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Abstract. Although gradient descent (GD) optimization methods in combination with rectified linear unit
(ReLU) artificial neural networks (ANNSs) often supply an impressive performance in real world learning
problems, till this day it remains — in all practically relevant scenarios — an open problem of research to rig-
orously prove (or disprove) the conjecture that such GD optimization methods do converge in the training of
ANNSs with ReLU activation.

In this article we study fully-connected feedforward deep ReLU ANNs with an arbitrarily large number of
hidden layers and we prove convergence of the risk of the GD optimization method with random initializa-
tions in the training of such ANNs under the assumption that the unnormalized probability density function
p: [a,b]? — [0,00) of the probability distribution of the input data of the considered sudpervisead learning prob-
lem is piecewise polynomial, under the assumption that the target function f: [a,b]? — R° (describing the
relationship between input data and the output data) is piecewise polynomial, and under the assumption that
the risk function of the considered supervised learning problem admits at least one regular global minimum.
In addition, in the special situation of shallow ANNs with just one hidden layer and one-dimensional input we
also verify this assumption by proving in the training of such shallow ANNSs that for every Lipschitz continu-
ous target function there exists a global minimum in the risk landscape. Finally, in the training of deep ANNs
with ReLU activation we also study solutions of gradient flow (GF) differential equations and we prove by
proving that every non-divergent GF trajectory converges with a polynomial rate of convergence to a critical
point (in the sense of limiting Fréchet subdifferentiability).

Our mathematical convergence analysis builds up on ideas from our previous article [S. Eberle, A. Jentzen,
A. Riekert, & G. Weiss, Existence, uniqueness, and convergence rates for gradient flows in the training of
artificial neural networks with ReLU activation. arXiv:2108.08106 (2021)], on tools from real algebraic geome-
try such as the concept of semi-algebraic functions and generalized Kurdyka-Lojasiewicz inequalities, on tools
from functional analysis such as the Arzela—Ascoli theorem on the relative compactness of uniformly bounded
and equicontinuous sequences of continuous functions, on tools from nonsmooth analysis such as the concept
of limiting Fréchet subgradients, as well as on the fact that the set of realization functions of shallow ReLU
ANNs with fixed architecture forms a closed subset of the set of continuous functions revealed in [P. Petersen,
M. Raslan, & F. Voigtlaender, Topological properties of the set of functions generated by neural networks of
fixed size. Found. Comput. Math. 21 (2021), no. 2, 375-444].
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1 Introduction and main results

Even though gradient descent (GD) type optimization methods in combination with ar-
tificial neural networks (ANNSs) often supply an impressive performance in real world
learning problems, till this day it remains — in all practically relevant scenarios — an open
problem of research to rigorously prove (or disprove) the conjecture that such GD opti-
mization methods do converge in the training of ANNs. Moreover, in the case of ANNs
with the widely-used rectified linear unit (ReLU) activation function, this problem of re-
search receives additional difficulty due to the lack of differentiability of the rectifier func-
tion R 3 x — max{x,0} € R.

Although the convergence analysis for GD type optimization methods in the training
of ANNSs remains a fundamental open problem of research, there are several auspicious
approaches in the scientific literature which provide interesting first steps in this area of re-
search. To briefly introduce the reader to this topic of research, we now highlight/mention
some of those findings in a short way and refer to the below mentioned references for fur-
ther details.

In particular, we refer, for example, to [217,24,125,127,137,138,[72,[75] for convergence
results for gradient flow (GF) and GD processes in the training of ANNSs in the so-called
overparametrized regime, where the number of ANN parameters highly exceeds the num-
ber of considered input-output training data pairs. As the number of neurons goes to
infinity, the corresponding GF processes converge to a measure-valued process called
Wasserstein gradient flow; cf., for instance, [12,[15,16], [26, Section 5.1], and the references
mentioned therein.

Regarding abstract results on the convergence of GF and GD processes we refer, for ex-
ample, to [5,139,5556,62] for the case of convex objective functions, we refer, for instance,
to [1,13/4)10,121,145//48/49,52,/53}/57] for convergence results for GF and GD processes under
Lojasiewicz type conditions, and we refer, for instance, to [7,30,50,/60] and the references
mentioned therein for further results without convexity conditions. In general, without
global assumptions on the objective function such as convexity, gradient-based methods
may converge to non-global local minima or saddle points. It therefore becomes important
to analyze critical points of the objective function in the training of ANNs and we refer, for
example, to [14)/6568,73,74] for articles which study the appearance of critical points in the
risk landscape in the training of ANNs. The question under which conditions gradient-
based optimization algorithms cannot converge to saddle points was investigated, for ex-
ample, in [32,48,49,58,59]. For more detailed overviews and additional references on GD
optimization schemes we mention, for instance, Bottou et al. [11], Fehrman et al. [30, Sec-
tion 1.1], [39] Section 1], and Ruder [64].

In this article we study the training of fully-connected feedforward ANNs with ReLU
activation by means of GD type optimization methods (we also refer to Figure [L.1] and
Figure [[.2 in this introductory section below for graphical illustrations of two example
architectures for the ANNs investigated in this work). In particular, one of the key con-
tributions of this work is rigorously verify, under the assumption that the unnormalized
probability density function p: [a,b]? — [0,0) of the probability distribution of the input
data of the considered supervised learning problem is piecewise polynomial (see Defi-
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nition 5.Jlin Section 5l for our precise meaning of a piecewise polynomial function), and
the assumption that the target function f = (fy,..., f5): [4,b]? — R? (the function de-
scribing the relationship between the input data and the output data which one intends
to learn approximately) is piecewise polynomial, it holds in the training of deep ReLU
ANNSs with an arbitrarily large number of hidden layers that the risk function (the function
which is to be minimized) and its associated generalized gradient function satisfy at every
point of the ANN parameter space a generalized Kurdyka-Lojasiewicz inequality; see Proposi-
tion[6.2in Subsection[6.4 for the precise statement. In the previous sentence the quantity
d e N ={1,2,3,... }isanarbitrarily large natural number which describes the dimension
of the input data, the quantity § € IN is a natural number which describes the dimension
of the output data, and the quantities 2,b € R with a < b are real numbers which border
the region [, b]? in which the input data takes values in. Proposition[6.2in Subsection 6.4
in this work generalizes Proposition 5.1 in our previous article Eberle et al. [28] where
such generalized Kurdyka-Lojasiewicz inequalities have been established in training of
ReLU ANNSs with one hidden layer. The proof of Proposition[6.2 relies on the fact that the
considered risk function is semi-algebraic, which we establish in Corollary [5.I|below, and
the abstract Kurdyka-Lojasiewicz inequality in Bolte et al. [10, Theorem 3.1]. A similar
result regarding semi-algebraicity of the empirical risk, which is measured with respect to
a finite set of input-output data pairs, is already known, cf. Davis et al. [20, Corollary 5.11].

We then use the established generalized Kurdyka-tojasiewicz inequalities in Proposi-
tion [6.2] to prove convergence of GD type optimization methods in the training of deep
ReLU ANNs where we first focus on time-continuous GD optimization methods (see Sec-
tion[7) and, thereafter, investigate time-discrete GD optimization methods (see Section[8).

Specifically, in the time-continuous situation (see Section [/l and Subsection [[.3in this
introductory section) we establish in the training of deep ReLU ANNSs, under the assump-
tion that the unnormalized probability density function p: [a,b]? — [0,00) and the target
function f: [a,b]? — R are both piecewise polynomial, that every non-divergent solution
of the associated gradient flow (GD) differential equation converges with a strictly positive
rate of convergence to a generalized critical point of the risk function (in the sense of the
limiting Fréchet subdifferential; see Definition[3.1lin Subsection[3.6) and also that the risk
of the GF solution converges with rate 1 to the risk of the generalized critical point (see
Theorem [7.1] in Subsection [Z.3] below and Theorem [I.3in Subsection[[.3]in this introduc-
tory section below, respectively, for the precise statements). This generalizes the approach
in Eberle et al. [28, Subsection 5.2] from shallow ReLU ANNSs to deep ReLU ANNSs.

Moreover, in the time-discrete situation (see Section [§ and Subsections [I.1l and [I.4] in
this introductory section) we establish in the training of deep ReLU DNNSs, under the as-
sumption that p and f are piecewise polynomial and that the risk function of the consid-
ered deep supervised learning problem admits at least one regular global minimum point,
that the risk of the plain vanilla GD optimization method with random initializations con-
verges in the training of deep ReLU ANN s to 0 as the number of GD steps increases to oo,
as the number of random initializations increases to oo, as the step size of the GD method
(the learning rate of the GD method) decreases to 0, and as the width of the ANNs in-
creases to co; see Theorem [8.T]in Section[8 below and Theorem [1.4lin Subsection[I.4in this
introductory section below, respectively, for the precise statement.
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Another key contribution of this work (see Section[2) is to prove in the special situation
of shallow ReLU ANNs with just one hidden layer and one-dimensional input and output
(corresponding to the case d = § = 1) that for every Lipschitz continuous target function
f: [a,b] = R we have that there exist global minimum points of the risk function; see The-
orem [2.2in Subsection 2.6l and Theorem [1.1in Subsection[I.1]in this introductory section
below, respectively, for the precise statement. In the case of shallow ANNs we thereby ver-
ify the above mentioned assumption that the risk function of the considered supervised
learning problem admits at least one regular global minimum point; cf. Corollary 2.6 in
Subsection[Z.7lbelow and Theorem[1.2lin Subsection[I.2]in this introductory section below,
respectively.

To elucidate the findings of this work more clearly, we now present 4 selected specific
results (which have already been briefly outlined in the above introductory paragraphs)
regarding the training of ReLU ANNSs, Theorem [L.1] in Subsection [T, Theorem [.2] in
Subsection[1.2] Theorem [1.3]in Subsection[1.3] and Theorem [1.4] in Subsection[1.4] with all
details in a self-contained fashion. Theorem [[.Iland Theorem [I.2 deal with shallow ReLU
ANN’s with just one hidden layer and one-dimensional input and output (d = 6 = 1) and
Theorem [1.3land Theorem [L.4] treat the situation of deep ReLU ANNs with an arbitrarily
large number of hidden layers and multi-dimensional input and output (4,6 € IN).

1.1 Existence of global minima for shallow artificial neural networks (ANNs)

Maybe the most basic question that one can ask regarding the training of ANNS is the
existence of global minimum points in the risk landscape. In particular, without the ex-
istence of a global minimum point, one can not hope for a GD type optimization method
to converge to a global minimum point. Surprisingly, there is almost no result in the sci-
entific literature which actually establishes the existence of global minimum points of risk
functions in the training of ANNs and in our perspective this subject is a very important
direct of future research.

Theorem [I.1below proves in the training of shallow ANNs with ReLU activation that
for every distribution y: B([a,b]) — [0, o] of the input data of the considered supervised
learning problem and every Lipschitz continuous target function f: [a,b] — R it holds
that there exists a global minimum point of the risk function. The natural number ) € IN
in Theorem specifies the number of neurons on the hidden layer of the ANN (the
dimensionality of the hidden layer of the ANN), the natural number ? € IN in Theorem[L]
specifies the overall number of real parameters used to described to the considered ANNSs,
and the set B([a, b]) is the Borel sigma-algebra on the real interval [4,0] C R.

In Theorem [1.1] we thus consider ANNs with 1 neuron on the input layer (with a 1-
dimensional input layer), with h neurons on the hidden layer (with h-dimensional hidden
layer), and with 1 neuron on the output layer (with a 1-dimensional output layer). There
are hence h real weight parameters and § real bias parameters to describe the affine lin-
ear transformation between the 1-dimensional input layer and the h-dimensional hidden
layer and h real weight parameters and 1 real bias parameter to describe the affine linear
transformation between the h-dimensional hidden layer and the 1-dimensional output
layer. The overall number ? € IN of real ANN parameters in Theorem [L.T] therefore satis-
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fiesdo = (h+h) + (h +1) = 3h + 1. We also refer to Figure [l for a graphical illustration
of an example architecture for the ANNSs considered in Theorem [L.1]

The function £: R’ — R in (L) in Theorem [[.1]is the risk function in the considered
supervised learning problem and the finite measure u: B([a,b]) — [0, 0] is the unnor-
malized probability distribution of the input data of the considered supervised learning
problem. In Theorem we considered ReLU ANNs and the ReLU activation func-
tion R > x — max{x,0} € R appears on the right hand side of (LI). In this set-up
of shallow ReLU ANNs Theorem [L.1] reveals the existence of a global minimum point
0 = (61,...,0y) € R® of the risk function £: R® — R.

Theorem 1.1. Let h,d € N, a € R, b € [a,00) satisfy 0 = 3h+ 1, let f: [a,b] — R be Lipschitz
continuous, let u: B([a,b]) — [0,00] be a finite measure, and let L: R° — R satisfy for all
0= (01,...,0,) € R® that

b
L(0) = [ (f(x)— 60— 2?21 024 j max{6y; + 6’]-x,0})2 pu(dx). (1.1)
Then there exists 0 € R® such that L(0) = infgcro L(9).

Theorem[I.Tlis an immediate consequence of Theorem[2.2lin Subsection 2.6 below. The-
orem [L1] proves that there exists an ANN parameter vector 6 = (61,...,6;) € R® which
satisfies that the risk £(6) of 6 coincides with the infimum over all risk values infycgo £(9).

As observed in Petersen et al. [61], the existence of global minima has direct impli-
cations for the training of ANNSs. In particular, if there is no global minimum then any
sequence (0,),en € R? with limy o0 £(6,) = infycgo £(8) necessarily diverges to infin-
ity. This behavior is highly undesirable in numerical computations. If the target function
f is not continuous, this divergence phenomenon can indeed be observed in practice, as
the results and numerical examples in [31] show. On the other hand, using our existence
result for global minima we are able to establish convergence of GD with random initial-
izations in the training of shallow ANNS if the assumptions of Theorem are satisfied,
see the next subsection for details.

In the scientific literature a similar existence result for ANNs with the Heaviside acti-
vation function R 3 x — 1}y (x) € R was established in Kainen et al. [43]. Moreover,
we would like to point out that Theorem [L.T does in general not hold without the Lips-
chitz continuity assumption on f. Indeed, Petersen et al. [61, Theorem 3.1] implies in the
case where ) > 2 and where the measure y is non-atomic in the sense that its support is
uncountable that the set of realization functions

{veC(0,1],R):
(30 = (01,...,6) € R%: Vx € [0,1]: 0(x) = b + T, 03y max {6y +6,%,0))} (12)

is not closed in the L?-space L?([0,1], ). Specifically, Petersen et al. [61, Theorem 3.1]
shows that there exists f € L*([0,1], ) such that infycgo £(0) = 0and {6 € R°: L(6) =
0} = @. The function f constructed in Petersen et al. [61] is a step function of the form
f(x) = 1(x+1)(x) for some suitable x* € (0, 1) depending on the measure y and, thus, does
not have a continuous representative. A similar non-closedness statement for the logistic
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Input layer Hidden layer Output layer
(1st layer) (2nd layer) (3rd layer)
x O N9 (x)
h=2>5

Figure 1.1: Graphical illustration of the considered shallow ANN architecture in Theorems [I1] and in the
special case of an ANN with h = 5 neurons on the hidden layer. In this situation we have for every ANN
parameter vector f € R? = IR'® that the realization function R 3 x +— .#?(x) € R of the considered ANN maps

the scalar input x € [a,b] to the scalar output 4% (x) = 6, +Z?:1 025+ jmax{0;jx + 05,0} € R.

activation function was proved earlier in Girosi & Poggio [33]. In Theorem[T.Tlwe assume
that f: [a,b] — R is Lipschitz continuous. We guess that the statement remains true if one
only assumes that f is continuous.

1.2 Gradient descent (GD) with random initializations in the training of
shallow ANNs

In Theorem[I.2lbelow we employ Theorem[I.Tlabove to establish in the training of shallow
ReLU ANNSs (with 1 neuron on the input layer, h € IN neurons on the hidden layer, and
1 neuron on the output layer) that the risk of the plain vanilla GD optimization method
with random initializations converges in probability to 0 as the number n € IN of GD steps
increases to oo, as the number K € IN of random initializations increases to oo, as the step
size v € (0,00) of the GD optimization method (the learning rate of the GD optimization
method) decreases to 0, and as the width h € IN of the considered ANNs increases to oo;
see (L.6) in Theorem [1.2lbelow for the precise statement.

In Theorem [1.2l we consider the GD optimization method with random initializations
and the triple (Q), F,P) in Theorem[[.2] serves as the underlying probability space for the
random initializations. Note that the function which maps random variables X: 3 — R
and Y: () — R to the real number

IE [min{|X — Y], 1}] (1.3)

is nothing else but one commonly used metric which characterizes convergence in probabil-
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ity (cf., e.g., Klenke [46, Theorem 6.7 in Chapter 6]) and (L.6) in Theorem [I.2] thus indeed
establishes convergence in probability of the risk of the GD optimization method to 0.

Theorem 1.2. Let N € N, ¢,1,...,n,a0,b € R, satisfya = g < 1 < --- < y =D, let
f € C([a,b],R), let p: [a,b] — [0,00) be a function, assume for all n € {1,...,N} that
Fliy 1) and pl, .y are polynomials, for every b € N let Ly: R — R satisfy for all
0= (91, .. .,9354_1) € R3*1 that

Ly(0) = [;'(F(x) = 00 — Ky O+ max{0jx + 6y, 0}) *p(x) dx, (1.4)

for every h € N let Gy: R — R3O satisfy for all 6 € {8 € R3TL: Ly is differentiable
at 0} that Gy(0) = (VLy)(0), let (Q), F,P) be a probability space, for every n,h,K € Ny,

v € R let G)I;’Z: QO — R33! gnd k{f’g: Q) — IN be random variables, assume for all h € N,
v € R that @{f’g, K € N, are i.id., assume for all h € IN, v,r € (0,1), 8 € R30+1 that
IP(HG);g — 0|l <r) > 0,and assume foralln,h € No, K € N, v € R, w € Q) that

K, K, K,
Oyy1(w) = O (w) — 7G5 (O] (w), (1.5a)
Iy (@) € argming g gy £y(OF 7 (w)). (1.5b)

n

Then
hK,
limsupy_,, limsup, \ olimsupy_,, limsup, ., E[min{Ly (@ 7’“7), 1}] =0. (1.6)

Theorem [1.2]is a direct consequence of item [(ii)] in Corollary [8.6 in Subsection [8.7 be-
low and the reversed version of Fatou’s lemma. Note that in (L.5) above the random
index kI;Z (w) € N selects the trajectory with the minimal risk after n € IN gradient steps
among the first K € IN random initializations. Observe that (1.6) demonstrates that the

risk Ly (@2’1(2/&7’7) of the GD optimization method with random initializations converges
in probability (see above) to 0 as the number n of GD steps increases to oo, as the
number K of random initializations increases to oo, as the learning rate y decreases to 0,
and as the number § of neurons on the hidden layer increases to co.

Roughly speaking, the proof of Theorem [1.2] consists of the following steps.

(I) We strengthen the existence result for global minima from Theorem 2.2/ by proving
in Corollary 2.6] that each of the risk functions Ly, h € IN, admits a global minimum
around which suitable regularity conditions are satisfied.

(II) We establish in Corollary 5.T] that the considered risk functions are semi-algebraic.
As a consequence, we show in Proposition [6.2] a generalized Kurdyka-Lojasiewicz
inequality for the risk functions.

(III) In Corollary 8.4l below we show an abstract local convergence result to local min-
ima for GD under a Kurdyka-Lojasiewicz type assumption and a suitable regularity
assumption. Specifically, we assume that the considered local minimum admits a
neighborhood on which the objective function is differentiable with a Lipschitz con-
tinuous gradient.
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(IV) As a consequence, we obtain in Corollary 8.5 an abstract convergence result for GD
processes with random initializations. Due to the first two steps, Corollary is
applicable to each risk function £y, h € IN, under the assumptions of Theorem [L.2]

In [42, Theorem 1.1] a GD convergence result related to Theorem [I.2] above has been es-
tablished. Roughly speaking, in [42, Theorem 1.1] a convergence result similar to (L.6)
has been obtained in the situation where the learning rate y € (0, o) must be sufficiently
small but may be chosen to be independent of the number h € IN of neurons on the hid-
den layer, where the target function f: [2,b] — R must not only be piecewise polynomial
but even piecewise affine linear, and where the unnormalized probability density function
p: [a,b] — [0,c0) does not necessarily have to be piecewise polynomial but instead must
be strictly positive and Lipschitz continuous.

The convergence analysis in [42] follows a completely different strategy than the con-
vergence analysis in this work. In particular, in contrast to the proof of Theorem[I.2labove,
the proof in [42, Theorem 1.1] does not at all use generalized Kurdyka-}t.ojasiewicz inequal-
ities but instead is based on differential geometric arguments and analyses of the Hessian
matrices of the risk function (cf. [30]).

1.3 Gradient flows (GFs) in the training of deep ANNs

In Theorem [L.3]below we demonstrate in the training of deep ReLU ANNs with an arbi-
trarily large number of hidden layers, under the assumption that the unnormalized prob-
ability density function p: [a,b]% — [0,00) and the target function f: [a,b]% — R'L are
piecewise polynomial (see (L8) below for details), that every non-divergent solution ©;,
t € [0,00), of the associated GF differential equation converges with a strictly positive rate
of convergence to a generalized critical point ¢ (in the sense of the limiting Fréchet subdif-
ferential; see Definition [3.1in Subsection[3.6) and also that the risk L (©;), t € [0,00), of
the GF solution converges with rate 1 to the risk Lo (8) of the generalized critical point;
see (L12) in Theorem [L.3]below for the precise statement.

