-GMPs and let σ{A, B}= {(αi, βi)}n
i=1

and σ{C, D}={(α̃i, β̃i)}n
i=1. Then for any permutation π of {1, 2, .. ., n} we have

n∑
i=1

ρ2((αi, βi), (α̃π(i), β̃π(i)))∈ [ζ2, ζ1],

where

ζ1 = tr(S1SH
1 +S2SH

2 )−2tr(S1F1Π0FH
2 SH

2 S2F2ΠH
0 FH

1 SH
1 ),

ζ2 = tr(S1SH
1 +S2SH

2 )−2tr(S1F1FH
2 SH

2 S2F2FH
1 SH

1 )−
n∑

i=1

2n
√

1−θ1

√
1− θ̃1

√
θn

√
θ̃n

and θ1, θn, θ̃1, θ̃n are given by Lemma 2.5 and Π0 are given by (3.1).
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Proof. Let
Ω1=diag(α1, . . ., αn), Ω2=diag(α̃1, . . ., α̃n),

Λ1=diag(β1, . . ., βn), Λ2=diag(β̃1, . . ., β̃n),

where αi, α̃i, βi and β̃i are defined by (1.1) and (1.2). According to Lemma 2.4, for any
permutation π, there exists the corresponding permutation matrix Π such that

min
∀π

n∑
i=1

βi β̃π(i) = min
Π∈Pn

tr(Λ1ΠΛ2ΠH)≥ min
Φ∈Un

tr(Λ1ΦΛ2ΦH)

=
n∑

i=1

βi β̃n−i+1. (4.20)

Meanwhile,

min
∀π

n∑
i=1

βi β̃π(i)≤
n∑

i=1

βi β̃π0(i)=
n∑

i=1

βi β̃n−i+1, (4.21)

where π0(i)=n−i+1. By (4.20) and (4.21), we have

min
∀π

n∑
i=1

βi β̃π(i)=
n∑

i=1

βi β̃n−i+1. (4.22)

By Lemmas 2.4 and 2.1, for any permutation π there exists the corresponding permuta-
tion matrix Π such that

max
∀π

n∑
i=1

αiα̃π(i)βi β̃π(i) = max
Π∈Pn

|tr(Ω1ΠΩ2ΠHΛ1ΠΛ2ΠH)|

≤ max
Ψ1,Ψ2,Ψ3,Ψ4∈Un

|tr(Ω1Ψ1Ω2Ψ2Λ1Ψ3Λ2Ψ4)|

=
n∑

i=1

αiα̃iβn−i+1 β̃n−i+1. (4.23)

It is easy to check that for any permutation π of {1, 2, .. ., n},

n∑
i=1

ρ2((αi, βi), (α̃π(i), β̃π(i)))=n−
n∑

i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i))−
n∑

i=1

2αiα̃π(i)βi β̃π(i),

which implies that

max
∀π

n∑
i=1

ρ2((αi, βi), (α̃π(i), β̃π(i)))

= n−min
∀π

(
n∑

i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i))+
n∑

i=1

2αiα̃π(i)βi β̃π(i)

)
(4.24)
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and

min
∀π

n∑
i=1

ρ2((αi, βi), (α̃π(i), β̃π(i)))

= n−max
∀π

(
n∑

i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i))+
n∑

i=1

2αiα̃π(i)βi β̃π(i)

)
. (4.25)

It follows from Lemma 4.1 that

min
∀π

(
n∑

i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i))+
n∑

i=1

2αiα̃π(i)βi β̃π(i)

)

≥ min
∀π

n∑
i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i))

=
n∑

i=1

(α2
i α̃2

n−i+1+β2
i β̃2

n−i+1).

Therefore, together with (4.3), (4.4), (4.12), (4.13) and Lemma 4.1 yields

max
π

n∑
i=1

ρ2((αi, βi), (α̃π(i), β̃π(i)))

≤ n−
n∑

i=1

(α2
i α̃2

n−i+1+β2
i β̃2

n−i+1)

= n−
n∑

i=1

(2β2
i β̃2

n−i+1−(β2
i + β̃2

n−i+1)+1)

=
n∑

i=1

(β2
i + β̃2

n−i+1)−
n∑

i=1

2β2
i β̃2

n−i+1

≤ tr(S1SH
1 +S2SH

2 )−2tr(S1F1Π0FH
2 SH

2 S2F2ΠH
0 FH

1 SH
1 ), (4.26)

where Π0 is the corresponding permutation matrix for π0(i)=n−i+1 and θn, θ̃n, φi, ϕi
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are given by Lemma 2.5 and (3.1). By (4.12), (4.13) and Lemma 4.1 we have

max
π

(
n∑

i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i))+
n∑

i=1

2αiα̃π(i)βi β̃π(i)

)

≤ max
π

(
n∑

i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i)))+max
π

(
n∑

i=1

2αiα̃π(i)βi β̃π(i))