The natural number L € IN in Theorem [I.3|specifies the number of affine linear trans-
formations in the considered deep ANNSs (the considered deep ANNs in Theorem[L.3]thus
consist of L — 1 hidden layer and, including input and output layers, L + 1 layers overall)
and the natural numbers £y, {1, /5, ... € IN in Theorem specify the number of neurons
of the layers in the sense that there are /y neurons on the input layer (the input layer is
{p-dimensional), that for every i € {1,...,L — 1} there are ¢; neurons on the ith hidden
layer (the ith hidden layer is ¢;-dimensional), and that there are /; neurons on the output
layer (the output layer is ¢; -dimensional). In the deep ANNSs considered in Theorem [1.3]
we thus have for every k € {1,...,L} that there are ¢;{;_ real weight parameters and ¢
real bias parameters to describe the affine linear transformation between the (k — 1)st and
the k-th layer. The overall number 8 € IN of real ANN parameters in Theorem [1.3] thus
satisfies

0 = Yo (bl + £) = Ty belbe1 +1). (17)

We also refer to Figure [[.2] for a graphical illustration of an example architecture for the
ANNSs considered in Theorem [1.3]
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Input layer  1st hidden layer 2nd hidden layer 3rd hidden layer ~Output layer
(1st layer) (2nd layer) (3rd layer) (4th layer) (5th layer)

by =5 6L =8 b =6 ly =7 ly =3

Figure 1.2: Graphical illustration of the considered deep ANN architecture in Theorem [L3]in the special case of
a deep ANN with 3 hidden layers (corresponding to L = 4 affine linear transformations), with 5 neurons on the
input layer (corresponding to £y = 5), 8 neurons on the 1st hidden layer (corresponding to ¢; = 8), 6 neurons on
the 2nd hidden layer (corresponding to ¢, = 6), 7 neurons on the 3rd hidden layer (corresponding to /3 = 7), and
3 neurons on the output layer (corresponding to £4 = 3). In this situation the dimension ? of the ANN parameter
space satisfies 0 = Z;-l:l 6i(li1+1) =6-84+9-64+7-7+3-8 = 176. Note that we have for every ANN

parameter vector f € R = R'7° that the realization function R®> > x N;%g(x) € R3 of the considered deep
ANN maps the 5-dimensional input vector x = (x1,xp,X3,X4,%5) € [a, b]5 to the 3-dimensional output vector

N (x) = (NEL NS NS e R

Because of the lack of differentiability of the ReLU activation function, the risk function
Lo: R — R in Theorem [[.3is in general not continuously differentiable. In order to
define an appropriately generalized gradient we approximate, as in [13,136,40, 41]], the
ReLU function through continuously differentiable functions %, € C}(R,R), r € [1, 0]
(see (II0) below for details). For every 6 € R?, r € [1,00] we define the approximate
realization function N;“?: R% — R and the corresponding risk function £,: R® —
R. For every parameter vector § € R? which satisfies that the approximate gradients
(VL,)(0),r € [1,00), are convergent as r — oo we define the generalized gradient G(0) €
R? as the limit lim,_,0o(VL,)(0). In Proposition B.Il below we verify that this limit, in
fact, exists for every 6 € R?, and thus the generalized gradient G(0) is uniquely defined
for every 6 € R®. Furthermore, we derive in Proposition B.1] an explicit formula for the
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generalized gradient, which agrees with the standard implementation of the gradient via
backpropagation.

Theorem1.3. Let L,0,q € N, ({)ken, € N, a € R, b € [a,00) satisfyd = r_ (e (b1 +1),
foreveryi € {1,...,q} let a; € R4, let B; € RY, and let P;: R% — RF1 be a polynomial, let
f=,-- fo): a bl — R and p: [a,b) — [0, c0) satisfy for all x € [a,b]‘0 that

(1(x), f2(x), .., fo, (x),p(x)) = X1, Pi(x) Ljo,c0pa (@i + Bi), (1.8)

for every 8 = (0y,...,6y) € R® let wh? = (mf”].e)(il]')e{lwgk}X{lwgkfl} € R%*b-1, k € N,
and bk = (b’{’e,...,b]gf) e Rk k € N, satisfy for all k € {1,...,L}, i € {1,..., 4},
jeA{l,..., b1} that

wf =g .

kb6
i =Ygt ey d b =0 (1.9)

Ol +i+ X1 6, (0,1 +1)
let R,: R — R, r € [1,00], satisfy forall r € [1,00), x € (—0,27 1771,y € R,z € [r!,00)
that

R, € CHR,R), R (x) =0, 0<R(y) < Reoly) =max{y,0}, and R,(z) =z
(1.10)
assume SUP,.c(y o) SUPycR |(R) (x)] < oo, for every r € [1,00] let M,: (UyenR?) —
(UnenR") satisfy foralln € N, x = (x1,...,x,) € R" that M, (x) = (Re(x1),...,Re(xn)),
for everyr € [1,00], 0 € R let /\/}k’e: Rb% — R%, k € N, satisfy forallk € N, x € RY% that

Ml,@(x) _ bl,@ + ml,Gx and Mk+1’9(x) — bk+1,9 + mk+1,9(mrl/k(Mk,9 (x))), (1.11)

for every r € [1,00] let L,: R — R satisfy for all 0 € R® that £,(0) = f[a b}eOHN}L’G(x) -

F() P p(x)dx, let G: R® — R? satisfy forall 0 € {8 € R?: ((VLr)(9))rep1,00) i convergent}
that G(0) = lim, (VL) (0), andll let ® € C([0,00),R?) satisfy iminf; ,o[@;] < oo
and Vt € [0,00): @y = Oy — f;g(@s)ds. TherB there exist 9 € R?, ¢,B € (0,00) with
0 € (IDL«)(8) such that for all t € [0, 00) it holds that

10 =8| < CA+8)F  and  |Loo(Of) — Loo(®)] < (1 +1)71 (1.12)

Theorem[I.3lis an immediate consequence of Theorem[/.Ilin Subsection[7.3]below. Note
that the first inequality in (I.12) in Theorem [L.3] above assures that the standard norm
|®; — 9| of the difference of the GF solution at time ¢ and the generalized critical point
¥ converges with rate B € (0,00) to 0 and note that the second inequality in (1.12) in
Theorem [I.3] above assures that the absolute value |L«(®;) — Loo(9)| of the difference of
the risks of the GF solution at time t and the generalized critical point & converges with
rate 1 to 0.

IThroughout this article we denote by [|-||: (UpenR") — R and (-,-): (Upen(R" x R")) — R the functions which
satisfy foralln € N, x = (x1,...,%1), ¥ = (Y1, .-, yu) € R" that || x| = (T |%;]?)/2 and (x,y) = T, xiy;.

2In the conclusion of Theorem[L3lwe denote by (DL ) (8) the limiting Fréchet subdifferential of £o: R? — Rat ¢ € R?;
see Definition B.I]below for details.
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In our proof of Theorem we combine the generalized KL-inequality for the risk
function in Proposition [6.2l with the abstract convergence results for GF processes in Sec-
tion[Zl The main regularity condition we need is the chain rule for the risk function L,
which was established in [36]. The fact that the limit ¢ € R? is a generalized critical point
in the sense that 0 is an element of the limiting Fréchet subdifferential of Lo: R® — R at
¥ is a consequence of the fact that the generalized gradient we define is an element of the
limiting Fréchet subdifferential, which we show in Proposition [3.3]below.

The assumption that the trajectory (®¢),c[g0) is bounded is necessary and is not im-
plied by the other conditions. Indeed, in [31] we show that there are piecewise polynomial
target functions for which GF trajectories with certain initialization do diverge to infinity.

In [28| Theorem 1.2] a GF convergence result related to Theorem above has been
obtained in the case of shallow ANNs with just one hidden layer. More specifically, in [28,
Theorem 1.2] a GF convergence result similar to (I.12) has been established in the situation
where the target function is additionally continuous and where the considered ANNs are
not deep but shallow and just consist of 3 layers (input layer, output layer, and one hidden
layer).

1.4 Gradient descent (GD) with random initializations in the training of deep
ANNs

In Theorem [[.4below we establish in the training of deep ReLU ANNSs with an arbitrarily
large number of hidden layers, under the assumption that the unnormalized probability
density function p: [a,b]? — [0,00) and the target function f: [a,b]? — R are piecewise
polynomial (see (1.14) below for details) and that the risk function of the considered deep
supervised learning problem admits at least one regular global minimum point, that the
risk of the plain vanilla GD optimization method with random initializations converges
in probability to 0 as the number of GD steps increases to oo, as the number of random
initializations increases to oo, as the step size of the GD method (the learning rate of the
GD method) decreases to 0, and as the width of the ANNs increases to co (see (I.13) and
(L18) below for details).

Theorem 1.4. Let d,6,g € N, a € R, b € [2,0), (pa)acNn € (INN(1,00)), let {* =
(€5, 05,...,£5.) € {d} x NP1 x {5}, a € N, satisfy

liminf, e min{¢§,/5,. . ., ngl} = o0, (1.13)

foreverya € N let 0q = Y00, £8(¢2 | +1), foreveryi € {1,...,q} let a; € RV, let B; € RY,
and let P;: R? — R+ be a polynomial, let f: [a,b]? — R’ and p: [a,b]? — [0,00) satisfy for
all x € [a,b]* that

(f1(x), fa(x), .., f5(x),p(x)) = T Pi(x) Ljo,c0)a (i + Bi), (1.14)

for every a € N, k € {1,...,0a}, 0 = (01,...,0,,) € R et mﬁ’e =
bk,@

k0 03 <08 ko __ k0 8 :
(ma,z‘,j)(i,j)e{l,...,é,?}x{1,...,6,3,1} € R%™%1 and by" = ( a,1"“'[’a,£;;) € R% satisfy for all
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ie{l,...,08},je{l,...,0;_,} that

ok — k6
Weii =01y ekl 11y @4 b0 =00 sk ege 4y

let M: (UpenR") — (UpenR") satisfy foralln € N, x = (x1,...,%,) € R" that M(x) =

(max{x1,0},...,max{x,,0}), for everya € N, 6 € R% let N¥: RT - R%, k € NN [1,p4],
satisfy for allk € NN [1,04), x € RY that

N'Jl,(?(x) _ bi,(? + mi,ex and N;H—l,e(x) — blccl—l—l,(? + ml;—l—l,(? (i)Jt(/\/'k'e(x))), (1.16)

for every a € N let Lq: R% — R satisfy for all 6 € R® that Lq( f[adeNp“’ (x) —

F(0)12p(x) dx, for every a € N let 8, € (Lo) ({infpegoa Ea(G)}), € (0,1) satisfy that
Lal(peroa: |0—bq||<eq} 198 a Lipschitz continuous derivative, for every a € ]N let Gg: R% — R
satisfy for all 0 € {8 € R%: L, is differentiable at 0} that G4(0) = (VLy)(0), let (Q), F,IP)
be a probability space, for every n,a,K € INg, v € R let G)f’n Q — R and kf’n Q — N be
random variables, assume for all a € IN, v € R that G) 7, K € N, arei.id., assume forall a € N,
v,7 € (0,1), 6 € R% that IP(HG)u’O -0 <r) > 0, and assume for all n € Ny, a,K € N,
v € R, w e O that

(1.15)

O 1 (w) = Ol (w) — 7Ga(Og (w)), (1.17a)
k{fnv( ) €argmin, gy 3 La(O an(w)). (1.17b)

Then

limsup,_, . limsup,\ olimsupy_,., limsup, ., E[min{L,(© “”’7),1] =0. (1.18)

Theorem 1.4 follows immediately from item|(ii)]in Theorem[8.lin Subsection[8.6/below
and the reversed version of Fatou’s lemma. Observe that (I.18) above shows that the

risk [,u(® o "7} of the GD optimization method with random initializations converges in
probabihty (see (L.3) above) to 0 as the number 1 of GD steps increases to oo, as the number
K of random initializations increases to oo, as the learning rate oy decreases to 0, and as the
width of the ANN increases to co in the sense of (I.13) above.

The proof of Theorem [1.4]is mostly analogous to the proof of Theorem [1.2l The main
difference is that in the general setting of deep ANNSs the existence of global minima is
not known. This is the reason why we assume in Theorem [L4] for every a € NN that
the parameter vector 9, € R% is a global minimum of the risk function £,: R — R.
Additionally, we assume that for every a € IN there exists ¢, € (0,1) which satisfies that
the restriction of £, to the neighborhood {6 € R%: |0 — 04| < &4} is differentiable with
a Lipschitz continuous derivative.

2 Existence of global minima for shallow ANNs

In this section we establish in Theorem [2.2in Subsection 2.6l below in the case where the
target function f: [4,b] — R is Lipschitz continuous and where the considered ReLU
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ANNSs just consist of a one-dimensional input layer, a multi-dimensional hidden layer,
and a one-dimensional output layer that there exists a global minimum point of the risk
function. Theorem [L.T]in the introduction is a direct consequence of Theorem 2.2

In Corollary 2.6 in Subsection 2.7] we strengthen Theorem 2.2] by showing that there
also exists a global minimum point of the risk function such that the risk function is con-
tinuously differentiable on a neighborhood around the global minimum point. Our proof
of Corollary 2.6 is based on an application of Theorem [2.2] as well as on applications of
some basic regularity results from our earlier article Eberle et al. [28, Proposition 2.3 and
Corollary 2.7].

Our proof of Theorem 2.2 can, roughly speaking, be divided into three parts.

(I) In Corollary2.2]in Subsection [2.3]below we establish an explicit characterization for
the functions f: [0,1] — R which can be exactly represented by a shallow ReLU
ANN with h € IN neurons on the hidden layer.

(II) Thereafter, we employ Corollary 2.2 to prove in Corollary 2.5 in Subsection 2.5] be-
low in the case where the target function f: [4,b] — R is Lipschitz continuous with
Lipschitz constant L € R and where the considered ReLU ANNs consist of a one-
dimensional input layer, an h-dimensional hidden layer, and a one-dimensional out-
put layer that, roughly speaking, for every ANN parameter vector § € R3*! there
exists an ANN parameter vector ¢ € R3+! whose realization function approximates
f at least as well as the realization function of § but is additionally also Lipschitz
continuous with Lipschitz constant at most hL.

(III) Finally, we combine Corollary 2.5/ with the Arzela—Ascoli theorem and the fact that
the set of realization functions of shallow ReLU ANNs with fixed architecture forms
a closed subset of the set of continuous functions revealed in Petersen et al. [61], The-
orem 3.8] to prove Theorem 2.2l

The question which functions f: R? — R can be represented by a shallow ReLU ANN
with a fixed number of neurons on the hidden layer has also been investigated in the
article Dereich & Kassing [23] and in Theorem 3.2 in [23] a similar result as Corollary 2.2]
has been established.

Our proofs of Corollary 2.21and Corollary 2.5 also use the elementary results and no-
tions regarding piecewise linear functions in Subsection [2.2] as well as the elementary
Lemma 2.3l and Lemma and only for completeness we include in this section also
detailed proofs for these results.

2.1 Mathematical framework for shallow ANNs with ReLU activation

In Setting [2.Jl we present our framework for shallow ANNs with ReLU activation which
will be employed during the remainder of this section.

Setting 2.1. Let h,0 € IN, L € R, f € C([0,1],R) satisfy for all x,y € [0,1] that
F()— )l < Lix—yland o = 3p+1, let 0 = ((0f)eqr, p)pege: R — R,
b= <([’?)je{1,...,b})9611{03 R® — RY, 0 = ((U?)je{l,...,h})ee]RD: R® — RY, ¢ = (CG)GGIRD: R® —
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R, and q = ((q]e)je{l,..,,h}>: R® — (—o0,00]" satisfy for all @ = (0y,...,6,) € R?,
j € {1,2,. . ,f]} that m]@ = 9], [1]9 = 0h+f’ U]Q = 92()4_]', ¢ = 0y, and

—07 /10 0
0 { b]/m]‘/ m] # 0/ (21)

9 = 00, m?:()l

let u: B([0,1]) — [0, 0] be a finite measure, and let 4 = (A ?)ycro: R® — C([0,1], R)
and £: R® — R satisfy for all 6 € R?, x € [0,1] that

NO(x) = + Z?:1 vf max{b¢ + wx, 0} 2.2)

and L(0) = [ (A#(y) — f(y))? p(dy).

2.2 Properties of the breakpoint function
Definition 2.1 (Breakpoint function). We denote by Q: C([0,1],R) — [0, 00| the function
which satisfies for all f € C([0,1],R) that
Q(f) =min ({OO} U {Tl € Np: [39[1,9[2,...,Q[nJrl,%l,%z,...,%n+1,q0,q1,...,qn+1 eR:

(O=go<gm < <qus1=1],

Vi € NN[Ln+1], x € [a;1,q)]: f(x) = Ax + B)])] }). (2.3)
Definition 2.2 (Piecewise affine linear functions). We denote by £ C C([0,1],R) the set
given by

< ={f € C([0,1],R): Q(f) < oo} (24)

(cf. Definition 2.1).

Definition 2.3 (Slopes and axis intercepts for piecewise affine linear functions).
Let f € £ (cf. Definition 2.2).  Then we denote by A1(f), A2(f),..., Ag(r)+1(f).

B1(f), B2(f), -, Ba(ry+1(f), q0(f), a1(f), - - - dg(p)+1(f) € R the real numbers which satisfy
0=00lf) < 1) <+ < Go(raalf) = Land

Vie NNLQUA +1), x€ g1 (N gD fx) = AN +B(f) @5
(cf. Definition 2.1).
Proposition 2.1. Let f € £, i € {1,2,...,Q(f)} (cf. Definitions2.Iland[2.2). Then
(i) it holds that A;i1(f) # Ai(f),
(i) it holds that B; 1(f) = Bi(f) — (Aix1(f) — Ai(f))q:(f), and
(iii) it holds that By 11(f) = B1(f) — Tj1 (Ajs1(f) — A;(f)4;(f)
(cf. Definitions[2.3land [2.4).
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Proof of Proposition2.1l Observe that 2.3) ensures that A;(f) # Ai+1(f). Next note that the
fact that for all j € {1,2,...,Q(f) + 1}, x € [g;-1(f),q;(f)] it holds that f(x) = A;(f)x +
B;(f) proves that forall j € {1,2,...,Q(f)} we have that

Aj(f)aj(f) + Bj(f) = Ajsa(f)aj(f) + Bja(f)- (2.6)

Hence, we obtainforallj € {1,2,...,Q(f)} that Bj,1(f) = B;(f) — (Aj+1(f) — A;(f))g;(f)-
Induction hence establishes that forall j € {1,2,...,Q(f)} itholds that B 1(f) = B1(f) —

Z{(Zl (Ags1(f) — Ax(f))qr(f). The proof of Proposition2.1lis thus complete. O
Lemma 2.1 (Subadditivity of the breakpoint function). Let f,g € C([0,1],R). Then
Q(f +8) < Q(f) + Q) 27)
(cf. Definition 2.1).
Proof of Lemma Throughout this proof assume without loss of generality that
Q(f) +Q(8) < oo. (2.8)

Observe that (2.8) implies that there exist N € Ny N [0, Q(f) + Q(£)], 90,91, ---,9n+1 € R
which satisfy
O=go <@g <-- <qny1 =1 (2.9)

and

{ao a1, ant1t ={90(f), 1 (), - a0(p)+1 ()} U{q0(8),91(8), - - - d0(g)+1(8)}
(2.10)
(cf. Definition 2.3). Note that 2.9) and (2.10) ensure that for all i € {0,1,...,N} it holds
that (f + £)l[q,q,,,] s affine linear. Hence, we obtain that Q(f +¢) < N < Q(f) + Q(g)-
The proof of Lemma[2.1]is thus complete. O

Corollary 2.1. Let f,g € .Z (cf. Definition[2.2). Then

(i) it holds that Q(f + g) < Q(f) + Q(g) and
(ii) it holds that f + g € &

(cf. Definition 2.).
Proof of Corollary[2.1l Observe that Lemma 2. and the assumption that f,g € £ assure
that Q(f +g) < Q(f) + Q(g) < oo. This completes the proof of Corollary 2.1l O

Definition 2.4 (Lipschitz constant). We denote by Lip: C([0,1],R) — [0, 0] the function
which satisfies for all f € C([0,1],R) that

o s (VW)
X7y
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Lemma 2.2. Let f € £ (cf. Definition[2.2). Then

Lip(f) = maxicq1,....0(f)+1}14i ()] (2.12)
(cf. Definitions[2.1) 2.3 and2.4).

Proof of Lemma[2.2l Note that the fact that 0 = qo(f) < q1(f) < -+ < qo(p)a1(f) =1
and the fact that for all j € {1,2,...,Q(f) + 1}, x € [g;-1(f),q;(f)] it holds that f(x) =
Ai(f)x + Bj(f) ensure that

SUP e 0,6\ {00 F).01 (F)riios) (0 ()] = MaXic g1, o) 4131 Ai(f)]- (2.13)

This and the fundamental theorem of calculus establish (2.12). The proof of LemmaR2.2]is
thus complete. O

2.3 Characterization results for realization functions of shallow ANNs

The objective of this subsection is to establish Corollary 2.2} which provides a complete
characterization of all functions in C([0, 1], R) that can be represented by a shallow ANN
with ReLU activation and h € IN hidden neurons. We first prove in Lemma [2.3]a simple
necessary condition: All representable functions are piecewise linear with at most h € IN
breakpoints.

Lemma 2.3. Assume Setting2.Tland let 6 € R°. Then
(i) it holds that #% € £ and
(ii) it holds that Q(.#%) <

(cf. Definitions[2.Tland [2.2).

Proof of Lemma[2.3] Throughout this proof let g € C([0,1],R),j € {0,1,...,b}, satisfy for
allj € {1,2,...,h},x € [0,1] that

gi(x) = n? max{m?x + be,O} and  go(x) = ¢’ (2.14)
Observe that (2.14) ensures for all j € {1,2,...,h} that
gicZ and  Q(gj) €1{0,1}. (2.15)

Furthermore, note that (2.14) demonstrates that g € . and Q(gp) = 0. Combining this,
the fact that for all x € [0,1] itholds that 4% (x) = Z?:o gj(x), Corollary2.1} and induction
establishes items|(i) and [(if)] The proof of Lemma [2.3]is thus complete. O

Moreover, every piecewise linear function with at most h — 1 breakpoints is repre-
sentable, as we show in Lemma[2.4]

Lemma 2.4. Assume Setting[Z.Tland let g € &£ satisfy Q(g) < b — 1(cf. Definitions2.Tand2.2).
Then there exists § € R? such that /% = g.
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Proof of Lemma[Z.4 Throughout this proof let 6 € R satisfy forallj € {1,2,...,h} that

9={1 <)+, be={o_q”(g) TEQWEL g

1o

P >+, > Q(g) +1
A(g) j=1,
of = 4 A;(g) —Aja(g) 1<j<Qg)+1, (2.17)
0 1j>Q(g) +1

and ¢ = B (g). Observe that 2), 2.16), and (2.17) ensure for all x € [0, 1] that

b
N(x)=d+ % n]e max{m]ex + b]e,O}

j=1
Q(g)+1 o ) .
= By(g) + ]; b; max{tw;x + b, 0}
Q(g)+1
= By(g) + '21 0]9 max{x —q;-1(g),0}
7=
Q(g)+1
= Bi(g) + A1(g)x + ])::2 (Aj(g) — Aj_1(g)) max{x —gq;_1(g),0}
Qg)
= B1(g) + A1(g)x + Z (Ajr1(8) — Aj(g)) max{x — g;(g),0}. (2.18)

]_

Combining this with PropositionR2.1lestablishes for alli € {0,1,...,Q(g)}, x € [9:(8), 7i+1(8)]
that

A(x) = Bi(g) + Ar(8 Z j+1(8) — 4(8)) (x — 4;(3))
= Aip1(8)x + B8 Z i+1(8) — 4(8))4;(8)
= Ai+1(g)x + Bisa(g) = g(x). (2.19)
The proof of Lemma[2.4lis thus complete. O

For piecewise linear functions with exactly h breakpoints, the situation is more in-
volved: They are only representable by a shallow ANN with h hidden neurons if the
slopes fulfill a certain linear relation; see (2.21) below for details. In Lemma we es-
tablish that this condition is necessary for a function to be representable, and afterwards
we show in Lemma [2.6] that it is also sufficient. Both proofs proceed by induction on the
number of breakpoints.
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Lemma 2.5. For everyh € No, 0 = (04,...,0341) € R let 49 [0,1] — R satisfy for all
x € [0,1] that

b
NO(x) = 03951 + Y 0oy jmax{fy; + 6;x,0}, (2.20)
j=1

for every hh € Ny let Ry C C([0,1],R) satisfy Ry = {f € Q 1({h}): 30 € R+ f =
A0}, and for every b € Ny let Sy, C C([0,1],R) satisfy
Sy = {f e Q7' ({v}): (Fk e Nt iz, ... ig € N:
(B eN), (i <iz <o <ig H+1), (T (-1)4,(f) =0)] )} @21
(cf. Definitions[2ZTand[2.3). Then it holds for all h € Ny that
R, C Sp. (2.22)

Proof of Lemma 2.5l Throughout this proof let sgn: R —
k € {—1,0,1} that sgn(kx) = k and for every h € N,
j€{1,2,...,h}let q]e € (—o0, 0] satisfy

_ Oy - 0. £0
@f =< & 70 (2.23)
0 :9]-20.

R satisfy for all x € (0,00),
0 = (91,...,9354_1) € 1R3b+1,

Observe that (2Z.23) ensures that for all h € IN, 8 € R3*1 it holds that

Q) < |({af, a3 ..., af} NR)| < b. (2.24)

We prove (2.22) by induction on ) € INj. For the base case hh = 0 observe that forall § € R,
x € [0,1] it holds that .#?(x) = #. Hence, we obtain that for all § € R that Q(.#%) = 0,
A1(A?%) = 0, and B1(#?) = 6. Therefore, we obtain that Ry = (Uper{-#?}) C So.
This establishes (2.22) in the base case h = 0. For the induction step let h € Ny satisfy
Ry, C Sy and let F € Ry4q. We intend to prove that F € Sy 1. Observe that the fact

that F € Ry ensures that there exists & € R3"+D+1 = R3+4 which satisfies 4= = F.
Note that (Z24) and the fact that Q(F) = h + 1 demonstrate that g5, q5, ..., qg‘ﬂ € Rand

{q5, a5, ..., th+1}| = b + 1. This shows that there exists a bijective p: {1,2,...,h +1} —
{1,2,...,5 + 1} which satisfies

In the following let @ = (©y, ..., @3444) satisfy forall j € {1,2,...,h + 1} that

O =Zu() Ops14j = Egyitp(),  O2n424j = Eopio4p(j)y and  Ozpig = Egpia.
(2.26)



J. Mach. Learn., 1(2):141-246 159

Observe that (2.25), (2.26), and the fact that F = 4= ensure that
N® = E=F and —oo<q?<q?<---<q?+1<oo. (2.27)
In the following let = (6y,...,0341) € R3 ! satisfy
0= (01...,002,...,00:1,0243,...,03y:2,O3414) (2.28)
and let f € C([0,1],R) satisfy f = .4#?. Note that (Z28) ensures for all x € [0, 1] that
b
f(x) = 63p41 +J2 024 max{6y; + 0;x,0}
= F(x) — @313 max{Ozy42 + Oy 1x,0}. (2.29)

Next observe that (2.27) assures that Q(f) = h and —c0 < qf = q? <gg=9¢0 <<
qg = q? < q%l < oo. Combining this with the fact that f = .#% demonstrates that
f € Ry. The induction hypothesis that Ry C Sy, therefore assures that f € Sy. This proves
that there exist k € IN, 71,12, ..., i, € IN which satisfy

5EN, i< <---<ipg<h+1l, and Y (-1)A(f) =0 (2.30)
Nextlet K € N, I1, I, ..., Ix € N satisty

{il,iz,. . -/ik} : ®h+1 >0,
{h,L,..., Ik} =S (Ui u{h+2} 1 @py1 <0=h+1—i, (2.31)
{il,...,ik,h+1,h+2} :®b+1<0<h+1_ik'

Note that (Z.30) and 2.31) ensure that % g¢Nand [ < L < --- < Ig < h+ 2. In order to
prove that F € Sy 4, it is thus sufficient to verify that

L (~1)AL(F) = 0. (2.32)
For this observe that (Z.29) assures for all x € [0, 1] that
F(x) = f(x) + [@py+1|@s03 max{|Op+1| ™' Oz 12 + @y 11|~ @y 11, 0}
= f(x) + @y 1103543 5g0(Op 1) max{ (x — ;1) sgn(@p 1), 0}. (2.33)

In the following we distinguish between the case ®y 1 > 0, thecase @1 <0 =h+1—1,
and the case ©@y11 < 0 < bh + 1 — 7. We first prove (2.32) in the case

®b+1 > 0. (2.34)

Note that @233) and (2.34) demonstrate for all x € [0,1] that F(x) = f(x) +
O4+103p43 max{x — q,(?H,O}. Hence, we obtain for all j € {1,2,...,h + 1} that A;(F) =
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Aj(f). Combining this with 2.31) implies that Z]K:l(—l)fAIj(F) = Z;czl(—l)fAi]. (f) =0.
This establishes (2.32) in the case ©y 1 > 0. In the next step we prove (2.32) in the case

®b+1 <0=bH+1—i (2.35)

Observe that 2.33) and @235) show for all x € [0, 1] that F(x) = f(x) +
O 4103443 min{x — +1,O} Therefore, we obtain for all j € {1,2,...,h + 1} that
Aj(F) = Ai(f) + ®b+1®3h+3 and Ay 5 (F) = Ay11(f). Combining this with (2.31), (2.35),
and the fact that % ¢ IN shows that

LR (1AL (F) = |ESH (1A (F)] + (—1)X Ay (F)
= |5 1) (A4 (F) + ©p1©ap:3) | — Apa(F)
= [T (1A ()] + [T (-1)0y1Osy15] — A (f)
= [ZEH 1A ()] + [T (- 1)] @51103515 + (~1) 4, (f)
=T (1A (f) =0. (2.36)
This establishes (2.32) in the case @11 < 0 = b + 1 — it. Next we prove (2Z.32) in the case
Opi1 <0< h+1—ip (2.37)

Note that @33) and (Z37) demonstrate for all x € [0,1] that F(x) = f(x) +
O 4103443 min{x — q%l,O}. Hence, we obtain for all j € {1,2,...,h + 1} that A;(F) =

Ai(f) + @y 1103413 and Ay, »(F) = Apy1(f). Combining this with @2.31), 2.37), and the
fact that % ¢ IN shows that

zﬁl<—1)fA1j<P)

= [T (-1 A ()] + ()R Ay, (F) + (-1)F2 4y, (F)

= [ (1) (A4 (F) + Oy 11@353) | + A, (F) — Ay, (F)

= |Zh (AL (A)| + | T (- 101Os15| + Aga (F) = Apsa(F)

= | i (—1) } Oh+103p+3 + Ap+1(f) + Op1103p13 — Apra(f) =0. (2.38)

This establishes (]ZBZI) in the case @11 < 0 < bh + 1 — i;. Observe that (2.32), the fact that
% ¢ N, and the fact that [} < I < --- < Ix < b+ 2 prove that F € Sy 1. Induction thus
establishes (2.22). The proof of Lemma[2.5]is thus complete. O

Lemma 2.6. For everyh € No, 0 = (04,...,034+1) € R let 49 [0,1] — R satisfy for all
x € [0,1] that

b
NO(x) = 03951 + Y 0oy jmax{fy; + 6;x,0}, (2.39)
j=1
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for every b € Ny let Ry C C([0,1],R) satisfy Ry = {f € Q 1({h}): 30 € R+ f =
A0}, and for every b € Ny let Sy, C C([0,1],R) satisfy
S, = {f cQ1({n}): (Hk €N,ir, iy, ..., i € N:
(B eN), (i <iz <o <ig SH+1), (T (-1)4,(f) =0)] ) } (240)
(cf. Definitions[2ZTand[2.3). Then it holds for all h € Ny that
S, C Ry, (2.41)
Proof of Lemma[Z:6l We prove (ZZAT) by induction on h € Ny. For the base case h = 0 note
that (2.40) ensures that
So={f € Q7' {0}): Ax(f) =0} = {f € C([0,1], R): (Vx € [0,1]: f(x) = £(0))}
= Uper {4} (2.42)

This establishes (2.40) in the base case h = 0. For the induction step let h € INj satisfy
Sy € Ry and let F € Sy 1. We intend to prove that F € Ry ;. Note that (2.40) ensures that
thereexist K € IN, I1, I, .. ., Ix € IN which satisfy

QF)=h+1, §¢N, L <h< --<Ik<h+2, and z};l(—mmlj(F) =0.
(2.43)
Next let f: [0,1] — R satisfy for all x € [0, 1] that

x) = F(x) — (Ap42(F) — Apy1(F)) max{x — qy41(F),0} :Ix—2#b,
f(x) {F(x) — (Ap42(F) — Apy1(F)) max{qy+1(F) —x,0} :Ix—2=, (2.44)

andletk € IN, iy,1p, ..., i € IN satisfy

{11112/---111(} IIK—27£[],
{il,iz,...,ik} = {11,12,...,IK_2} gk —2=4H <min{lmax{K—1,1}lK+b_1l}
<U{<:711{Il}) U {h + 1} tIx—2=H2=> min{[max{Kfl,l}/K—’— h— 1}'

(2.45)
Observe that (2.43) and (2.45) assure that % ¢ Nandi; <ip < --- < i < h+ 1. Moreover,
note that (2.43) and (2.44) ensure that f € C([0,1],R), Q(f) = bh, and

. Ao JAI(F) cIxk—2#h
<Vz€{1,2,...,f)+1}.Al(f)_{Ai<F>+Ah+2(F)_AhH(F) :IIIE—Z:b)' (2.46)

In the next step we prove that

Y (1A (f) =0. (2:47)
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In the following we distinguish between the case Ix —2 # b, the case [x —2 = h <
min{ImaX{K,Ll%,K + b — 1}, and the case Ix — 2 = b > min{l s (k—1,1}, K+ b —1}. We

tirst prove in the case
Ix —2 #b. (2.48)
Observe that (2.45) and (2.48) ensure that
T (=1 A (f) = L (1) AL(F) = 0. (2.49)

This establishes (2.47) in the case Ix — 2 # b. In the next step we prove (2.47) in the case
Ix —2=b <min{Lyx 11}, K+h—1} (2.50)
Note that (2.43), 2.45), 2.46), and (2.50) assure that
T (-1 A (f) = TRA(-1) AL (f)
= TP (1) (A1j<F> + Api2(F) = Agsa (F))
=[S 1ya ()| + [S2(-1)] [Agra(F) — Apea (P)]
T (-1 ALE)| — [EK 1 (-1 A (F)] = [Agia(F) = Apsa (F)]

]

— [A (F) = AR (F)] — [Ag42(F) — Apr1(F)]
— [Ap41(F) — Aps2(F)] — [Ag12(F) — Apy1(F)] =0. (2.51)

This establishes (2.47) in the case Ix — 2 = h < min{l,x—1,1}, K+ b —1}. In the next
step we prove (2.47) in the case

Ix —2 =t > min{ Ly x-1,1), K+b—1} (2.52)
Observe that (2.43), 2.49), 2.46), and (2.52)) assure that
Y (-1 () = [ZS =1 AL(D] + (“DFAga(f)
= [EE5H(=1 (AL(F) + Agya(F) = Ag i1 (F))] = [Aps1(F) + Agya(F) = Agsa (F)]
= (25 1A (P)] + [Z5 (-1] (Agsa(F) = Agia (F)) = Agya(F)
= | T (DAY ()| + Ay (F) = Agsa(F) = Agra(F) = Agia(F) = 0. (2:53)

This establishes (2.47) in the case Ix —2 = b > min{Iyak_1,1}, K+ b — 1}. Note that
(2.47) implies that f € Sy. The induction hypothesis that Sy C Ry hence assures that
f € Ry. Combining this with (2.44) and the fact that Q(F) = f) +1 shows that F € Ry1.
Induction thus establishes (Z.41). The proof of Lemma[2.6]is thus complete. O

Finally, in Corollary 2.2l we combine the previous results to obtain the promised char-
acterization.
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Corollary 2.2. Let b € Ny, for every 0 = (04,...,03541) € R let 49:[0,1] — R satisfy
x € [0,1] that A ®(x) = 0341 + }:;7:1 024.j max{0y; + 0;x,0}, and let f € C([0,1],R). Then
the following two statements are equivalent:

(i) Then exists 6 € R3*1 such that /% = f.

(ii) There exist k € IN, iy,ip,...,ix € IN such that% EIN,ip <ih < -+ < <h+1,
Q(f) < b, and

(h—Q(f) — 1)‘Z;‘czl(_1)jAmin{ij,Q(f)+l}(f)| >0 (2.54)

(cf. Definitions 2.1 and[2.3).

Proof of Corollary[Z21 Observe that Lemma 2.3 and Lemma prove that (item [(D}—
item [(ii)). Furthermore, note that Lemma 2.4l and Lemma (2.6 establish that (item
item|[()). The proof of Corollary[Z2is thus complete. O

2.4 Structure preserving approximations for piecewise affine linear functions

The next elementary lemma is an immediate consequence of the definitions in Subsec-
tion[2.2l It will be employed in the sequel to switch the endpoints of the domain [0,1] and
thereby make some simplifying assumptions.

Lemma 2.7. Let L € R, f € C([0,1],R) satisfy for all x,y € [0,1] that |f(x) — f(y)|] <
Lix—y|letge £, ic{1,2,...,Q(g) +1},a € Rsatisfy L < |a|] < |A;(g)|and aA;(g) >0,
let F: [0,1] — Rand G: [0,1] — R satisfy for all x € [0,1] that F(x) = —f(1 — x) and
G(x) = —g(1 —x), and let I € N satisfy I = Q(g) + 2 — i (cf. Definitions 2.1} [2.2] and 2.3).
Then

(i) it holds that F € C([0,1],R),

(ii) it holds for all x,y € [0,1] that |F(x) — F(y)| < L|x —y|,

(iii) it holds that G € &,

(iv) it holds that Q(G) = Q(g),

(v) it holds that I € {1,2,...,Q(G) +1},

(vi) it holds for all j € {0,1,...,Q(g) + 1} that q;(G) = 1 — 4 (g)+1-;(8).
(vii) it holds for all j € {1,2,...,Q(g) + 1} that A;(G) = Ag(g)+2-i(8),
(viii) it holds that L < |a| < |A[(G)| = |Ai(g)], and

(ix) it holds that aA;(G) = aA;(g) > 0.

Proof of Lemma- Observe that 2.3) and (Z.5) establish items [(1)] [(iD)} [(GiD)] [Av)] [(V)] |(v1)
[(viD)} [(viil)} and [(iX)} The proof of Lemma [2Z7is thus complete.
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Our next goal is to prove in Lemma 2.11]below that for any piecewise linear function
g € Z there exists a piecewise linear € .2 which has at most as many breakpoints as g,
approximates a given Lipschitz continuous target function f € C([0,1],R) as least as well
as g, and has a Lipschitz constant bounded by the Lipschitz constant of f. To show this
we will, roughly speaking, adjust the slopes of the piecewise linear function ¢ one by one
and apply induction. Loosely speaking, the following three results, Lemmas[2.8, 2.9, and
all consider different cases depending on the slope to be adjusted in each step. The
various cases are illustrated in the figures.

Lemma 2.8. Let L € (0,00), f € C([0,1],R) satisfy for all x,y € [0,1] that |f(x) — f(y)| <
Lix—y| letg € Z i€ {1,2...,0(8) +1}, a € Rsatisfy L < a < A;(g), assume for all
x € (9i-1(2),9i(g)) that g(x) # f(x), and let u: B([0,1]) — [0, 00| be a finite measure (cf.
Definitions 2.1} 2.2} and [Z.3). Then there exists h € £ such that fol(h(y) — f(y)? u(dy) <

Jo (8(n) = £())? u(dy), Q(k) < Q(3), and
(Q(8) — Q) = 1) (T2 14(h) — Aj(R)In 1 () —al ()]) 2 0. (2.55)
Proof of Lemma Throughout this proof assume without loss of generality thata < A;(g),

letqo, q1,-..,9g(g)+1 € Rsatisty forallj € {0,1,...,Q(g) +1} that q; = q;(g), and assume

without loss of generalityl that Vx € (q;_1,4;): f(x) < g(x). Note that the fact that f and
g are continuous proves that f(q;,_1) < g(q;_1) and f(q;) < g(q;). In the following we
distinguish between several cases:

(I) We first prove (2.55) in the case
i=Q(g)+1 (2.56)
(cf. Figure.T). Let h € .Z satisfy for all x € [0,q¢(y)], ¥ € [ag(y), 1] that h(x) = g(x)
and h(y) = g(ag(,)) +aly —ag(g))- Observe that for all j € {1,2,...,Q(g)} that
h| laj_1,0,] 18 affine-linear with slope A;(g). Furthermore, note that h|[ﬁIQ (o1 is affine-

linear with slope a. Moreover, observe that ((Ag(g)(g) = a) — (Q(h) = Q(g) —1 <
Q(g))) and

((Age)(8) # ) = QM) = Q&) A (Aggys1 (k) = a)
A(Yj € NN[LQMR]: Ai(h) = 4(g)]). 257)

In addition, note that the fact thatVx,y € [0,1]: |f(x) — f(v)| < L|x —y|, the fact that

Vy € [age) 1] 8(v) = 8lag(e)) +Ai(8)(y — ag(s)), and the fact that a € [L, A;(g))
ensure that for all y € [qg(,), 1] we have that

fy) < flag)) + Ly —ag) < 8lag() +aly —ag() =h(y) <g(y). (2.58)

This implies that fol (h(y) — f(y)? u(dy) < fol (g(y) — f(v))? u(dy), which estab-
lishes (2.55) in the case i = Q(g) + 1.

30therwise the fact that f and g are continuous ensures that Vx € (q;_1,q;): f(x) > g(x) and we can consider f
(0,1]3x— —f(1—x)€eR), g ([0,1] 5x+— —g(1 —x) € R),and i ~ Q(g) +2 — i (cf. Lemma[Z7).
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Af(x)

>
>

90(g) 90(g)+1 X

Figure 2.1: Case (l) in Lemma [Z8 Note that q; = qg(4)11 = 1. The new function h € £ is linear on
[0;1, 9] = [qQ(g)qu(g)+1] with slope a and agrees with g on [O,qQ(g)].

Af(x)

d

>
>

qi—1 u q; qi+1 x

Figure 2.2: Case (ll) in Lemma 28 The new function h € £ is linear on [u,q;] with slope A;;1(g), linear on
[q;—1,u] with slope a, and agrees with g outside of [q;_1, q;].