≤ max
π

(
n∑

i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i)))+
n∑

i=1

2αiα̃iβn−i+1 β̃n−i+1

≤
n∑

i=1

(α2
i α̃2

i +β2
i β̃2

i )+
n∑

i=1

2
√

1−φi
√

1−ϕi
√

φn−i+1

√
ϕ̃n−i+1,

which together with (4.25) leads to

min
π

n∑
i=1

ρ2((αi, βi), (α̃π(i), β̃π(i)))

≥ n−
n∑

i=1

(α2
i α̃2

i +β2
i β̃2

i )−
n∑

i=1

2
√

1−φi
√

1−ϕi
√

φn−i+1

√
ϕ̃n−i+1

=
n∑

i=1

(β2
i + β̃2

i )−2
n∑

i=1

β2
i β̃2

i −
n∑

i=1

2n
√

1−θ1

√
1− θ̃1

√
θn

√
θ̃n

= tr(S1SH
1 +S2SH

2 )−2tr(S1F1FH
2 SH

2 S2F2FH
1 SH

1 )−
n∑

i=1

2n
√

1−θ1

√
1− θ̃1

√
θn

√
θ̃n

≥ tr(S1SH
1 +S2SH

2 )−2tr(S1F1FH
2 SH

2 S2F2FH
1 SH

1 )−
n∑

i=1

2n
√

1−θ1

√
1− θ̃1

√
θn

√
θ̃n,

which together with (4.26) yields the desired results. This completes the proof.

Remark 4.1. We give upper and lower bounds of
n∑

i=1
ρ2((αi, βi), (α̃π(i), β̃π(i))) for any

permutation π of {1, 2, .. ., n}.

Let {A, B} and {Ã, B̃} be two (m, p, n)-GMPs and let σ{A,B}= {(αi, βi)}n
i=1 and

σ{Ã, B̃}= {(α̃i, β̃i)}n
i=1. If αiβi ≤ αjβ j and α̃i β̃i ≤ α̃j β̃ j, i ̸= j, i, j= 1, .. ., n. Then, for any

permutation π of {1, 2, .. ., n}, we have

max
π

n∑
i=1

ρ2((αi, βi), (α̃π(i), β̃π(i)))=
n∑

i=1

ρ2((αi, βi), (α̃i, β̃i))

= tr(S1SH
1 +S2SH

2 )−2tr(S1F1FH
2 SH

2 S2F2FH
1 SH

1 )−2
n∑

i=1

√
φi

√
1−φ2

i

√
ϕi

√
1−ϕ2

i .
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We will give some illustrations of αiβi ⪯αjβ j and α̃i β̃i ⪯ α̃j β̃ j, i ̸= j, i, j=1, .. ., n.

Corollary 4.1. Let {A, B} and {Ã, B̃} be two (m, p, n)-GMPs and let σ{A, B}={(αi, βi)}n
i=1

and σ{Ã, B̃}= {(α̃i, β̃i)}n
i=1. If arccos(β1)∈ [0, π

4 ] and arccos(β̃1)∈ [0, π
4 ] or arccos(β1)∈

[π
4 , π

2 ] and arccos(β̃1)∈ [π
4 , π

2 ]. Then for any permutation π of {1, 2, .. ., n}, we have

max
π

n∑
i=1

ρ2((αi, βi), (α̃π(i), β̃π(i)))=
n∑

i=1

ρ2((αi, βi), (α̃i, β̃i))

= tr(S1SH
1 +S2SH

2 )−2tr(S1F1FH
2 SH

2 S2F2FH
1 SH

1 )

−2
n∑

i=1

√
φi

√
1−φ2

i

√
ϕi

√
1−ϕ2

i ,

min
π

n∑
i=1

ρ2((αi, βi), (α̃π(i), β̃π(i)))=
n∑

i=1

ρ2((αi, βi), (α̃π0(i), β̃π0(i)))

= tr(S1SH
1 +S2SH

2 )−2tr(S1F1Π0FH
2 SH

2 S2FH
2 ΠH

0 FH
1 SH

1 )

−2
n∑

i=1

√
φi

√
1−φ2

i

√
ϕn−i+1

√
1−ϕ2

n−i+1,

where Π0 is an n×n permutation matrix corresponding to permutation π0(i)=n−i+1.

Proof. Since

n∑
i=1

ρ2((αi, βi), (α̃π(i), β̃π(i)))=n−
n∑

i=1

(αiα̃π(i)+βi β̃π(i))
2,

then

max
π

n∑
i=1

ρ2((αi, βi), (α̃π(i), β̃π(i)))=n−min
π

n∑
i=1

(αiα̃π(i)+βi β̃π(i))
2,

min
π

n∑
i=1

(αiα̃π(i)+βi β̃π(i))
2=min

π

n∑
i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i)+2αiα̃π(i)βi β̃π(i)).

It follows from Lemma 4.1 that

min
π

n∑
i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i))=
n∑

i=1

(α2
i α̃2

n−i+1+β2
i β̃2

n−i+1).