(I) Next we prove (2.55) in the case

(i <Q(g) + 1) A (Aia(g) > Ai(g)) A (8(div1) — 8(ai-1) = a(di1 —gi-1)) (2.59)
(cf. Figure[2.2). Observe that the fact thata € [L, A;(g)) shows that
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8(div1) + Aiy1(g) (a0 — div1) — g(qi-1) —ala; —gi-1)
= g(a;) — g(gi-1) —a(q; —q;-1) > 0. (2.60)

Furthermore, note that the fact that A;,1(g) > A;(g) shows that

Aia1(8) > [0 ) Ay () + [0t ] Ay(g) = la)=8lm) g 1)

qi+1—Yi qi+1—9i-1 di+1—9i-1

Hence, we obtain ¢(q;11) + Ai11(¢)(9i-1 — 9i+1) — £(gi—1) < 0. The intermediate
value theorem and (2.60) therefore assure that there exists u € (q;_1,q;) which satis-
fies

§(ai—1) +a(u —qi—1) = g(gi+1) + Ait1(g) (1 — qit). (2.62)
Let h € & satisfy for all x € [0,q;_1] U [qi31,1], v € [qi—1,u), z € [u,q;+1] that

h(x) = g(x), h(y) = g(qi-1) +a(y —qi—1), and h(z) = g(qi11) + Aiy1(8)(z — div1)-
Observe that

([ =1)V (Amaxii-11}(8) # a)] = [(Q(h) = Q(3))
A(Vje INNIL Q) +1)\{i}: Aj(h) = Aj(g))]) (2.63)
and ([(i > 1) A (Amaxgi-1,11(8) = a)] = (Q(h) < Q(g))). Moreover, note that the
fact that a € [L, A;(g)] implies for all y € [q;_1,q;41] that h(y) < g(y). In addition,

observe that the fact that f(q;_1) < g(g;_1), the fact that L < a < A;1(g), and the
fact that Vx,y € [0,1]: |f(x) — f(y)| < L|x —y| prove for all y € [q;_1,q;11] that

f(y) < h(y). Hence, we obtain [y (h(y) — f(y))? u(dy) < [5(8(y) — F(¥))* u(dy).
This establishes (2.55) in the case (i < Q(g) +1) A (Ai+1(g) > Ai(9)) N (g(qi+1) —
8(ai-1) = a(gi+1 — di-1))-

(IIT) Next we prove (2.55) in the case
(1 <Q(8) + 1) A(Air1(g) < Ai(g)) A (g(air1) — glai—1) = aldiy1 —qi-1)) (2.64)

(cf. Figure2.3). Let h € £ satisfy for all x € [0,q,_1] U [9;41,1], ¥ € [qi_1,9;+1] that
h(x) = g(x) and h(y) = g(q,_1) + [Mg(q”l)] (y — qi_1). Clearly, we have that

di+1—9i-1
h € £ and Q(h) < Q(g). Furthermore, note that the fact that A;11(g) < Ai(g)
shows that
Aii(g) < [t 1A (9) + [ 14il) = S < i) 269

Therefore, we obtain for all y € [q;_1,9;41] that h(y) < g(y). Moreover, observe
that the fact that f(q;,_1) < g(g;_1), the fact that L < w and the fact that

v,y e l01]: |f(x )1 fWI < Ljx—yl Pl‘OVefOfaﬂy € [ai-1,qi1] that f(y) < h(y).
Hence, we obtain [, (h(y) — f(y))? u(dy) < fo — f(y))? u(dy). This establishes
(]2:55)1))in’fhe case (i < Q(g) +1) A (Aia(g) > Ai(g)) A (8(qi41) — &(gi—1) = a(qip1 —
qi—1))-
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Af(x)

gi—1 qi qi+1 X

Figure 2.3: Case (1) in Lemma[2Z:8 The new function h € .Z is linear on [q;_1, q;11] with slope % >

and agrees with g outside of [q;_1,q;11]. It thus satisfies Q(h) < Q(g).

a

Af(x)

O~

qi—1 9i 2 Yi+1 X

Figure 2.4: Case (IV) in Lemma 28l The new function h € Z is linear on [q;_1, z] with slope a and agrees with
g outside of [q;_1,z].

(IV) Finally, we prove (2.55) in the case

(i <Q(g) +1) A(g(aiv1) — gai—1) < alqir1 —qi-1)) (2.66)

(cf. Figure 2.4). Note that the fact that g(q;) — g(q;-1) = Ai(¢)(q; —qi—1) > a(q; —
g;_1) and the intermediate value theorem demonstrate that there exists z € (q;, q;11)
which satisfies ¢(z) = ¢(q;-1) + a(z — q;_1). Let h € £ satisfy for all x € [0,q;_1] U
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Q=0 =2 g =1 x

Figure 2.5: Case (l) in Lemma [Z81 Here Q(g) = 0, so g is linear. The new function I € & is linear on
[90,91] = [0, 1] with slope a and satisfies h(z) = g(z) = f(z).

21) v € [0;1,2) that h(x) — g(x) and h(y) = g(a; 1) +a(y — qi1). Observe
that Q(h) = Q(g), Ail) — a,and ¥ € {1,2,..,Q(g) + 11\{i}: 4;(k) = A/(g). In
addition, note that the fact that f(q;_1) < g(g;_1), the factthat L < a, and the fact that
Vx,y € [0,1]: |[f(x) — f(y)| < Llx —y| prove forally € [q;_1,2] that f(y) < h(y) <
$(y). Therefore, we obtain [, (h(y) — f(y))* u(dy) < [y (3(y) — f(1)? u(dy). This
establishes (2.55) in the case (i < Q(g) +1) A (g(qi+1) — g(g9i—1) < a(qi+1 —g9i-1))

The proof of Lemma[2.§is thus complete.

Lemma 2.9. Let L € (0,00), f € C([0,1],R) satisfy for all x,y € [0,1] that |f(x) — f(y)|
Lix—ylletge Z,ic{1,Q(g)+1},ac Rsatisfy L < a< Aj(g), letz € (9;-1(8),9:(g
satisfy g(z) = f(z), and let u: B([0,1]) — [0, 00| be a finite measure. Then there exists h €

such that [ (h(y) — f(y))? u(dy) < [ (8(y) — F(1))? u(dy), Q(h) < Q(g), and

(Q(g) —Q(h) — 1) (Z]Q:(f)ﬂ |Aj(h) — Aj(g) I (i1 (j) — algy(j)]) > 0. (2.67)

Proof of Lemma Throughout this proof assume without loss of generality thata < A;(g),
assume without loss of generality thati = 1 (cf. Lemmal2.7), and let qo, q1, . . ., g g+ €R
satisfy for all j € {0,1,...,Q(g) + 1} that q; = g;(g). In the following we distinguish be-
tween several cases:

(I) We first prove (2.67) in the case

z\€5|/\ O

1=i=Q(g)+1 (2.68)

(cf. Figure 2.5). Let h € & satisfy for all x € [0,1] that h(x) = g(z) + a(x — z).
Observe that h € £, Q(h) = 0 = Q(g), and A;(h) = a. Furthermore, note that
the assumption that A;(g) > a > L and the fact that Vx,y € [0,1]: |f(x) — f(y)| <
L|x — y| prove for all x € [0,z], y € [z,1] that g(x) < h(x) < f(x) and f(y) <
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Af(x)
h
/
1 f
qgpo=0 =2 q1 qz2 >x

Figure 2.6: Case (Il) in Lemma 28l The new function h € .Z satisfies h(z) = f(z) = g(z), is linear on [qo, 92]
8(a2)—g(z)
02—z

with slope > a, and agrees with g on [q2,1].

h(y) < g(y). This implies [y (k ) FW)2 p(dy) < fo(3(y) — F(y))? p(dy). This
establishes (2.67) in the case 1 =i = Q(g) + 1.

(I) Next we prove (2.67) in the case

(1=i< Q@) +1)A(A(g) < Ai(g) A (glar) —g(z) > alz—2)  (269)

(cf. Figure [2.6). Let h € & satisfy for all x € [0,q2], ¥ € [q2,1] that h(x) = g(z) +
[M] (x —z) and h(y) = g(y). Clearly, we have that h € # and Q(h) < Q(g)-

92—z
Moreover, observe that the fact that

Ar(g) > [2=U] Ay (g) + [B=2] Ay (g) = 8(02)—g(z)

92—2 92—2 q2—2

> max{Ay(g),a} > max{Ax(g),L} (2.70)

)
and the fact Vx,y € [0,1]: ]f( x) — f(y)] < Ljx —y| prove that for all x € [0,z],
Y€ [z, qz] we have that g( ) x) < f( x) and f(y) < h(y) < g(y). Hence, we
(&(y) —

h(
obtain fo — f(y))? < [5(8(y) — f(y))? u(dy). This establishes 2Z67) in

1
the case (1—1<Q( )+ ) ( 2(8) < A1(g)) N (g ( 2) —8(z) = a(a2 —2)).
(IIT) Next we prove (2.67) in the case
(1=i<Q()+1)A(Aalg) > Ai(g) A g(02) —8(2) Zali—2)) @71

(cf. Figure 2.7). Note that the intermediate value theorem ensures that there exists
u € [z,q1) which satisfies g(z) +a(u —z) = g(q2) + A2()(u — q2). Leth € &

satisfy for all x € [0,u], y € [u,q1], z € [q1,1] that h(x) = g(z) +a(x —z), h(y) =
h(u) + A2(g)(y — u), and h(z) = g(z). Observe that Q(h) = Q(g), A1(h) = a, and
Vi€ {23,...,Q(g) +1}: Aj(h) = Aj(g). In addition, note that for all x € [0,z],
y € [z,q1] it holds that g(x) < h(x) < f( )and f(y) < h(y) < g(y). Therefore, we
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ASf(x)

h
[y

>
>

qgo=0 =2 u - q q2 X

Figure 2.7: Case (lll) in Lemma 29 The new function h € £ is linear on [0, u] with slope a, linear on [u, q1]
with slope A»(g), and agrees with g on [qq,1].

ASf(x)

=0 2 qiu g2 x

Figure 2.8: Case (IV) in Lemma[2Z9 The new function h € & is linear on [0,u] with slope a and agrees with ¢
on [u,1].

obtain [ ((y) — f(y))? u(dy) < [ (g(y) — f(y))? u(dy). This establishes Z&7) in
the case (1 =1 < Q(g) +1) A (A2(g) > A1(g)) A (g(a2) — g(z) > a(g2 — 2)).

(IV) Finally, we prove (2.67) in the case

(1=i<Q(g) +1) A (glaz) —g(2) <alq2 - 2)) (272)

(cf. Figure 2.8). Observe that the fact that ¢(q1) — g(z) = A1(g)(q1 —2z) > a(q1 — 2)
and the intermediate value theorem demonstrate that there exists u € (qq, q2) which
satisfies g(u) = g(z) +a(u —z). Leth € £ satisfy for all x € [0,u], v € [u,1] that
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h(x) = g(z) +a(x — z) and h(y) = g(y). Note that ((Az(g) = a) — (Q(k) < Q(3))

and

((A2(g) # a) = [(Q(h) = Q(8)) A (Ar(h) =a) A (Vj € NN (1,Q(g) +1]

A1) = Ag))]). @73)

Furthermore, observe that the assumption that A;(g) > a and the fact that Vx,y €

[0,1]: |f(x) — f(y)| < L|x — y| prove that for all x € [0,z], y € [z,u] we have that

g(x) < h(x) < f(x) and f(y) < h(y) < g(y)- This implies [y (h(y) — f(1))* u(dy) <

fol(g(y) — f(y))? u(dy). This establishes (2.67) in the case (1 = i < Q(g) +1) A
(8(a2) — g(2) < a(q2 - 2))-

The proof of Lemma[2.9is thus complete. O

<

Lemma 2.10. Let L € (0,00), f € C([0,1],R) satisfy for all x,y € [0,1] that |f(x) — f(y)|
Lix—ylletge Z,icINN(1,0(8)], a€ Rsatisfy L < a < A;(g), letz € (q,-1(2),9:(8))
satisfy g(z) = f(z), and let u: B([0,1]) — [0, o0] be a finite measure. Then there exists h € £

such that [ (h(y) — f(y))? u(dy) < [ (8(y) — F(1))? u(dy), Q(h) < Q(g), and
(Q(g) —Q(h) — 1) (Z]Q:(f)ﬂ |Aj(h) — Aj(g)In (i1 (j) — algiy(j)]) > 0. (2.74)

Proof of Lemma[2.101 Throughout this proof assume without loss of generality that a <
Ai(g) and let qo, q1, ..., qg(g)+1 € Rsatisfy forall j € {0,1,...,Q(g) + 1} that q; = g;(g).
In the following we distinguish between several cases:

(I) We first prove (2.74) in the case

Ai(g) <min{A;_1(g), Ai+1(8)} (2.75)

(cf. Figure[2.9). Note that the fact that a < A;(g) and the intermediate value theorem
assure that there exist u € (q;_1,2), v € (z,q;) which satisfy g(q;_2) + A;_1(g) (4 —
qi-2) = g(z) +a(u —z) and g(qi+1) + Ai+1(8) (v — giy1) = g(z) +a(v —z). Let
h € £ satisfy for all x € [0,q;_1] U [qi+1,1], y1 € [qi—1, 4], y2 € [u,7], y3 € [v,q;] that
h(x) = g(x), h(y1) = g(ai-1) + Ai—1(8)(y1 — ai=1), h(y2) = &(z) +a(y2 —z), and
h(ys) = g(qz) + Ai+1(8)(y3 — g;). Observe that Q(h) = Q(g), Ai(h) = a,and Vj €
{1,2,...,Q(g) +1}\{i}: Aj(h) = Aj(g). Furthermore, note that the assumption that

A; (g) > aand the fact that Vx,y e [0,1] |f( x) — f(y)| < L|x — y| demonstrate for
allx € [q;1,2], y € [z,qi] that g(x) < h(x) < f(x) and f(y) < h(y) < g(y). Hence,

h(x) <
we obtain [ (h(y) — f(y))? u(dy) < [y (g(y) — f(¥))? u(dy). This establishes (274)
in the case A;(g) < min{A;_ 1( ), Air1(9)}-

(I) Next we prove (2.74) in the case

max{g q;fli §(Z)’ g(qal } < a (276)

(cf. Figure 2.10). Observe that the fact that A;(g) > a proves that
max{A;_1(g),Ai+1(g)} < a. Moreover, note that the fact that A;(g) > a and the
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Af(x)

—

di-2  9i-1 z qi qi+1 X

Figure 2.9: Case (I) in Lemma[ZI0l The new function h € .& is linear on [q;_1, u] with slope A; 1(g), linear on
[11, ] with slope a, linear on [v, q;] with slope A;;1(g), and agrees with g outside of [g;_1,q;].

Af(x)

>h

Gi—2 U qi—1 Z di U di+1 X

Figure 2.10: Case (ll) in Lemma[ZI0l The new function h € .Z is linear on [u,v] with slope a and agrees with
g outside of [u,7].

intermediate value theorem assure that there exist u € (q;_2,9i-1), v € (4, 9i+1)
which satisfy g(”L)l:f(Z) = g(vz);g(z) = a. Leth € ¥ satisfy for all x € [0,u] U [v,1],
y € [u,v] that h(x) = g(x) and h(y) = g(z) + a(y — z). Observe that the fact that

A;_1(g) # aand the fact that A;,1(g) # a show that Q(h) = Q(g), Ai(h) = a, and
Vie{L2,...,Q(g) + 1}\{i}: Aj(h) = Aj(g)- In addition, note that the assumption
[0,
h(x

that A;(g) > aand the fact thath yE ] |f(x) — f(y)| < L|x — y| demonstrate
forall x € [u,z], y € [z v] that g(x) < h(x) < f(x) and f(y) < h(y) < g(y). There-

fore, we obtain [ (h(y) — F(4))? u(dy) < [1(g(y) — F(y))? u(dy). This establishes
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A f(x)

u

di—2  9i-1 z qi qi+1 X

Figure 2.11: Case (Ill) in Lemma[2ZI0l The new function h € £ is linear on [u,q;.1] with slope w >a

1—2 -
and agrees with g outside of [u,q;,1].

2.74) in the case max{g q(’ali f(z), g(qaf) 3 Z)} < a.
1

(IlT) Next we prove 2.74) in the case

(Ai(g) > max{Ai_1(8), Ara(g)}) A (max{ EE=8E, SUEES > ) 277)
(cf. Figure 2.1T). In the following we assume without loss of generality that
g(qéﬂ:f(z) > g(qal ) (cf. Lemma 7). Observe that the fact that A;(g) >

max{A;_1(g), Ais1 (g)} shows that

Ai(g) = 8ai-1) —8(z) _ 8(aix1) —8(2) - 8(aia) ~8(2). (2.78)
qi-1—2 di+1 — 2 qi-2 — 2

The intermediate value theorem hence proves that there exists u € [q;_»,q;—1) which
satisfies ¢(u) = g(z) + [M] (u—z). Leth € £ satisfy for all x € [0,u] U

Qi+1—%
(441,11, y € [1,0:41] that h(x) = g(x) and h(y) = g(z) + [2LV=E] (y —2). Note
that Q(h) < Q(g). Furthermore, observe that the assumption that A;(g) > a and
the fact that Vx,y € [0,1]: [f(x) — f(y)| < L|x — y| demonstrate for all x € [u,z],
Y € [z,q;11] that g(x) < h(x) < f(x) and f(y) < h(y) < g(y). Therefore, we obtain
Jo (h(y) = f))*u(dy) < [3(8(y) — £(¥))? p(dy). This establishes @73) in the case

(Ai(g) > max{A;_1(8), Ais1(g)}) A(max{ 8l =8E) g2l=gl) > )

(IV) Next we prove (2.74) in the case

(max{A;i-1(8), Ai+1(8)} > Ai(g) > min{A;_1(g), Ai11(8)})
A (min{g(qurl)_g(Z), 8(di—2)— § } >a) (2.79)

dit1—2 qi—
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Af(x)

di-2  Yi-1 z qi qi+1 X

Figure 2.12: Case (IV) in Lemma[2ZI0l The new function i € & is linear on [g;_5, u] with slope g(2)=glaia) > o

Z—qi-2 -

linear on [u,q;] with slope A;;1(g), and agrees with g outside of [q;_5, q;].

(cf. Figure 212). In the following we assume without loss of generality that
Ai_1(g) < Ai(g) < Aiy1(8) (cf. Lemma[27). Note that the fact % < Ai(gQ)
and the intermediate value theorem imply that there exists u € (z,q;) which satis-
fies g(z) + [M] (u—z) =g(q;) + Air1(g)(u — q;). Let h € £ satisfy for all

x € [0,q;_2] U ?&:rzi]z Y1 € [qi—o,u], y2 € [u,q;] that h(x) = g(x), h(y1) = g(qi—2) +
[%} (1 — )/ and h(y2) = g(q;) + Ai—|—1<g><y2 — q;). Observe that
Q(h) < Q(g) and fo — fy)? u(dy) < J5(g(y) — f(y))? u(dy). This establishes

R74) in the case (maX{Az 1(8), Aita(g)} > A (g) > min{A;_1(g), Ai+1(8)}) A

(min{ & qﬁi 5(2), g(qz z) —8 Z)} > a).

(V) Finally, we prove m in the case

(max{A;1(g), Air1(8)} > Ai(g) > min{A; 1(g), Ai41(8)})
A (min{g (9i41)— g(Z)’g(qz 2) g Z)} < ) (2.80)

di+1—2

(cf. Figure[2.13). In the following we assume without loss of generality that

Ai1(g) < Ai(g) < Aita(8) (2.81)
(cf. Lemma[2.7). Note that (Z.80) and (2.81) show that w = min{ %,
%} < a. The intermediate value theorem therefore implies that there exist

€ (qi—2,9i-1), v € (z,q;) which satisfy % =aand g¢(z) +a(v—2z) = g(q;) +
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Af(x)

u 0

di-2  9i-1 z qi qi+1 X

Figure 2.13: Case (V) in Lemma[ZI00 The new function 1 € £ is linear on [u,v] with slope a, linear on [v, q;]
with slope A;11(g), and agrees with ¢ outside of [v, q;].

Ai1(g)(v —q;). Leth € & satisfy for all x € [0,u] U [q;,1], 11

that ii(x) = g(x), h(y1) = g(z) +a(y1 —2z), and h(y2) = g(q;
Observe that Q(h) = Q(g), Ai(h) = a,and Vj € {1,2,...,Q(g)

Aj(g). Moreover, note that the fact that Vx,y € [0,1] |f(x) —
and the fact that a < A;(g) demonstrate that fo () = f)? u(dy) < [, (g(y) —
b >

f(y))? u(dy). This establishes (Z.74) in the case (max{AZ 1(2), Air1(Q) Ai(g) >
min{A; 1(g), Ai41(g)}) A (min{£ qfﬁlz 36), g qal — B} <a).
The proof of Lemma 2.10/is thus complete. O

Next, we summarize Lemmas[2.8] and [2.10/in the following corollary.

Corollary 2.3. Let L € (0,00), f € C([0,1],R) satisfy for all x,y € [0,1] that |f(x) — f(y)| <
Lix—vy|letge £,ie{1,2,...,Q(g) +1},a € Rsatisfy L < |a| < |A;(g)|andaA;(g) > 0,
and let u: B([0,1]) — [0, 0] be a finite measure (cf. Definitions 2.1} and 2.3). Then there

exists h € ¢ such that [, (h(y) — f(y)2 u(dy) < [y (g(y) — f(¥))* u(dy), Q(h) < Q(3),

and
(Q(g) — QM) — 1) (T2 4;(h) — Ai(e) Iy () —al (D) 2 0. (282)

Proof of Corollary2.3l Throughout this proof assume without loss of generalityﬂ that L <
a < A;(g). Observe that Lemma 2.8 establishes (2.82) in the case

[V x € (qi-1(8),4i(8)): f(x) # g(x)]. (2.83)

4Otherwise we consider fa—-f,gn—-gan —a
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Furthermore, note that Lemma[2.9 establishes (2.82)) in the case

[Tz € (9:-1(8),9i(8)): f(z) = &(2)) A (i € {1,Q(g) +1})]. (2.84)
Moreover, observe that Lemma[2.I0establishes (2.82) in the case

[(3z € (4i-1(8).9i(8)): f(2) = 8(2)) A (i £ {1,Q(g) +1})]. (2.85)
The proof of Corollary 2.3]is thus complete. O

The following two results are a consequence of Corollary 2.4land induction.

Corollary 2.4. Let L € (0,00), f € C([0,1],R) satisfy for all x,y € [0,1] that |f(x) — f(y)| <
Lix—yl| letg e £, let A C{1,2,...,Q(g) + 1} beaset, let a = (aj)jcp: A — R satisfy
forallj € Athat L < |aj| < |Aj(g)| and ajA;(g) > 0, and let p: B([0,1]) — [0,00] be a

finite measure (cf. Definitions and[2.3). Then there exists h € £ such that fol(h(y) —
)P uldy) < Jo (8(y) = F(1))? m(dy), Q1) < Q(g), and

(Q(g) — QM) —1) (20 [4(0) = A () Inali) — aLa()) 2 0. (286
Proof of Corollary[Z4l Note that induction and Corollary 2.3 establish (2.86). The proof of
Corollary 2.4lis thus complete. O

Lemma 2.11. Let f € C([0,1],R) and let u: B([0,1]) — [0, o] be a finite measure. Then for all
g € Z there exists h € £ such that

Q(n) <Qlg), Lip(h) < Lip(), 2.872)
1 1
| ) = £ i) < [ (e) = £)? n(y) @87b)

(cf. Definitions[2.1] [2.2] and[2.4).

Proof of Lemma Throughout this proof assume without loss of generality that 0 <
Lip(f) < coand let Q: .¢ — Ny satisfy for all g € .Z that

Q(g) = (Qg) +1)* +#({i € {1,2,...,Q(g) + 1}: |Ai(g) > Lip(f)}). (2.88)
Observe that (2.88) assures for all g1, g» € £ with Q(g1) < Q(g2) that
Q(g1) < (Qg1) +1)* +Q(g1) +1 < (Qlg1) +1)* +2(Qlg1) +1) +1

= (Q(g1) +2)* < (Qg2) +1)* < Qg2)- (2.89)
Next we claim that for all k € Ny, ¢ € Q' ({k}) there exists i € .Z such that
Q(h) <Q(g), Lip(h) <Lip(f), (2.90a)

[ ) = 52 ) < [ (st0) — £ ety @900
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We now prove (2.90) by induction on k € INy. For the base case k = 0 we note that
Q1({0}) = @. This establishes (Z.90) in the base case k = 0. For the induction step let
k € N satisfy for all g € Q1({0,1,...,k}) that there exists i € . such that

Q(h) < Q(g), Lip(h) <Lip(f), (2.91a)
1 1
| ) = ) pay) < [ (s() = £0))* n(ay) (291b)

and let g € Q7! ({k + 1}) satisfy

Lip(g) > Lip(f). (2.92)

Observe that Lemma 2.2land (2.92) ensure that there exists i € {1,2,...,0Q(g) + 1} which
satisfies

| Ai(g)| > Lip(f). (2.93)
Note that (2.93) shows that there exists a € R which satisfies
Lip(f) = [a] <|Ai(g)]  and  aA;(g) >0. (2.94)

Observe that (2.94), the fact that Lip(f) € (0, 0), and Corollary[2.3ldemonstrate that there

g(ist)s o < . which satisfies [ (a(y) — f(y))2u(dy) < [ (g(y) — fF())? u(dy), Q(a) <
g), an

(Q(8) — Qo) — 1) (Z29 1 45(0) — Aj(8)In 11y () — al iy ()]) > 0. (2.95)

Note that (2.89) and (2.95) assure that Q(g) < Q(g) = k+ 1. Hence, we obtain g €
Q'({0,1,...,k}). Combining this with (2.91) and (Z.95) demonstrates that there exists
h € £ such that Q(h) < Q(g) < Q(g), Lip(h) < Lip(f), and

Jo (h(y) = F))? u(dy) <[5 (s(y) — fF))?> u(dy) <[5 (g(y) — F())? u(dy).  (2.96)

Induction thus establishes (2.90). Observe that (2.90) implies 2.87). The proof of
Lemma[2.11]is thus complete. O

Lemma is not yet sufficient to establish Proposition[2.2since, as mentioned before,
not every piecewise linear function with at most ) € IN breakpoints is representable by an
ANN with h hidden neurons. Thus we need to ensure that the linear relation for the slopes
(cf. Corollary 2.2) is also preserved by our inductive construction. This is the content of
Lemma [2.12] which is again a consequence of Corollary 2.3]and induction.

Lemma 2.12. Let f: [0,1] — R be Lipschitz continuous and let p: B([0,1]) — [0, o0] be a finite
measure. Then forall g € £, k € N, iy,1p,...,ix € N with % EIN, i1 <ip < - < <

Q(g) +1, and 2?21(—1)fAij(g) = 0 there exists h € £ such that fol (h(y) — f(y)? u(dy) <
Jo(s() — F(¥)?* u(dy), Q(h) < Q(g), and
(Q(8) = QUt) = 1) (|Zf1 (~ 1) Amingi, oy 11 (1) +max{Lip(h) — Q(g) Lip(f), 0}) > 0

(2.97)
(cf. Definitions 21V 2.2] and2.3).
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Proof of Lemma[2.121 Throughout this proof assume without loss of generality that Lip(f) >
0, let sgn: R — R satisfy for all x € (0,00) that sgn(x) = 1, sgn(—x) = —1, and
sgn(0) =0, and let Q: . — INj satisfy for all ¢ € . that

Q) = (Qe) + 1 +#({i € {1,2,...,Q(8) + 1}: |Ai()| > Q) Lip(f)})  (2.98)
(cf. Definitions 2.1} 2.2 and 2.3). Note that (2.98) assures for all g1,¢> € £ with Q(g1) <
Q(gz) that
Q(g1) < (Qlg1) +1)? +Q(g1) +1 < (Qg1) +1)* +2(Q(g1) +1) +1
= (Q(81) +2)* < (Q(82) +1)* < Q(g2)- (2.99)

We claim that for all n € No, g € Q7 '({n}), k € N, i1, ip,...,ix € N with § ¢ N,
ih <ip <. <i<Q(g )—|—1 andzk (=1 A; :(8) = 0 there exists h € £ such that

Jo ((y) = F))? u(dy) < [5(8(y) — F())? pu(dy), Q(h) < Q(g), and

(Q(8) — Q(h) _1)(|Z;‘(:1(_1)jAmin{ij, Qe +13 ()| +max{Lip(h) — Q(g) Lip(f),0}) = 0.
(2.100)

We now prove (2.100) by induction on n € INy. For the base case n = 0 observe that
~1({0}) = @. This establishes (IZI(IOI) in the base case n = 0. For the induction step

let n € Ny satisfy for all ¢ € Q~1({0,1,...,n}), k € N, if,ip,...,i € N with% ¢ N,
i1 <ip<---<ipr<Qlg )+1 and Zk 1(— )]A .(§) = 0 that there exists h € .’ such that

R0~ F) () < [(5(0) — F0)? plely), Q) < Q(g), and

(Q(g)—Q(h)—D(!Z}‘:l(—l)fAmm{ij, a(n+1y ()| +max{Lip(h) — Q(g) Lip(f),0}) >0,

andlletg € Q 1({n+1}),k €N, i1, i ...,i\ € N satisfy 2100
5EN,  i<i<--<i<Q@)+1,  L(-1)4,(8) =0, (2.102)

and Lip(g) > Q(g)Lip(f). We now prove that there exists h € . such that fol(h(y) —

FW)) u(dy) < fy(8(y) = F(v))* u(dy), Q) < Q(g), and

(Q(g) — Q1) = 1) (|1 (=1) Amingi, (i) +1y ()| +max{Lip(h) — Q(g) Lip(f), 0}) > 0.
(2.103)

Observe that Lemma 2.2 and the fact that Lip(g) > Q(g) Lip(f) ensure that there exist
Je{1,2,...,Q(g) +1},s € {—1,1} which satisfy

sA5(8) = [As(g)l > Q(g) Lip(f)- (2.104)

In the following we distinguish between the case J ¢ {iy,i,...,ix} and the case J €
{i1,ia,...,ix}. We first prove (Z.I03) in the case

3¢ {inin.. i} (2.105)
5Note that we could choose 1 = g in ZI03) if we would have Lip(g) < Q(g) Lip(f).
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Note that (2.104) and Corollary[2.3lassure that there exists g € . which satisfies |, 01 (g(y) —
FD?u(dy) < f () — f(1)? u(dy), Qo) < Q(g), and
(Qg) — Qa) — 1) (£29 |4,(5) — 4;(8) I (3) () — Q@) Lip(F) L (3) () = 0.
(2.106)

Moreover, observe that (2.102) ensures that Q(g) = n + 1. Combining this with (2.98),
(2.99), and (2.104) demonstrates that Q(g) < Q(g) = n + 1. Therefore, we obtain

g€ Q'({0,1,...,n}). (2.107)

In addition, note that 2102), (Z105), and @2.I06) show that Q(g) < Q(g), |, 01 (a(y) —
f))? 1(dy) < 5 (8(y) = f(4))? p(dy), and

(Q(g) — Q(a) = )| L1 (—1) Amingi, 0(g) 413 (8)] = 0. (2.108)
Combining @.101), @.102), and (2.107) hencell establishes (ZI03) in the case J ¢

{i1,12,...,i}. In the next step we prove (2.103) in the case
Je {il,iz,...,ik}. (2.109)

Note that (2I09) demonstrates that there exist ¢ € {1,2,...,k}, & € {—1,1} which
satisfy

~

In the following let &, € R, v € {—1,1}, satisfy forallv € {—1,1} that

and S =s(—1)7 =sgn((-1)7A; ) =sgn((—1)" Aj). (2.110)
%o = LjeNn[1LK], sgn((~1)i4; (5))=ve |45 (8)] (2111)

Observe that (2.102) and 2.111) ensure that

G (le — 06_1> =6Gu —6Ga_q = ZUG{—l,l} [UG{XU]

= Loe{-1,1} Zje]Nﬁ[l,k],sgn((—l)fAi],(g)):z;G _06|Aij(8)|]

= Loe(-11) ZjelNﬁ[l,k],sgn((—l)fAi],(g)):DG _06|(—1)inj(8)|]

= Yoe{-11) Zje]Nﬂ[l,k},sgn((fl)fA,ﬂj(g)):vG _<—1>in]-(§)]

= Y (DA (g) =0 2.112)
JENN[1,k]

Hence, we obtain a1 = a_7. Next note that (2.110) and (2.I11) assure that &y > |A5(g)|.
Combining this with (2.104) and the fact that «_; = a1 demonstrates that

a1 > (|A5(g)| — Q(Q)Lip(f)) + Q(g)Lip(f) > Q()Lip(f). (2.113)

6Observe that we can choose i = g in ZI03) in the case where Q(g) < Q(g)-
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Therefore, we obtain that there exist] € N, |1, J»,...,J; € N, r1,72,...,1; € [0,00) which
satisfy forallv € {1,2,...,1} that

h<h<-<h<k sgn(-1)FAL () =-6, |4y (@)1= Lip(f),
(2.114)
andri +r+...+1 = |A3(9)| — Q(g)Lip(f). In the following let A C {1,2,...,0Q(g) +
1} satisfy
A = {iy,ip,...,i;} U{3} (2.115)
and leta = (aj)]'eA: A — Rsatisfy forallv € {1,2,...,1} that

a;, = <|Ailv’ — rz,) sgn(Ailv) and a; = sQ(g)Lip(f). (2.116)

Note that 2.114) and (2.116)) ensure for allv € {1,2,...,1} that

i, Air () = (145, () —r0) sgn(Ay, () Ay, (8) = (145, ()] =70) 147, g)
> Lip(f)|4i, ()] = Lip(f)(|14;, ()] = r0) = [Lip(f)]* > 0. (2117)

Next observe that (2.104) implies that |A5(g)| > Q(g)Lip(f) > 0. Hence, we obtain
A5(g) # 0. This and (2.102) prove that Q(g) > 0. Combining (2.104), 2.114), and

therefore shows that

a3A5(g) = [sQ(g)Lip(f)] [s7'A5(g)l] = [A43(g)IQ(g)Lip(f)
[Q(g)Llp(f)]2 > 0. (2118)
This and 2.117) assure for all j € A that

ajAj(g) > 0. (2.119)

Furthermore, note that (2.104), (2.114), (2.116), and the fact that Q(g) > 1 demonstrate for
allv € {1,2,...,1} that

Lip(f) < [Ai, | =70 = |2, | < |A; |, (2.120a)
Lip(f) < Q(g)Lip(f) = lag| < [A;3(8)]. (2.120b)

Therefore, we obtain for all j € A that Lip(f) < [aj] < Aj(g). Combining this with
enables us to apply Corollary- o obtain that there exists g € ¢ which satisfies

fo FW))2 u(dy) < [y (8(y) — f(y)? u(dy), Q(a) < Q(g), and
(Q(g) — Q) — 1) (Z]-Q:(f’)+1 14j(g) — Aj(g)Ina(f) — ajla(j)]) > 0. (2.121)

Observe that (2.98), (2.99), 2.104), 2.116), and (2.121) show that Q(g) < Q(g). This and
(2.102) show that Q(g) < Q(g) —1 = (n+1) — 1 = n. Hence, we obtain

acQ1({0,1,...,n}). (2.122)
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Moreover, note that(IZI(ZI) m 2.121), and the fact that rtrt.. 4+ =1A509)] —
Q(g) Lip(f) assure that [y (a(y) — f())? u(dy) < [5(&(y) — f(1))? u(dy), Qa) < Q(g),

and
(Q(g) —Q(g) — 1) |Z;'{:l(_1)jAmin{ij,Q(g)+l}(g)| > 0. (2.123)

Combining @2.101), 2.102), and (2.108) hence establishes (ZI03) in the case J €
{i1,1,...,i}. Induction thus proves (2.100). Note that (2.100) establishes (2.97). The
proof of Lemma[2.12is thus complete. O

2.5 Structure preserving approximations for realization functions of shallow
ANNs

In this subsection we employ Lemma 2.11] and Lemma [2.12] above to prove in Proposi-
tion 2.2 the announced result about the existence of a better ANN approximation which is
additionally Lipschitz with a constant depending only on the width h € IN and the target
function f.

Lemma 2.13. Assume Setting 2.1land let 6 € R? satisfy (h — Q(A?) — 1) max{Lip(.4#?) —
hL,0} > 0 (cf. Definitions2.Tand2.2). Then there exists 8 € R® such that

LO) <L), QNN <QAY),  and  Lip(#?) <l (2124)
(cf. Definition 2.4).

Proof of Lemma[2.13l In the following we distinguish between the case Q(.#?) = h and the
case Q(A%) < b. We first prove (2.124) in the case

Q(AY) =n. (2.125)

Observe that (Z125) and the assumption that (h — Q(.#%) — 1) max{Lip(.#?) —hL,0} > 0
ensure that — max{Lip(.#?) — hL,0} > 0. Therefore, we obtain Lip(.#?) < hL. This
establishes (Z.124) in the case Q(.#?) = b. In the next step we prove (2.124) in the case

QA% <. (2.126)
Note that 2.126) and Lemma prove that there exists 1 € .Z which satisfies Q(h) <
Q(A% <bh—1,Lip(h) <L <pL,and
1 1
/O (h(y) = f(y))* u(dy) < /0 (A(y) = f()? u(dy) = L(6). (2.127)

Observe that Lemma 2.4l and the fact that Q(h) < h — 1 show that there exists ¥ € R°
which satisfies

N =h. (2.128)
Note that and (2.128) ensure that £(¢ ) L(0), Q(A?) = Q(h) < Q(A4?), and
Lip(#?%) = Lip(h) < L. This establishes (2.129) in the case Q(.#?) < h. The proof of

Lemmal[2.13is thus complete. O

7Observe that we can choose & = g in (ZI03) in the case where Q(g) < Q(g)-
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Proposition 2.2. Assume SettingZ.Tland let 6 € R®. Then there exists & € R® such that
L) <LO), QA <Qr?, and  Lip(#?) <pL (2.129)
(cf. Definitions ZTland 2.4).

Proof of Proposition2.2] Observe that Lemma[Z3proves that 4% € % and Q(.4?) < b (cf.
Definition2.2). In the following we distinguish between the case Q(.#?) < b and the case
Q(A%) = b. We first prove @2.129) in the case

QA% <. (2.130)

Note that (2.130) and Lemma show that there exists ¢ € R® such that £(9) < L£(0),
Q(A?) < Q(A?), and Lip(#?) < hL. This establishes 2.129) in the case Q(.4#?) < b.
In the next step we prove (2.129) in the case

QA =n. (2.131)

Observe that (2.131) and Corollary 2.2l imply that there exists k € IN, iy,ip,...,i € N
which satisfy % ¢ N, 1<i3 <ip < - <ip <bh+1, and Zle(—l)inj(e/Ve) (cf.
Definition 2.3). Combining this with Lemma ensures that there exists 1 € . which
satisfies

Jo (h(y) = F))? u(dy) < [y () — F)?u(dy) = £(8),  Q(h) < Q(JV(GZ),BZ)
and .

(Q(A) = Q(h) = 1) (|i_y (~1) A (h)| + max{Lip(h) — Q(#?)L,0}) > 0. (2.133)
Hence, we obtain that

Jo (h(y) = f)? u(dy) < £(8),  Q(h) <, (2.134)
(h— Q(h) — 1) (| iy (=1)/A;; ()| + max{Lip(h) — HL,0}) > 0. (2.135)

Therefore, we get that (h — Q(h) — 1) ‘}:;-‘:1 (—1)/ Aj (h)| > 0. Combining Corollary22land
(2.134) hence shows that there exist i € R® which satisfies

NY =h. (2.136)

Note that (2.134), (2.135), and (2.136) demonstrate that

L(y) <L(B), QAY)<h, and (h—Q(AY)—1)max{Lip(+?)—pL,0} > 0.
(2.137)
Lemma 213 hence implies that there exists ¢ € R® which satisfies

L(8) < L) <L), QAN <Q(A¥)<h=0Q(+?), and Lip(+?) <BL.
(2.138)
This proves (2.129) in the case Q(.#?) = h. The proof of Proposition 22 is thus complete.
O
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As a simple consequence of Proposition 2.2l we obtain in Corollary 2.5/ below that the
new network parameter vector ¢ € R° can be chosen in such a way that in addition to the
Lipschitz constant also the supremum norm of its realization function .#? is bounded by
a constant depending only on § and the target function f.

Corollary 2.5. Assume Setting 2T and let 6 € R®. Then there exists ¢ € R® such that L(9) <
£6), QUA) < Q(A®), sup,io 4 ()] < DL+ sup,ciqm | f(x)], and Lip(A?) < bL
(cf. Definition [2.4).

Proof of Corollary 2.5l Note that Proposition 2.2 establishes that there exist ¢ € R®, r €
[0, c0) which satisfy

L(p) < LB), Q(AY) <Q(A), (2.139a)
Lip(A/Y) <pL, r= ir[})f”L/V‘/’(x) — f(x)|. (2.139b)
xeg|U,

Observe that (2.139) assures that there exist y € [0,1], k € {—1,1} which satisfy 4 ¥(y) —
f(y) = kr. In the following let 8 € R? satisfy foralli € {1,2,...,3h} that ¢, = ¢; and
8 = P — kr. Note that the fact that for all x € [0,1] it holds that .4 ?(x) = 4 ¥(x) — kr
and (2.139) show that Lip(.4#?) = Lip(#¥) < hLand Q(A?) = Q(A¥) < Q(A?). The
fact that 4 %(y) = #¥(y) — kr = f(y) and the triangle inequality therefore imply for all
z € [0,1] that
(A < AW+ A0 (2) = A W) = [f W) + 4 (2) = A ()]
< supye gl F(¥)] + LIz — y| < sup,c g F(x)] + DL (2140)

It remains to prove that £(8¢) < L(¢). For this we assume without loss of generality that
r> 0. (2.141)

Observe that (2.139), (Z.147), and the fact that [0,1] 2 x — 4 ¥(x) — f(x) € R is continu-
ous imply for all x € [0,1] that k(.#¥(x) — f(x)) > r. Hence, we obtain for all x € [0, 1]
that
A0 (x) = f(2)] = |4 (x) = fx) = kr| = k(A Y (x) = f(x)) = 7]
= k(AP (x) = f(x)) =1 < k(A Y (x) = f(x))
< | A ¥(x) = f(x)]. (2.142)

This demonstrates that £(9) < L(¢). The proof of Corollary 2.5 is thus complete. O

2.6 Existence of global minima for shallow ANNs

In this subsection we establish in Proposition[2.3]the existence of a global minimizer of the
risk function under the assumptions of Setting[2.1l For the proof, we combine Corollary[2.5]
with the Arzela—Ascoli theorem to extract a convergent subsequence from a minimizing
sequence. Due to the fact that the set of realization functions of shallow ReLU ANNSs with
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tixed architecture is closed in the set of continuous functions with respect to the supre-
mum norm (cf. Petersen et al. [61, Theorem 3.8]) the limit is again equal to the realization
function of a suitable ANN.

Proposition 2.3. Assume Setting[Z1l Then there exists 0 € R® such that L(0) = infycro L(9),

Lip(4?) < bL, and SUP ¢ [0,1] |A9(x)| < HL + supco]f ()| (cf. Definition 2.4).

Proof of Proposition[2.3l Note that there exists ¢ = (¢n)en: IN — R® which satisfies
limsup, . L(¢n) = infgero L(8). (2.143)

Observe that Corollary 2.5 implies that there exists ¢ = (¢, )en: N — R® which satisfies
for all n € IN that

L(Pu) < L@n), supycpy| /¥ (x) < DL+ supy oyl f(x)], and  Lip(#¥r) < BL.