If arccos(β1)∈ [0, π
4 ] and arccos(β̃1)∈ [0, π

4 ] or arccos(β1)∈ [π
4 , π

2 ] and arccos(β̃1)∈ [π
4 , π

2 ],
then

α1β1≤···≤αnβn, α̃1 β̃1≤···≤ α̃n β̃n
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or
α1β1≥···≥αnβn, α̃1 β̃1≥···≥ α̃n β̃n,

which implies

min
π

n∑
i=1

2αiα̃π(i)βi β̃π(i)=
n∑

i=1

2αiβiα̃n−i+1 β̃n−i+1.

Then

min
π

n∑
i=1

(αiα̃π(i)+βi β̃π(i))
2=

n∑
i=1

(αiα̃n−i+1+βi β̃n−i+1)
2,

which implies

max
π

n∑
i=1

ρ2((αi, βi), (α̃π(i), β̃π(i)))=n−
n∑

i=1

(αiα̃n−i+1+βi β̃n−i+1)
2.

Since

min
π

n∑
i=1

ρ2((αi, βi), (α̃π(i), β̃π(i)))=n−max
π

n∑
i=1

(αiα̃π(i)+βi β̃π(i))
2,

max
π

n∑
i=1

(αiα̃π(i)+βi β̃π(i))
2=max

π

n∑
i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i)+2αiα̃π(i)βi β̃π(i)),

it follows from Lemma 4.1 that

max
π

n∑
i=1

(α2
i α̃2

π(i)+β2
i β̃2

π(i))=
n∑

i=1

(α2
i α̃2

i +β2
i β̃2

i ).

If arccos(β1)∈ [0, π
4 ] and arccos(β̃1)∈ [0, π

4 ] or arccos(β1)∈ [π
4 , π

2 ] and arccos(β̃1)∈ [π
4 , π

2 ],
then

α1β1≤···≤αnβn, α̃1 β̃1≤···≤ α̃n β̃n

or
α1β1≥···≥αnβn, α̃1 β̃1≥···≥ α̃n β̃n,

which implies

max
π

n∑
i=1

2αiα̃π(i)βi β̃π(i)=
n∑

i=1

2αiβiα̃i β̃i.

Then

max
π

n∑
i=1

(αiα̃π(i)+βi β̃π(i))
2=

n∑
i=1

(αiα̃i+βi β̃i)
2,
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which implies

min
π

n∑
i=1

ρ2((αi, βi), (α̃π(i), β̃π(i)))=n−
n∑

i=1

(αiα̃i+βi β̃i)
2.

This completes the proof.

Remark 4.2. We give the upper and lower bounds of min
π

n∑
i=1

ρ2((αi, βi), (α̃π(i), β̃π(i))) and

max
π

n∑
i=1

ρ2((αi, βi), (α̃π(i), β̃π(i))) for any permutation π of {1, 2, .. ., n}.

5 Numerical Experiments

In this section, we give some numerical examples to illustrate the efficiency of the theo-
retical result by computing the chordal distance of two matrix pencils {A, B} and {Ã, B̃}.
All the experiments were carried out on an Apple MacBook Pro late 2016 using MATLAB
R2018b with machine epsilon ϵ≈2.2204×10−16.

The result we used to compare is the upper bound obtained in [13]. In order to
make fair comparisons, we use the economic version of the generalized singular value
decomposition, i.e. MATLAB command gsvd(A, B, 0) and gsvd(~A, ~B, 0), to get the com-
pact forms of U, V and Ũ, Ṽ. Then we define

Y=

(
UH A
VHB

)
, Ỹ=

(
ŨH Ã
ṼH B̃

)
,

and the upper bound in [13] is now calculated from

n

(
1− n

√
det(YHỸ)2

det(YHY)det(ỸHỸ)

)
,

which saves a lot of calculations for large m and p.

Example 5.1. To test the efficiency of the new explicit formula, we randomly generated
the matrix pencils {A, B} and {Ã, B̃} by MATLAB command rand(m, n) for A, Ã and
rand(p, n) for B, B̃, whereas m= p= 20000 are fixed, n is firstly chosen as 300 and then
repeatedly increased by 100 each time until 2000. The running times for calculating the
exact values and the upper bounds of the chordal distances are shown in Fig. 1. In our
experiments, the calculation of the exact value is always about 10 times faster than that
of the upper bound. The speedup is mainly due to less computations in the SVD rather
than the GSVD.

It is necessary to point out that we need to properly scale H and H̃ to avoid overflow
or underflow in the calculation of the determinants in the upper bound when the matrix
sizes are getting large. While the calculation of our new formula is more robust.
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Figure 1: Performance comparison of calculating the exact values (by SVD) and the upper
bounds (by GSVD) of the chordal distances. The matrices are randonly generated with
m= p=20000 and n increasing from 300 to 2000.
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