(2.144)
Note that 2.143) and (2.144) show that
infgero £(9) < limsup, ., L(¢Pn) < limsup, . L(¢pn) = infycro L(D). (2.145)

Hence, we obtain that lim, e £(¢) = infycro £(8). Furthermore, observe that (2.144)
and the Arzela—Ascoli theorem demonstrate that there exist ¢ € C([0,1],R) and a strictly
increasing k: N — IN such that

msup, o, sup,e(o 1|4 4 (x) — g(x)| = 0. (2.146)

Next note that Petersen et al. [61, Theorem 3.8] assures that {h € C([0,1],R): (3¢ €
R?: 4% = h)} is a closed subset of C([0,1],R) with respect to the supremum norm on
C([0,1], R). Combining this with implies that there exists 6 € R® which satisfies

N =g. (2.147)

Observe that (2.146), (2.147), and Lebesgue’s theorem of dominated convergence ensure
that

£(0) = [ () - )2 utdy) = [ (5(6) ~ F5)? n(dy)
= [} o) — )] ) = fim | [0 5) = £ i)

n—o0o

= lim L(y)) = 19i€n]1£a L(9). (2.148)

n—oo

Furthermore, note that 2144), (2.146), and (Z147) demonstrate that sup,.. (g 1/|-4’ O(x)] <

bL + sup,cpoq|f(x)| and Lip(A’ %) < pL. The proof of Proposition Z3is thus complete.
O

Proposition 2.3/is formulated only for the input domain [0, 1]. In Theorem 2.2 we gen-
eralize this result to a general input interval |4, b] C R by employing a suitable coordinate
transformation.
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Theorem 2.2. Let h,0 € N, L,a € R, b € (a,00), f € C([a,b],R) satisfy for all x,y € [a,b]
thatd = 3h + 1and |f(x) — f(y)| < L|x —y|, let u: B([a,b]) — [0, 0| be a finite measure, for
every 0 = (01,...,0,) € R let #%: R — R satisfy for all x € R that

JV ( ) =0, + Z 162()+] max{f)hﬂ + 9 iX, 0} (2149)
and let £: R® — R satisfy for all 6 € R° that L(6 f N9(x))? u(dx). Then
there exists 6 € R® such that L(0) = infycgo E( ), Sque[ab ]JV (x)] < HL(b—a) +
Supxe[a,b] |f(x) |/ and

JVB 7/9
supx,ye[a,b},x;éy [‘ (T,zfy‘ (y)‘] < hL. (2.150)

Proof of Theorem[2.2l Throughout this proof let f: [0,1] — [4,b] and F: R® — R? satisfy for
allx € [0,1],0 = (01,...,6) € R? that f(x) =a+ (b —a)x and

F(0) = ((b—a)by,...,(b—a)by, 0411+ aby,..., 000 +aby,041,...,03,03511), (2.151)

let ¢ € C([0,1],R) satisfy for all x € [0,1] that g(x) = f(f(x)), and let v: B([0,1]) —
[0, o] satisfy for all E € B([0,1]) that v(E) = u(f(E)). Observe that f and F are bijective.
Moreover, note that for all x € [0,1],0 = (01,...,0,) € R? it holds that

JVF(G)<x) =0, + Z?:1 92;)4_]' max{ (b — u)ij + 9h+j + 119]‘,0}
= 00+ X0y O j max{0£(x) + 04,0} = A (£(x)). (2.152)
In addition, observe that for all x, y € [0,1] we have that
1g(x) —gW)| = [f(£(x)) — f(£(y))| < L|f(x) — £(y)| = L(b—a)[x —y|. (2.153)

Proposition 2.3 hence demonstrates that there exists ¢ € R® which satisfies Lip(A#¥) <
bL(b — a), sup,cjo1) |4 ¥ (x)] < HL(b—a) +sup,c(y/8(x)|, and

[t - g vian = ng | [ (4% - g a(ax) (2.154)

9eR?

(cf. Definition 24). In the following let § € RR? satisfy § = F~!(¢). Note that (2.152) and
the integral transformation theorem assure for all ¥ € R° that

£(0) = [ () — (0 () = [ (2 (6) — fE0x) (e

0
1
- /O (HFO) (x) - g(x))2 v(dx). (2.155)
Combining this with (2.154) and the fact that F is bijective shows that
1
L(0) = / JVlP — 2 — f |:/ JVﬁ d
6)= [ (4~ gx)v(dn) = inf (1)) v(dx)

= inf [ /O 1(JVF(‘9)(x) - g(x))zv(dx)] = inf L(8). (2.156)
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In addition, observe that (Z.I52) ensures for all x € [a, b] that

A0 (x)| = [AP(E (%) < HL(b—a) +sup,cpoy|8(¥)]
= BL(b —a) +sup, (ol f ()] (2.157)

Finally, note that (2.152) demonstrates for all x,y € [a, D] that

(A (x) = A O)| = [AVE(2) = AP (E ()] S DL - )| (x) — £ (y)]
= hL|x —yl. (2.158)

The proof of Theorem [2.2]is thus complete. O

2.7 Existence of regular global minima for shallow ANNs

In the final result of this section, Corollary[2.6] we strengthen Theorem[2.2lby showing that
there also exists a global minimizer of the risk function which admits a neighborhood on
which the risk function is continuously differentiable. Furthermore, the gradient on this
neighborhood can be obtained from a sequence of approximate realization functions using
suitable differentiable approximations of the ReLU function, as outlined in the introduc-
tion. The proof relies on regularity results from our previous article Eberle et al. [28]].

Corollary 2.6. Let h,0 € N, L,a € R, b € (a,00), f € C([a,b],R) satisfy for all x,y € [a,b]
thato =3+ 1and |f(x) — f(y)| < L|x —y|, letp: [a,b] — [0, 00) be bounded and measurable,
let Ry: R — R, r € N U {oo}, satisfy for all x € R that (U,en{%r}) € CHR, R), Reo(x) =

max{x, 0}, Sup, e SUPye(_ x| x| |(%R) ()| < o0, and

limsup, ., (|9 (x) = Reo (x) | + [(9)' (x) = L(0,00) (¥)]) =0, (2.159)
for everyr € N U {oco} let L,: R® — R satisfy forall 6 = (04,...,6,) € R° that
£:(60) = J2(F(x) — 0 — 0, 0y (90 By + 0) Pp(x) iy, (2160)
let U C R® satisfy
U={0=(61,...,60) € R”: (Vie{1,2,...,0}: |6;| + |6p1:| > 0)}, (2.161)

and let G: R® — R satisfy forall 0 € {8 € R®: (VL,)(9)),en is convergent} that G(0) =
lim, ,60(V L) (0). Then

(i) it holds that U is open,

(ii) it holds that (Leo)|u € C'(U,R),
(iii) it holds that U 3 0 — (V Ls)(0) € R® is locally Lipschitz continuous,
(iv) it holds for all 6 € U that (VLe)(0) = G(0), and



J. Mach. Learn., 1(2):141-246 187

(v) it holds that there exists 0 € U such that Leo(6) = infgero Loo(B), SUP (44 |9 (x)| <
hL<b - ll) + supxe[a,b] ’f(x> , and supx,ye[a,b],xyéyqx - y|71 ’/9(3() - ‘/V9<y>|) < bL.

Proof of Corollary[2.6l Throughout this proof for every 6 = (61,...,6,) € R?,r € N U {o0}
let #%: R — R satisfy for all x € R that

AP(x) = 00 + L)y 01 [Rr (B + 6;x)). (2.162)

Observe that (2.16I) proves item Note that Eberle et al. [28, Proposition 2.3] estab-
lishes items |(ii)] and Observe that Eberle et al. [28, Corollary 2.7] and item [(iv)| prove
item Note that Theorem 22 (applied with8 4 ~ (B([a,b]) > E ~ Jep(x)dx €
[0,00]) in the notation of Theorem 2.2) proves that there exists ¢ € R® which satis-
fies supxe[a,b”‘/‘/lp(x)’ < hL<b - ll) + supxe[a,b] f(x)’/ supx,ye[a,b},x;éyqx - y|_1|JV¢(X> -
AP (y)]) <bL,and

Loo(1) = infygeo Loo (). (2.163)

In the following let 8 = (64, ...,0,) satisfy for alli € NN ([1, 5] U (2,0]), j € IN N (h,2b]
that

0i=v; and  0;=y;— Lo (|¢j—n| + |9j])- (2.164)
Observe that 2.164) shows for all i € {1,2,...,h}, x € R that max{6; + 6;x,0} =

max{{y; + P;x,0}. Therefore, we obtain for all x € R that 4 (x) = A (x). Combining
this with (Z.I63) establishes item[(v)} The proof of Corollary 2.6lis thus complete. O

3 Regularity analysis for generalized gradients in the training of
deep ANNs

In this section we introduce in Setting[3.1lin Subsection[3.Ilbelow our mathematical frame-
work for deep ReLU ANNS. As in [13,36,41] we approximate the ReLU activation func-
tion Re: R — R through continuously differentiable functions R,: R — R, r € [1,00),
in order to define an appropriate generalized gradient G: R — RR° of the risk function
Lo: R® — R; see 3.3) and (3.6) in Setting 3.1

In Proposition B.1] in Subsection 3.2l below (explicit representation and pointwise ap-
proximations for G), in Lemma [3.1] in Subsection 3.3 below (local Lipschitz continuity of
L), and in Lemma in Subsection 3.4/ below (uniform local boundedness for VL, r €
[1,00)) we then state several important regularity properties of the risk function £: R® —
R and its generalized gradient function G: R® — RR°. Proposition[B.lis proved in Hutzen-
thaler et al. [36, Theorem 2.9], Lemma [B.1] follows, e.g., from Hutzenthaler et al. [36,
Lemma 2.10], and Lemma[3.2]is a consequence from Hutzenthaler et al. [36, Lemma 3.6].

In Corollary[3.Jlin SubsectionB.4we show that the risk function L£: R® — R is weakly
differentiable with the generalized gradient function G: R? — IR? serving as a weak gra-
dient function.

8Here and in the remainder of this article, when applying another theorem /lemma/proposition we use the notation «»
to indicate which values are assigned to the variables in the applied result. In this particular case, Theorem [Z2] where y is
an arbitrary finite measure on [a, b], is applied with the specific measure B([a,b]) 3 E — [ p(x)dx € [0, c0].
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In Proposition3.2lin SubsectionB.5below we establish that the risk function Le: R? —
R is differentiable Lebesgue almost everywhere with its gradients agreeing Lebesgue al-
most everywhere with the generalized gradient function G: R® — R®. Our proof of
Proposition[3.2relies on Lemmal3.7] Corollary and well-known results on weak deriva-
tives of locally Lipschitz continuous functions (cf. Evans [29]).

In Subsection[3.6lbelow we gather several known notions and lemmas regarding Fréchet
subdifferentials. In particular, in the scientific literature Definition can be found, e.g.,
as Rockafellar & Wets [63, Definition 8.3] and Bolte et al. [10, Definition 2.10], items
and [(v) in Lemma [B.3] are proved, e.g., as [63, Theorem 8.6 and Exercise 8.8], and
Lemma[3.4lis a reformulation of the well-known fact that the limiting Fréchet subdifferen-
tial of a continuous function has a closed graph (see, e.g., [63, Proposition 8.7]).

Finally, in Proposition[3.3]in Subsection3.9below (the main result of this section) we es-
tablish that for every ANN parameter vector 6 € R? it holds that the generalized gradient
G(0) is a limiting subgradient of the risk function L, at 8. Our proof of Proposition 3.3]
relies on Proposition 3.2 on Lemma [3.3] as well as on the continuity type result for the
generalized gradient function in Lemma[3.7lin Subsection3.8l Our proof of Lemma[3.7] in
turn, is based on local underestimate type result in Lemma[3.5in Subsection[3.7/as well as
on the conditional continuity result for the generalized gradient function in Lemma[3.6lin
Subsection 3.8/ below.

3.1 Mathematical framework for deep ANNs with ReLU activation

Setting 3.1. Leta € R, b € [a,00), € (0,00), € (,00), ({x)ken, € N, L, 0 € N satisfy 0 =
kr

Vi1 l(le1 + 1), for every 6 = (61,...,6;) € R let wkf = (mi,]'e)(i,j)e{L...,ek}x{l,...,ek,l} €

Rf-1, k € N, and bb = (6}7,...,63%) € R’ k € N, satisfy for all k € {1,...,L},

i€ {1,...,€k},j S {1,...,6](,1} that

mk,@ -0 .

k,0
o ke and =0
ij (i—1) 61 +j+E5 2 0, (6y 1 +1) b;

Oeli_q+i+ X521 b (Ly_q 1) (3.1)

forevery k € IN, 6 € R° let A,‘i = (A,‘i 1reee ,Ai fk): R%-1 — R satisfy for all x € R%-1
that
Al (x) = b Py, (3.2)

letR,: R = R, r € [1,00], satisfy forall ¥ € [1,00), x € (—o0,7r 1],y € R,z € [r~!,0) that
R, € CHR,R), %R, (x) =0, 0<%R(y) <Reoly) =max{y,0}, and %R.(z) =z

(3.3)
1,00) SUPrer [(Rr) (x)| < 00, for every r € [1,00], k € N let M, ;: R% — R%

satisfy for all x = (x1,...,%4,) € R'* that

M, i (x) = (Re(x1),- .-, Rr(xg,)), (3.4)

assume sup,..(
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for every 6 € R° let N = <Nr]f'19/"'/Nrk'£i): R% — R%, k € N, r € [1,00], and Xik’e C

R%, k,i € N, satisfy forallk € N, r € [1,00],i € {1,...,4;} that

N = A8, NEHLO = AZH 0 M/ g oN*, and Xz.k'e = {x € [ab): /\/'fo(z(x) > 0},
(3.5)

let f = (fi,.... fe,): [a b)fo — R’ be measurable, let u: B([a,b]%) — [0,00] be a finite
measure, for every r € [1,00] let £,: R® — R satisfy for all 6 € R that

£40) = fiy o N (2) — £(2) |12 (), (36)

and let ¢ = (G1,...,Gy): R® — R° satisfy for all 6 € {8 €
R®: ((VLy)(8))re1,00) is convergent} that G(0) = limy—e0(V L) (6).

3.2 Explicit representations for the generalized gradient function

In Proposition 3.1l we show that the approximating sequence of gradients (VL,)(0), r €
[1,00), in Setting B.1] converges for every § € R®. Furthermore, we derive in items
and explicit formulae for the limit G(6). This explicit representation of G agrees
with the standard generalized gradient obtained by formally defining the derivative of
the ReLU as the left derivative 1(g,«) and applying the chain rule.

Proposition 3.1. Assume Setting[BTland let 6 = (01, ...,60,) € R®. Then

(i) it holds for all r € [1,00) that L, € C}(R?,R),

(ii) it holds that limsup,_, . (|£(0) — Leo(0)| + |[(VL,)(0) —G(0)]]) =0,
(iii) it holds forallk € {1,..., L}, i€ {1,..., 6}, j€{1,...,x_1} that

g(i—l)ék,1+j+2ﬁ;% Oy (lp—1+1) (0)

— )y /[‘Z b 2 [%m(Ng?x{k—m},e(x))]1(1,L](k) + xj]l{l}(k)}

Uk, Vk+1,--- 0L EN,
VwelNN[k,L]: vp<ly
1 )| |NVES, () = for ()] [TTh i (Wl Laz ()| (), 37)
(iv) it holds forallk € {1,...,L}, i € {1,..., 4} that

gekgk—l HiHYF T O (Lyq+1) 6)

- Z /[a,b]fo Z[E{i}(vk)}

Uk, Vg1, VL EN,
VwelNN[k,L]: vp<ly
NVES () = o (0] [T (03, g 0(x) | u(dx). (38)

Proof of Proposition Note that [36, Items (i), (iv), (v), and (vi) in Theorem 2.9] establishes
items and [(iv)| The proof of Proposition[3.1lis thus complete. O
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3.3 Local Lipschitz continuity of the risk function

Lemma 3.1. Assume Setting[3.1land let K C R? be compact. Then there exists € € R such that
forall 0,9 € K it holds that

[Loo(8) = Loo(9)] + (SUP 4100 Ve (¥) = NP (1)) < €16 — 9. (39)
Proof of Lemma[3.1l Observe that, e.g., [36, Lemma 2.10] establishes (3.9). The proof of
Lemma3.1lis thus complete. O

3.4 Weak differentiability properties of the risk function
Lemma 3.2. Assume Setting[3.Tland let K C R® be non-empty and compact. Then
SUPpk SUPr e 1,00) (1£7(8)] +[Loo(0) [ + (VL) (0)[| + [[G(O)]]) < co. (3.10)

Proof of Lemma[3.2] Note that [36, Lemma 3.6] and item [(i)] in Proposition B.] show
for all s € (0,00) that supycrsere. 9)<s} SUPref1,00) | (VLr)(0) < oo.  The fun-

damental theorem of calculus and the fact that for all » € [1,00) it holds
that £,(0) = L«(0) hence demonstrate that for all s € (0,00) we have that
SUPpe(9er: |9]|<s} SUPre1,00) (| £r ()| + (VL) (6)]]) < eo. Combining this with item [(i1)|
in Proposition 3.1] establishes (3.10). The proof of Lemma[3.2]is thus complete. O

As a consequence of Proposition[3.Iland the uniform boundedness result in Lemma[3.2]
we obtain in Corollary[3.1]that the generalized gradient G serves as a weak gradient of the
risk function L.

Corollary 3.1 (Weak differentiability). Assume  Setting let ¢ =
(9(6))o=(oy,...00)er?: R® — TR be compactly supported and continuously differentiable,

andleti € {1,2,...,0}. Then [y |Loo(6) (a%igo)(f)ﬂ +1Gi(0) ¢(0)| dO < oo and

/R Leo(0) (2 9)(6)d6 = — /R Gi(0) p(6) de. (3.11)

Proof of Corollary[3.1l Observe that the assumption that ¢ has a compact support ensures
that there exists R € (0, o) which satisfies for all § € R®\[—R, R]° that

@(0) =0. (3.12)
Note that Lemma 3.2 demonstrates that
SUPpe[— g RJ SUPre1,00) ([Lr(0)] + [Loo(0)] + [[(VL) ()] + IG(O)]]) < o0.  (3.13)
This and assure that forallr € [1,00),0 = (64,...,6,) € R it holds that
1£+(8) (37 9) (O)] + (55 £1) (0)(6)]

< [supge|_r rp SUPsef1,00) (L5 () + (VL) O] + [@(O)] + (V@) (D)) ] Li—r rj2 ()
< oo (3.14)
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Proposition 3.1] Lebesgue’s dominated convergence theorem, (3.12), and integration by
parts therefore ensure that

Ro
= lim U{_W £+(6) (:9)(6) de} —_ (Tlggo U{_R’Rp(a%cr)(e) 0, dGD . (3.15)

Proposition[3.1] (3.14), and Lebesgue’s dominated convergence theorem hence show that

Jro £=0) Groy@ 0= [ [lim (5.L)(6)] 9(6) do

— /IR _Gi(6) 9(0) de. (3.16)

This, 3.12), and (3.13) establish (3.11). The proof of Corollary B.T]is thus complete. O

3.5 Strong differentiability properties of the risk function

We next establish in Proposition [3.2] that the risk function is a.e. strongly differentiable
with gradient G. The proof relies on Corollary 3.1} the local Lipschitz continuity result in
Lemma Rademacher’s theorem, and the fact that locally Lipschitz continuous func-
tions are weakly differentiable with the weak gradient a.e. equal to the strong gradient
(cf. Evans [29]).

Proposition 3.2. Assume Setting[B.1] Then there exists E € B(R®) such that
(i) it holds that fIRD\E 1d6 =0,
(ii) it holds for all 6 € E that L is differentiable at 6, and

(iii) it holds for all @ € E that (VLs)(0) = G(0).

Proof of Proposition32l Throughout this proof let G = (Gy,...,Gy): R® — R? satisfy for
all 6 € R? that

3.17
0 : Lo is not differentiable at 6. ( )

G(O) = {(VL’,OO)(G) : L is differentiable at 6,
Observe that (3.17), the fact that for all measurable ¢,,: R® — R?, n € N, it holds that {6 €
R?: (¢41(0))nen is a Cauchy sequence} is measurable, and the fact that for all measurable
and pointwise convergent ¢,: R® — R?, n € N, it holds that R® 3 6 — lim, e gn(0) €
R? is measurable establish that G is measurable. Furthermore, note that Lemma [3.1 en-
sures that L is locally Lipschitz continuous. Rademacher’s theorem (cf. Evans [29] The-
orem 5.8.6]) therefore demonstrates that there exists £ € {A € B(R?): f]RD\ 41d6 = 0}

which satisfies for all 8 € £ that Lo, is differentiable at 8. Lemma[3.1] Evans [29, Theorems
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5.8.4 and 5.8.5], and (3.I7) hence show for all compactly supported ¢ € C*(R% R) and all
i €{1,2,...,0} that [ [Loo(8) (5;0)(0)] +[Gi(0) ¢(6)| df < co and

[ £(60) Gro) (0)d0 = — [ Gi(6) p(6) do. (.18)

Combining this with Corollary 3.]J] and the fundamental lemma of calculus of varia-
tions (cf., e.g., Hormander [34, Theorem 1.2.5]) implies that there exists E € {A €
B(R®): fIRD\A 1d6 = 0} which satisfies for all 6 € E that

G(9) = G(6). (3.19)

Observe that (3.17), (3.19), and the fact that for all 6 € £ it holds that L is differentiable
at 0 assure that for all 6 € (EN &) it holds that

G(0) = (VL) (0). (3.20)

Moreover, note that the fact that E € {A € B(R®): fIRD 4 1d6 = 0} and the fact that
£ e{AeBR: f]Ra\AldG—O}ensurethat(Eﬂc‘])G{AEBIRD f]RD\AldG—O}
Combining this and the fact that for all # € (EN &) it holds that L« is differentiable

at 0 with (3.20) establishes items and The proof of Proposition 3.2 is thus
complete. O

3.6 Fréchet subdifferentials and limiting Fréchet subdifferentials

Definition 3.1 (Fréchet subdifferentials and limiting Fréchet subdifferentials). Let n € IN,
f € C(R",R), x € R". Then we denote by (Df)(x) C R" the set given by

(Df)(x):{ye]R”: [ lim inf (f<x+h)_f<x)_<y’h>) zo]} (3.21)

R\ {0}5h—0 17|

and we denote by (Df)(x) C R" the set given by

(DF)(%) = Nec(oeo) |Uyelzerr: f—z)<e (PHW)] - (3.22)
Lemma 3.3 (Properties of Fréchet subdifferentials). Let n € IN, f € C(R",R). Then
(i) it holds for all x € R" that

(Df)(x) ={y € R": [Fz = (21,22): N = R" x R":
([Vk € N: za(k) € (Df)(z1(k))]
A [limsupy_, o (|21 (k) — x[| + [|z2(k) — yll) = 0])]}, (3.23)
(ii) it holds for all x € R" that (Df)(x) C (Df)(x),
(iii) it holds for all x € {y € R": f is differentiable at y} that (Df)(x) = {(Vf)(x)},
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(iv) it holds for all x € Uycrn, 11 js open, flyect (ur)U that (IDf)(x) = {(Vf)(x)}, and
(v) it holds for all x € R" that (IDf)(x) is closed.
(cf. Definition 3.).

Proof of LemmaB.3] Throughout this proof let Z*/ = (Z;¥,Z;%): N — R" xR", x,y €
R", satisfy for all x,y € R", k € IN that

z¥(k)y=x and  Z;Y(k) =y. (3.24)

Observe that (3.22) establishes item|[(i)} Note that (3.24) shows for all x € R", y € (Df)(x)
that

[Vk €N: (z;"y(k) € (Df)(Zi"y(k)))}

A timsup125 @ 1+ 123500 - 1) = 0] 5.25)

k— o0

This establishes item Next observe that Rockafellar & Wets [63, Exercise 8.8] estab-
lishes items and [(iv)] Finally, [63, Theorem 8.6] establishes item The proof of
Lemma[3.3]is thus complete. O

Lemma 3.4 (Limits of limiting Fréchet subgradients). Let n € IN, f € C(R",R), let

(xt)keny © R and (yi)rew, S R” satisfy limsupy o ([|xx = xoll + llyx —voll) = 0, and
assume for all k € IN that y, € (IDf)(xx) (cf. Definition3.1). Then yy € (IDf)(xp).

Proof of Lemma[3.4 Note that, e.g., [63| Proposition 8.7] implies that yo € (IDf)(xp). The
proof of Lemma[3.4lis thus complete. O

3.7 Local underestimates for the realization functions of DNNs

Next we establish in Lemma a technical lemma that will be used in the proof of
Lemma 3.7lbelow. Roughly speaking, since we work with the left derivative of the ReLU
function we need to approximate the realization functions from below to obtain conver-
gence of the generalized gradients.

Lemma 3.5. Assume SettingB.land let 6 € R®, ¢ € (0,00). Then there exists a non-empty and
open U C R® such that forall 9 € U, k € {1,2,...,L},i € {1,2,...,4}, x € [a, b]go it holds
that

[0—0) <e and  NEU(x) < NE(x). (3.26)

Proof of Lemma[3.5] Throughout this proof let €, € (0,00), k € N, satisfy for all k € IN that
€1 = max{{y|a|, {p|b|, 1} and

Chyr = 2€(k + 1) max{1, |a], [b[} (max{1, [|6]| +2€})*[TT}_o(¢; +1)], (3.27)
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let § € (0,00) satisfy 6 = min{1,e(2¢;2)"!}, and let U C R? satisfy

u= {z?elRD: <[Vke {1,...,L},ie{1,.... 0} jed{l,..., 0k} |mf"].l9—mff < 5]

A [Vk e{l,...,Lhie{l,... 4} 65 — ¢85 < bk? < pf — ¢k5]> } (3.28)

Observe that (3.28) ensures that U C RR® is non-empty and open. Furthermore, note that
(B27) shows for all k € N that ¢, 1 > 2¢; and €, > 1. Combining this with (3.28) assures
foralld € U,i € {1,2,...,0} that

|9; — 0;| < max{0,2¢10,2¢29,...,2€.8} = 2€.5 < 2¢; (e(2¢0) 1) =27 le. (329
Therefore, we obtain for all 8 € U that
1/2
18—l = [£3_y]8; — 67]/* < v [maxie (1,03 [0 — 0] <e. (3.30)

Moreover, observe that 3.2), 3.5), and (3.28) ensure for all 8 € U,i € {1,2,...,¢1}, x =
(x1,...,x¢,) € [a, b] that

0 0 _ 0 0 14 0 ,0
NG () = NG (x) = (6,7 = 07) + 0 (o — w7
14
< =8+ L (o — w;7)xj] (3.31)
< —€10+6(L |x]) < —€15+ fpdmax{lal, b} <0.  (3.32)

It thus remains to prove an analogous inequality for the subsequent layers. For this let
0el keNN(L),ie{1,2...,lk1},x€ [a,b]eO, letd € N satisfy d = {310+ 1+
Z;‘Zl £;(¢j_1+1),let D € N satisfy D = Z;‘ill {i(¢;—1 +1),and let p € R° satisfy

Y= (01,0,...,0%-1,04,04:1,---,60). (3.33)
Note that (3.2), (3.5), (3.28), and (3.33) show that
k+1,0 _ ark+1y k+1,9 k+1,¢

= NS () + (00— of ) < NS (x) — @8 (334)

Next note that, e.g., [6, Theorem 2.1] (applied witha ~ a, b ~n b, d A D, L ~ k+1,
L (Lo, b, ..., 0k, ) in the notation of [6, Theorem 2.36]) demonstrates that

N () = NG ()
k
< (k+ 1) max{L, |al, [b]} |max{1,maxic (15, |0i] maxic (12, oy |91}
- [[Th—o(m +1)] [maxie{l,z,.,.,D} 10; — lpz” - (3.35)
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In addition, observe that (3.28) ensures that

maXie(1,2,... D} 10; — i = maXie(1,2,..d—1} |0; — 0|
< max{é, 2@:1(5, 2@:2(5, N ,2@:]((5} = 2@:]((5. (336)

Combining this with (3.27) and (3.35) proves that

INERY () = NS ()

< (k+ 1) max{1, [al, [b]} [max{1,2€x6 + maxic(1 5,., o} |01], maxic (s, oy 641 }]°
Mo (6m + 1)) [2€49]

< 2640 (k + 1) max{1, |al, ||} [TT5,_o(6m + )] [max{1, 0] +2¢4}]" = €10, (3.37)

This and (3.34) assure that

k+1, k+1,
NE () < N (x) = €q0 = N () + (V5P () = NEEY () — €406

00,1
k+1, , ,
SN0 + NG (0 = NG () = G SNGH (). (3.38)
The proof of Lemma [3.5]is thus complete. O

3.8 Continuity properties for the generalized gradient function

Lemma 3.6 (Continuity points of the generalized gradient function). Assume Setting
and let = (6)nen,: No — R? satisfy forall k € {1,2,...,L},i € {1,2,..., 4}, x € [a,b]%
that

Limsup,,_, o (/161 = Boll + |L(0,00) (VE (%)) = L(oo) WE (1)) = 0. (3.39)

Then limsup,, . [|G(6,) —G(6o)| = 0.

Proof of Lemma (3.6l Note that Lemma 3.1l (applied for every k € {1,2,...,L} with L ~ k
in the notation of Lemma B.1), 3.1), 3.2), and (3.5) assure that for all k € {1,2,...,L},
j€{1,2,...,4;} it holds that

. n k,0 _
limsup,,_, ., sup, .1, 0 ]/\/'fo(j (x) — /\/'oo,jo(x)] =0. (3.40)

Furthermore, observe that (3.5) and (3.39) ensure for all x € [g, b]go, ke {1,2,...,L},
i € {1,2,..., 4} thatlimsup, , [L1xko (x) — Lx % (x)[ = 0. Combining this, (3.39), and
(3.40) with Proposition 3.1l and Lebesgue’s dominated convergence theorem establishes
that limsup,,_, . [|G(6:) — G(6p)|| = 0. The proof of Lemma[3.6lis thus complete. O

As a consequence of Lemmas[3.5land B.6lwe show in Lemma 3.7 that, loosely speaking,
the generalized gradient G(6) at an arbitrary point 6 € R? can be represented as the limit
of generalized gradients of a sequence ¢, — 0, even after removing an arbitrary set of
Zero measure.
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Lemma 3.7. Assume SettingB.Iland let 6 € R°, E € B(R®) satisfy fIRD\E 1d0® = 0. Then there
exists § = (0y)pen: IN — E such that

limsup,, o, ([0x — 01| + |G (1) — G(8)[]) = 0. (3.41)
Proof of Lemma[3.71 Note that Lemma assures that there exist non-empty and open
U, CR% n € N, which satisfy foralln € N, ¢ € U, k € {1,2,...,L},i € {1,2,..., 4},
x € [a,b]% that

l9—0f <1 and  NEU(x) < V(). (3.42)
Observe that the assumption that fIR“\ ¢ 1dd = 0 implies for all n € N that (U, NE) # @.
In the following let ¢ = (9,),en: IN — E satisfy for all n € IN that

8, € U, (3.43)
Note that assures for all n € N that ||8,, — 6|| < 1. Hence, we obtain that
limsup, ., [|8, — 0| = 0. (3.44)
Lemma [3.1] (applied for every k € {1,2,...,L} with L v k in the notation of Lemma [3.T)
therefore implies that forallk € {1,2,...,L},i € {1,2,..., 4}, x € [a, b]eo we have that
limsup, _,., N5 (x) — N&(x)| = 0. (3.45)

0,1

Furthermore, observe that (3.42) and (3.43) assure for alln € N, k € {1,2,...,L},i €
{1,2,..., 4}, x € [a,b]% that /\/Zi’}?” (x) < /\/’fog(x) Combining this and (3.45) with the fact
that the function R 5 x — 1(0.0)(x) € Risleft continuous demonstrates for all x E [a,b]%,
ke{1,2,...,L},i € {1,2,... 4} that limsup, ., |L(0e0) (VLT (%)) = Lioeo) (NS (x))] =
0. Lemma [3.6 and (3.44) hence show that limsup,, . ||G(¥,) — G(0)|| = 0. Combmmg
this with (3.44) establishes (3.41). The proof of Lemma [3.7]is thus complete.

3.9 Generalized gradients as limiting Fréchet subdifferentials

We next employ the differentiability result from Proposition[3.2] the approximation result
for the generalized gradient from Lemma [3.7) and the definition of the limiting Fréchet
subdifferential to establish in Proposition 3.3 the main result of this section: For every
6 € R?, the generalized gradient G(6) is an element of the limiting Fréchet subdifferential
(DLw)(6).

Proposition 3.3. Assume Setting BT and let 0 € R®. Then G(0) € (IDLw)(0) (cf. Defini-
tion[3.1).

Proof of Proposition[3.3l Note that Proposition[3.2lensures that there exists E € B(IR°) which
satisfies f]RB\E 1dd% = 0, which satisfies for all 8 € E that L is differentiable at ¢, and

which satisfies for all 9 € E that
(VL)) = G(9). (3.46)
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Observe that (3.46) and Lemma3.3 prove for all ¢ € E that
G(9) € (DL)(V). (3.47)
Furthermore, note that the fact that f]RD\ p1dd = 0 and Lemma[3.7/imply that there exists
® = (04)nen: IN — E which satisfies
limsup, ., (16 — 0]l + 1G(8:) — G(6)]}) = 0. (3.48)

Observe that (3.47) and (3.48) demonstrate that G(0) € (IDL)(6). The proof of Proposi-
tion[3.3]is thus complete. O

Finally, as a consequence of Proposition 3.3l we show in Corollary 3.2 that on every
open set on which the risk function L« is continuously differentiable its gradient agrees
with G. This fact will be used in the convergence analysis of GD processes in Section[8l

Corollary 3.2. Assume Setting 311 Then it holds for all 6 € Uyicro, 11 is open, (£oo)|ycCt (ur) U
that G(0) = (VL«)(0) (cf. Definition[3.1).

Proof of Corollary[3.2l Note that item in Lemma B3] (applied withn ~ 0, f \ Lo in
the notation of Lemma 3.3) and Proposition 3.3 ensure that for all open U C R? and all
0 € U with (Leo)|y € CH(U,R) it holds that

G(6) € (DLx)(0) = {(VLeo)(0) ] (3.49)
Therefore, we obtain for all open U C R® and all § € U with (Le)|y € C'(U,R) that
G(0) = (VL)(0). The proof of Corollary B.2is thus complete. O

4 Suitable piecewise rational functions

In this section we identify in (4.1)) in Definition 4.T]a suitable subclass of the class of semi-
algebraic functions which is closed under integration (see Proposition4.3in Subsection[4.7]
below) and which contains the realization functions of deep ReLU ANNSs (see Proposi-
tion 4.4 in Subsection 4.9 below). The fact that functions in this class of suitable piecewise
rational functions are semi-algebraic is established in Proposition4.2lbelow. We also sum-
marize in Subsectionf4.3|some basic facts regarding semi-algebraic sets and functions. The
results from this section will be employed in Section Bl below to establish that the consid-
ered risk function in the training of deep ANNs with ReLU activation are semi-algebraic.

Closedness under integration is not a trivial issue due to the fact that, in general, the
integral of a semi-algebraic function is not necessarily semi-algebraic (in fact, in general
not even globally subanalytic, see Kaiser [44]). Our analysis of the integrals of the func-
tions considered in Definition4.T|below crucially relies on the fact that they are piecewise
rational on regions separated by hyperplanes in the x-component. This property is also
satisfied by the realization functions of ANNSs with ReLU activation.

The function class in Definition 4.I]and some of the results in this section are inspired
by the findings in our previous article Eberle et al. [28, Section 4]. In particular, Defini-
tion extends [28| Definition 4.6], Proposition in Subsection [4.6] below extends [28,
Lemma 4.7], and Proposition4.3in Subsection 4.7/ below extends [28| Proposition 4.8].
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4.1 Suitable piecewise rational functions

Definition 4.1 (Vector spaces of suitable piecewise rational functions). Let m,n € Ny,
0 € (0,00]. Then we denote by F,, ,, s the R-vector space given by

Fnns :span]R<{F: R" x R" — R: [Elr €N, R € Zys Qe {q€ Py: deg(q) <6},
P=(Pij)iijef1.2, i} x {01} S Pm: <V9 €ER™, x = (x1,...,xy) € R™:

f(6,x) = R(0)Q(x) Lﬁ1 Ljo,00) (Pio(0) + Xiq Pi,j(e)xj)} )] }) (4.1)

(cf. Definitions 4.2} 4.5 and [4.6).

In above we denote by spany; the linear span of the given functions F: R x R" —
R with coefficients in R, i.e., the R-vectorspace generated by these functions.

Observe that functions in .%,, ,, s depend on two vectors § € R" and x € R". In the
considered deep learning framework this will be applied in the situation where 6 is the
parameter vector of a suitable ANN, x is the input vector of the ANN, and f (6, x) is the
output.

4.2 Elementary properties of suitable piecewise rational functions
Lemma 4.1. Let m,n € INg. Then

(i) it holds for all 51,6, € (0, 00] with 6y < & that Zy 5, € K s,

(ii) it holds for all 6 € (0,1] that Z, 5 = Pn,

(iii) it holds for all 61,6, € (0, 00] with 61 < 6y that Fpy 5, C Finn sy

(iv) it holds that F, 11 C Fneor

(v) it holds forall f,g € Fyneo that

(R™ xR" > (6,x) — £(0,x)g(0,x) € R) € F 0, 4.2)

(vi) it holds for all § € (0, 0] that

Fms =spang ({F: R" x R" 5 R: [Ire N,
Ay, Ag,..., Ar € {{0},[0,00),(0,00)},R € %y 5, Q€ {g € Py deg(q) <6},
P = (Pij)(ije(1,2,..r1x{01,..n} & Pm: (W) €ER™:Vx = (x1,...,x0) € R":

£(6,%) = R(0)Q(x) [Ty 14,(Po(8) + Ty Pij(0)x)] )| }) (4.3)
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(cf. Definition [4.1).

Proof of Lemma[4.] Note that (£.13) and the fact that for all 61,8, € (0, 00] with §; < 4, it
holds that

{q€ Pn: deg(q) <1} C{g € Py: deg(q) < b2} (4.4)
establish item[(i)] Observe that @.13) and the fact that for all 6 € (0, 1] it holds that
{g€ P,: deg(q) <6} ={q € P,: deg(q) =0} (4.5)

prove item|[(ii)} Note that {@.I)), item[(i)} and the fact that for all 61,6, € (0, o0] with §; < &,
it holds that
{9 € Pn: deg(q) <1} C{q € Py: deg(q) < 2} (4.6)
establish item Observe that item proves item Note that (4.I) estab-
lishes item Observe that the fact that Vy € R: 1y (y) = L(_e)njoe)y) =
il}g,tooro} (1) L0,00)(¥) = L{g,00)(¥)L[0,00)(—¥) shows that for all Py, Py,..., Py € Py it holds
a

Loy (Po(6) + Xy Pi(6)x;)
= Ljo,00) (P0(0) 4+ X1 Pj(6) ) Ljg,00) (—Po(8) + 1y (= Pj(0))x;). 4.7)

Furthermore, note that the fact that Vy € R: 11g0)(y) =1 — Lo )(y) =1 — Ljge0)(—¥)
shows that for all Py, Py, ..., P, € &, it holds that

]l(O,oo)(PO(G) + 27:1 P](G)x]) =1- ]1[0/00)(—130(9) + 27:1(—13](9))36]) (48)

Combining (£.1) and (£.7) hence shows that for all § €
{{0},(0,0),[0,00)}, R € Z,5, Q € {q € Pu: deg(q) <
P, it holds that

(0,00, ¥ € N, A1, Ap,..., A €
ot P = (Pij)iip,.rix{od,.n ©

(R x R" 3 (6,%) — R(6)Q(x) [T}y 14,(Po(8) + Ty Pj(0)x))] € R) € Fs. (49)

This establishes item[(vi)l The proof of Lemma[4.1]is thus complete. O

4.3 Semi-algebraic sets

In the following we gather several known definitions and elementary results regarding
semi-algebraic sets and functions; cf., e.g., Bochnak et al. [9], Coste [18], Shiota [67], and
Van den Dries & Miller [69].

Definition 4.2 (Set of polynomials). Let n € INg. Then we denote by 2, C C(R", R) the sef]
of all polynomials from R" to R.

“Note that R® = {0}, C(R%,R) = C({0},R), and #(C(R%,R)) = #(C({0},R)) = co. In particular, this shows for all
n € Ny that dim(IR") = n and #(C(R",R)) = oo.
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Definition 4.3 (Multidimensional semi-algebraic sets). Let n € IN and let A C IR" be a set.
Then we say that A is an n-dimensional semi-algebraic set if and only if there exist M, N € IN and

(Pijk) (ijk)e {12, My x{12,.N}x {01} © Pn such that
A= Uf‘il(ﬂ}\il{x €R": Pyjo(x) =0< Pyj1(x)}) (4.10)
(cf. Definition [4.2).

Note that in (4.10) we have that {x € R": P;;o(x) =0 < P;;1(x)} = {x € R": [P;;o(x) =
OA Pl-,jll(x) > 0]} = {x € R": Pi,]',()(x) = 0} N {x € R": Pi,j,l (x) > 0}

The following properties of semi-algebraic sets are well-known and not hard to show
from the definition; see, e.g., Shiota [67, (1.2.9)].

Proposition 4.1. Let m,n € IN. Then

(i) it holds for all n-dimensional semi-algebraic sets A, B that AU B, AN B, and R"\ A are
n-dimensional semi-algebraic sets,

(ii) it holds for every n-dimensional semi-algebraic set A and every m-dimensional semi-algebraic
set B that A X B is an (m + n)-dimensional semi-algebraic set,

(iii) it holds for every P € Py, that {x € R": P(x) > 0} is an n-dimensional semi-algebraic set,
(iv) it holds for all a € R" that {a} C R" is an n-dimensional semi-algebraic set
(cf. Definitions 2l and £.3).

4.4 Semi-algebraic functions

Definition 4.4 (Semi-algebraic functions). Let m,n € IN and let f: R™ — R" be a function.
Then we say that f is a semi-algebraic function (we say that f is semi-algebraic) if and only if it
holds that Graph(f) is an (m + n)-dimensional semi-algebraic set (cf. Definition 4.3).

The next elementary result, Lemma (4.2} is a direct consequence of, e.g., [67, (1.2.9)]
or [9) Proposition 2.2.6] (see, e.g., also Bierstone & Milman [8} Section 1]).

Lemma 4.2. Let n € INand let f: R" — Rand g: R" — R be semi-algebraic (cf. Defini-
tion4.4). Then

(i) it holds that R" 3 x — f(x) + g(x) € R is semi-algebraic and
(ii) it holds that R" > x — f(x)g(x) € R is semi-algebraic.

Lemma 4.3. Let n € IN and let A C R" be an n-dimensional semi-algebraic set (cf. Defini-
tiond.3). Then R" 5 x — 1a(x) € R is semi-algebraic (cf. Definitiond.4).

Proof of Lemma4.3] Throughout this proof let f: R" — R satisfy for all x € R” that

f(x) = 1a(x). @.11)
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Observe that (4.11) shows that
Graph(f) = (A x {1}) U ((R"\ A) x {0}) € R""L. (4.12)

Furthermore, note that Proposition 4.1 ensures that {0} and {1} are 1-dimensional semi-
algebraic sets and that R\ A is an n-dimensional semi-algebraic set. Combining this with
Proposition 11| shows that A x {1} and (R"\A) x {0} are (n + 1)-dimensional semi-
algebraic sets. Proposition 4.1] and therefore show that Graph(f) is an (n + 1)-
dimensional semi-algebraic set. This establishes that f is semi-algebraic. The proof of
Lemma4.3lis thus complete. O

4.5 Rational functions as semi-algebraic functions

The next goal is to establish in Proposition 4.2 below that the functions in the classes
Fm0,00, M € IN, are semi-algebraic. As a preparation, we first recall in Lemma 4.4 be-
low the simple fact that rational functions are semi-algebraic.

Definition 4.5 (Degred!] of a polynomial). Let n € Ng, P € 2, (cf. Definition B2). Then we
denote by deg(P) € INg the degree of P.

Definition 4.6 (Sets of suitable rational functions). Let n € Ny, § € (0, 00]. Then we denote
by %, s the set given by

Ky 5 = {R:]R”—HR: <E|PE P, Qe {q € Py: deg(q) <6}

[Q(x)]7'P(x) :Q(x)
0 1 Q(x) =

S
o o

Vx € R": R(x) :{

)} e

Proof of Lemma[£.4l Observe that the assumption that R € %, assures that there exist
P,Q € &, which satisfy for all x € R" that

P(x)
R(x) = {W +Q(x) 70, (4.14)
0 : Q(x) =0.

(cf. Definition [d.2).
Lemma 4.4. Let n € N, R € %y00. Then R is semi-algebraic.

Note that ensures that
Graph(R) = {(x,y) € R" x R: (R(x) =)}
= {(xy) € R"xR: [(R(x) = ), (Q(x) = 0)] }
U{(xy) e R xR: [(R(x) =y), (Q(x) #0)] }

100bserve that deg(IR? > (x1,x2) = x1xy € R) = 2. Furthermore, note that for all P € &, x,y € R® = {0} it holds that
P(x) = P(y) = P(0) and deg(P) = 0.
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= {(x,y) ER"xR: (y=Q(x) = 0)}
U {(x,y) € R" x R: [(P(x) = yQ(x)), (Q(x) # 0)] } (4.15)

Hence, we obtain

Graph(R) = [{(x,y) € R" x R: (y = 0) } n { (x,y) € R" x R: (Q(x) = 0) }|

0 [{(xy) e R xR: (P(x) —yQ(x) =0 < [Q)P) }]. (4.16)
Combining this with (.10) establishes that R is semi-algebraic. The proof of Lemma4.4is
thus complete. O

4.6 Suitable piecewise rational functions as semi-algebraic functions

Proposition 4.2. Let m € N, f € %y, (cf. Definition d.1). Then R™ > 6 — f(0,0) € Ris
semi-algebraic (cf. Definition d.4).

Proof of Propositioni4.2l Observe that (4.1) and the assumption that f € .%,,( « assure that
there exist V € N, ry,72,...,7v € N, R, Ry, ..., Ry € P, PP = (P})icr12,.13 © Py
Pz = (Piz)ie{l,z,...,rz} C Py, ..., PV = (Piv)z’e{l,z,...,rv} C Z,, which satisfy for all § € R"

that
v

f0.0)= 1 Rv<e>[

Note that (4.17) shows for all 8 € R™ that

1

: Lo (B <9>)} ] : (4.17)

|4

£(6,0)=Y"

v=1

1=

Ty
Ro(0) [1—11 1{germ: Pf(z?)zo}(G)} ] : (4.18)
Furthermore, observe that Propositiond.Iland Lemmal4.3|prove that forallv € {1,2,...,V},
i€{1,2,...,ry} itholds that
R" >0 +— T{germ: P?(8)>0} () € R (4.19)

is semi-algebraic. Moreover, note that Lemma assures that for allv € {1,2,...,V} it
holds that R, is semi-algebraic. Combining this and #.19) with Lemma#4.2lshows that for
allv € {1,2,...,V}itholds that

R"™ 30— Ry(60) [H:vzl T{ger™: PY(8)>0} (9)] eR (4.20)

is semi-algebraic. Lemma .2l and (£.I8) therefore show that R” 5 6 — f(6,0) € R is
semi-algebraic. The proof of Proposition4.2]is thus complete. O
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4.7 Closedness under parametric integration of suitable piecewise rational
functions

Proposition 4.3. Let m,n € N,a € R, b € (a,0), f € Py n o (cf. DefinitionldI). Then

(i) it holds for all & € R™, x1,x2,...,x,—1 € R that fab |f(0,x1,x2,...,%p-1,%n)|dxy < 00
and

(ii) it holds that

(R" x R"1 3 (0,x1,...,x,-1) — fabf(G, X1,%0, ..., Xp—1, %) dxy € R) € Py 1 00
4.21)

Proof of Propositiond.3] Observe that (1) and the fact that {g € £,: deg(g) < oo} =
P, C C(R",R) prove that for all € R™, r € (0, 0) it holds that

SUP e[y (0, X)] < 0. (4.22)

This shows item|[(i)} Furthermore, note that [28, Proposition 4.8] and item|[(vi)|in Lemmal4.]]
establish item (i)} The proof of Propositiond3lis thus complete. O

4.8 Closedness under rectification of suitable piecewise rational functions

The next result, Lemma[4.5] establishes that the function classes .%,, , 1 introduced in Defi-
nition@.Tlabove are closed under composition with the ReLU function. This will be used to
show in Proposition .4 below that these function classes contain the realization functions
of DNNs with ReLU activation.

Lemma 4.5. Let m,n € N, f € Z,, 1 (cf. Definition[d1). Then
(R" x R" 3 v — max{f(v),0} € R) € Fpn1. (4.23)

Proof of Lemmal4.5l Observe that (4.I) and the assumption that f € .%,,,1 ensure that
there exist V.€ N, ri,rp,...,7ry € N, Ry, Ry,...,Ry € %m,lr 0Q1,0,,...,Qy €

{9 € Puideglq) < 1}, P' = (Plijepoomyxfotny S Pm PP =

(P2) (i jyef12 ot < {00t © P - PV = (PY) (i efipryt {0, ny © Pm which sat-
j j
isfy forall € R™, x = (x1,...,%,) € R" that

v
f(6,x) = 21

Ro(6)Qu () [nl Lo.0) (PT(6) + 71y p;j].(e)xj)u . (4.24)

In the following let p,: R" x R" — {0,1}, v € {1,2,...,V}, satisfy for all v €
{1,2,...,V},0 e R", x = (x1,...,%,) € R" that

pol0,) = TT o) (Pfp(6) + Ty By (6)3), (4.25)
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forevery W C {1,2,...,V} letpy € {0,1} satisfy

o= ||| T a-plem), (4.26)

ve{1.2,..,V}\W
and for every 6 € R™, x € R" let % , C N satisfy
Yor={ve{1,2,...,V}: py(0,x) =1} (4.27)
Note that {.25), (4.26), and (4.27) assure that for all W C {1,2,...,V} it holds that

1 :W="%,,
= ’ 4.28
pw {0 LW £ Y. (4.28)

Combining this with (4.24), (4.25), and @.27) proves that for all € R, x € R" it holds
that

Z Rv Pv(e x) Z Rv<9>Qv(x>pU(9/x>

V€ x
— Y ROQx) = Y (pw[z va)Qv(x)]). (4.29)
VEY Wc{1,2,.,V} veW

This and #.28) show that for all § € R™, x € R" it holds that

max{f(6,x),0} = Z <pwmax{ Y RU(G)QU(x),O}> ) (4.30)

wc{1.2,.,V} veW

The fact that for all € R it holds that max{r,0} = r1jo)(r) hence demonstrates that for
all 0 € R™, x € R" it holds that

max{f(6,x),0} = ) } (pw LZ RU(B)QU(x):| ]l[o,oo)< )y RU(B)Qv(x)>>

WC{12,.,V ew vEW
B E (5000 e (1 mi0000)] )

(4.31)

Furthermore, observe that (4.26) shows that

pw = [ I1 pv(G,x)] [ )3
vEW uc({12,..v\w)

= Y ((—1)#(U> [ I1 pv(G,x)] [ 1 pU(G,x)} ) . (4.32)
Uc({1,2,...vVH\w) veW vell

(—1* W) [[Teu pvw,xﬂ
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Combining this and @.31) proves that for all # € R, x € R" it holds that

max{f(6,x),0} = )y ) ) <<—1>#(U)Rw<9>Qw<x)
VW)

WC{12,..,V} weW UC({1,2,...,

[100( £ Re@Q) || 11 pet0r)

veEW veW

IT pd@,x)}). (4.33)

vel

Moreover, note that item [(ii)] in Lemma &1}, @), #25), and the fact that Ry, Ry, ..., Ry €
K1 show that foral W C {1,2,...,V}, U C ({1,2,...,V}\W) and all w € W it holds
that

- [n pol0,%)

veW

IT pv(G,x)} € ]R) € Funi1. (434)

vel

Combining this and (£.33) with (.I) establishes £.23). The proof of Lemma 4.5 is thus
complete. O

4.9 Realization functions of DNNs as suitable piecewise rational functions
Proposition 4.4. Assume Setting[3.11 Then it holds foralli € {1,2,...,¢} that
(R x R 5 (6, x) — NLi(x) € R) € Fyp1 (4.35)

(cf. Definition [Z.1).

Proof of Proposition .4l Observe that B5) ensures for all k € Ny, 6 € R i €
{L2,... by}, x=(x1,...,%) € R% that

k+1 , bl_c+1,9 + Z&( l_c;—l,@xj‘ k=0,
N (x) = k+1,0 Kk k+1 9 k0 . (4.36)
by T+ 1L max{./\/'oorj(x),O}. :k>0.

Next we claim that for allk € {1,2,...,L} it holds that
(U {R? x R 5 (6,x) = NEA(x) € R}) € Fop (4.37)

In the following we prove (4.37) by inductiononk € {1,2,...,L}. For the base case k = 1
note that (4.36) assures that for all § € R°, i € {1,2,...,01}, x = (x1,...,%4) € R% it
holds that

14
NEE(x) = b7 + 50w, x. (4.38)
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This establishes (4.37) in the case k = 1. For the induction step observe that Lemma
implies that for all k € NN (0,L), j € {1,2,..., 4} with (Ufil{IRD x R 5 (6,x) —
NF8(x) € R}) C Fy 1 it holds that

(R® x R 3 (6, x) = max{N(x),0} € R) € Fy 1. (4.39)

Furthermore, note that @.36) shows that forallk e NN (0,L),0 € R, i € {1,2,..., 01},
x € R% we have that

NEELD () = 10 4 Zfi ) mif/]flﬂ max{ NOIZ,Gj(X)IO}~ (4.40)

Moreover, observe that (4.I) and (#.39) demonstrate for all k € NN (0,L), i €
(1,2, 1}, j € {12, 4} with (U% {R* x RD 5 (6,x) — M (x) € R}) C
9@[@0/1 that

(R® x R 3 (6, %) = wi /¥ max{N5(x),0} € R) € Fo g1 (4.41)

The fact that .%, 41 is an R-vector space and (4.I) hence show that for allk € NN (0,L),
i€{1,2,..., 041} with (U% {R® x R 5 (6,x) — NES, (x) € R}) C Fy .1 it holds that

(R® x R% 3 (6, x) s 6510 ¢ ):fgl i P max{N(x), 0} €R) € Fog1.  (442)
This and (£.40) assure that forallk € NN (0, L) with (Ufil{lRD xR 3 (0,x) — ./\/'olgel(x) €
R}) € %4, it holds that

(UEHR x R 3 (6,x) = NEFW () € R}) € 1. (4.43)

Induction thus proves (4.37). Note that (£.37) establishes (4.35). The proof of Proposi-
tion[4.4lis thus complete. O

5 Piecewise polynomial functions

In this section we establish in Corollary[5.Jlin Subsection5.7/below that in the set-up of Set-
ting [3.1]in Subsection3.1labove we have, under the assumption that the measure y is ab-
solutely continuous with density p: [a,b]%0 — R and the assumption that the density func-
tionp: [a,b]%¢ — R and every component of the target function f = (f1,..., f;,): [a,b] —
R’L are piecewise polynomial in the sense of Definition 5.1l in Subsection 5.1 below, that
the risk function Loo: [a,b]% — R is semi-algebraic. In Section @ below we will employ
Corollary B.1] to conclude that for every ANN parameter vector 6 € R? we have that the
risk function Leo: [a,b]% — R satisfies a generalized Kurdyka-F.ojasiewicz inequality on
a neighbourhood of 6.

Throughout this work we consider fully connected feedforward ANNSs. For different
network architectures such as convolutional neural networks (CNNs) or residual neural
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networks it might be possible to establish analogous results by suitably adapting our ar-
guments.

Our proof of Corollary 5. Tlmainly relies on Proposition4.3]in Subsection 4.7/ above, on
Proposition 4.4 in Subsection 4.9 above, as well as on the fact that for all m € N it holds
that functions in .%,, o «, are semi-algebraic according to Proposition4.2]in Subsection [4.6]
above.

Some of the concepts and results in this section are inspired by our previous article
Eberle et al. [28, Section 4]. In particular, Definition5.1lis a slight extension of [28| Defini-
tion 4.9] and Corollary5.1lextends [28, Corollary 4.10] from the situation of shallow ReLU
ANNSs with one hidden layer to deep ReLU ANNs with an arbitrarily large number of
hidden layers.

It should also be noted that Corollary5.1lis a novel contribution mainly due to the fact
that we consider the true risk defined by the integral over the entire input data. If one
considers the empirical risk (calculated from a finite set of input data) an analogous result
is already known, cf. Davis et al. [20, Corollary 5.11].

5.1 Piecewise polynomial functions

Definition 5.1 (Piecewise polynomial functions). Let d € IN, let A C R? and B C R be sets,
and let f: A — B be a function. Then we say that f is piecewise polynomial if and only if there
existn € N, ay,a, ..., 0, € R4, B1,B2, -, Bn €ER", Py, Py, ..., Py, € Py such that for all
x € A it holds that

f(x) = ity Pi(x) Ljo,c0)n (aix + B;) (5.1)
(cf. Definition [4.2).

5.2 Characterization results for piecewise polynomial functions

The following results, Lemma 5.1 to Proposition 5.1} are elementary consequences of the
definition of piecewise polynomial functions. They will be employed in the proof of Corol-
lary 5.1 to show that the risk function is semi-algebraic if the density function and every
component of the target function are piecewise polynomial.

Lemma5.1. Letd € N, let A C R? be aset, and let f: A — R be a function. Then the following
three statements are equivalent:

(i) It holds that f is piecewise polynomial (cf. Definition [5.1).

(i) There exist m,n € N, aq, 0, ..., 0, € R™¥4, B1,B2, -, Bm € R, Py, Py, ..., Py € Py
such that for all x € A it holds that

f(x) = 1% Pi(x) L copn (ix + Bi)- (5.2)

(iii) There exist n € IN, mq,my,...,my, € N, a1 € R™*d g, ¢ RM2%4  , € RM>4
B1 € R™M, By e R™, ..., By € R™, P, P,,..., Py € Pysuch that for all x € A it holds
that

f(x) = Z?:l Pi<x)l[0,w)nzi (IXZ‘X + ,31> (5.3)
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Proof of Lemma[h.1l Throughout this proof for every m € IN let egm), egm), e e Re

satisfy egm) = (1,0,...,0), egm) = (0,1,0,...,0), ..., e,(nm) = (0,...,0,1) and for every
m,n € IN with m > nlet Ay, € R™*" satisfy for all x = (x1,...,x,) € R" that

Amnx = Z X; e . (5.4)
Observe that ensures that foralln € N, mq,my, ..., m, € N,a; € R™M*4 n, € R™*4

Ly € RM¥ B c R™, By € R™,..., By € R™, Py, P,y,..., Py € Py, x € Aitholds
that

-

Il
—

PZ'<X) ]].[0,00)"11' (IXZ‘X + ,BZ)

I
=

—_

[Paninnfin} ()] [L g ey mmintiny (min{in} ¥ + Brminginy )]

my+...+my

= ; [Prninginy GO L1,y (D] [T ooy mminion) (€min{in} X + Baninfin)]
mi—+...+my

= Z [Pmin{i,n}(x)]l[lr”}(i)]

i=1
) [l[o,oo)ml*“‘*m" ( [Aml+~~+mn,mmin{i,n}‘Xmin{i,n}] x+ [Aml+~~+mn,mmin{i,n}:Bmin{i,n}] )] . (5.5)

Combining this with (5.1) establishes that for alln € IN, mq,my, ..., m, € N, a7 € R™ xd
ay € Rmxd  n, e IR’”"X”I B € R™, By € R™, ..., By € R™, Py, P,..., P, € P
withVx € A: f(x) = YLy Pi(x) Ljg eo)m (aix + ;) it holds that f is piecewise polynomial.
The proof of Lemma5.1]is thus complete. O

5.3 Sums and products of piecewise polynomial functions

Lemma 5.2. Letd € N, let A C RY beaset, and let f: A — Rand g: A — R be piecewise
polynomial (cf. Definition[5.1). Then

(i) it holds that A > x — f(x) + g(x) € R is piecewise polynomial and
(i) it holds that A 5 x — f(x)g(x) € R is piecewise polynomial.

Proof of Lemma[5.2] Note that (5.), the assumption that f is piecewise polynomial, and
the assumption that g is piecewise polynomial ensure that there exist n,m € N,

Wy, 0, .. ,0y € R ay,00,... 0, € R™4, By,By,..., By € R, by,bs,...,b, € R,
P1, Py, ..., Py, B, B2, ..., Bm € Z; which satisty for all x € A that

fx) =YX Pi(x) Loy (aix + B;)  and  g(x) = XLy Bi(x) Ljo,eo) (aix + b;). (5.6)
Observe that (5.6) assures for all x € A that
f(x) +g(x) = [Liq Pi(x) Lo, (ix + Bi)] + [LiLg Bi(x) Loy (ax +0;)]  (5.7)
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and

f(0)g(x) = [Xiy Pi(x) 0,00 (aix + Bi) | [LF 1 Bi(x) Ljo,c0)m (@i 4 b;)]

= (i) {12} {1.2,.m} [Pi(X) B (x) ] [L]0,00) (@ix + Bi) Ljo,c0) (ajx + bj)].
(5.8)

Combining this with Lemma [5. establishes items (i) and The proof of Lemma [5.2]is
thus complete. O

5.4 Indicator functions as piecewise polynomial functions

Lemma 5.3. Letd € IN, ay,ay,...,a5 € R, by € [a1,00), by € [a3,), ..., by € [ay,00) and
let f: RY — R satisfy for all x € RY that f(x) = Lay by]x...x [ag g (X). Then f is piecewise
polynomial (cf. Definition 5.1).

Proof of Lemma[5.3) Throughout this proof let aj,ay,...,ay; € RE)*? satisfy for all i €
{1,2,...,2d},x = (x1,...,x4) € RY that

X = (xl,xz,...,xd, —X1, —XZ,...,—Xd>, (59)
let By, B2, .-, Bod € R satisfy foralli € {1,2,...,2d} that
,Bi = (—Dé], _IXZI"-/_ad/,BllﬁZI---/ﬁd>/ (510)

andletP;: R -5 R,i € {1,2,...,2d}, satisfy foralli € NN (1,2d], x € RY that Pi(x)=1
and P;(x) = 0. Note that (5.9) and (5.10) ensure that

x{y [ai, by]
= {x = (x1,...,x3) € R%: (Vi €{1,2,...,d}:a; <x; < bi)}

_ {x: (x1,...,%4) € RY: (Vie (1,2,...,d}: [(xl-—ai € [0,00)), (—x;+ b; € [o,oo))])}
= {x e R (mx + By € [0,00)*") . (5.11)
Therefore, we obtain for all x € R that

flx) = ]l{ye]Rd' ayy+Bref0,00)24} (X) = Lo soyaa (@1 x + B1) = Pr(x) Lyg oo (41X + 1)

—ZP ) Ljg o2 (@i + Bi).- (5.12)

Combining this with the fact that Py, P,, ..., P,y € &2, establishes that f is piecewise poly-
nomial. The proof of Lemma[5.3]is thus complete. O
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5.5 Extensions of piecewise polynomial functions

Lemma 5.4. Letd € N, let A C R? be a set, and let f: A — R be piecewise polynomial (cf.
Definition B.1). Then there exists a piecewise polynomial F: R — R such that F|5 = f.

Proof of Lemma[5.3] Observe that (5.I) and the assumption that f is piecewise polynomial
ensure that there exist n € IN, aq,ay,...,0, € R">4, B1,B2,---,Bn € R", P, P,,..., P, €
Z; which satisty for all x € A that

f(x) = Eily Pi(x) Ljo,cop (ix + Bi)- (5.13)
In the following let F: R? — R satisfy for all x € R¥ that
F(x) = Xitq Pi(x) Ljo,c0)n (aix + Bi).- (5.14)

Note that (5.I), (5.I3), and (5.I4) assure that F is piecewise polynomial. Furthermore,
observe that (5.13) and (5.14) establish that F|4 = f. The proof of Lemma 5.3 is thus
complete. O

Proposition 5.1. Let d € IN, ay,4az,...,a45 € R, by € [a1,00), by € [a3,0), ..., by € [ag, ),
A = [ay,by] X ... x [ag,by), let f: A — R be piecewise polynomial, and let F: R? — R satisfy
forallx € A,y € R\ A that F(x) = f(x) and F(y) = 0 (cf. DefinitionB.1). Then F is piecewise
polynomial.

Proof of Proposition5.1} Throughout this proof let g: RY — R satisfy for all x € R? that
g(x) = 14 (x). Note that Lemma[5.3lensures that g is piecewise polynomial. Furthermore,
observe that Lemma[5.4lassures that there exists a piecewise polynomial f: R? — R which
satisfies

fla=f. (5.15)
Note that (5.15) shows for all x € R? that

f(x)g(x) = f(x)Ta(x) = F(x). (5.16)

Moreover, observe that Lemma [5.2] the fact that f is piecewise polynomial, and the fact
that g is piecewise polynomial demonstrate that R? > x + f(x)g(x) € R is piecewise
polynomial. Combining this with (5.16) establishes that F is piecewise polynomial. The
proof of Proposition[5.T]is thus complete. O

5.6 Piecewise polynomial functions as suitable piecewise rational functions

We next establish in Proposition[5.2] that every piecewise polynomial function in the sense
of Definition[5.Jlis contained in a class of suitable piecewise rational functions introduced
in Definition 411

Proposition 5.2. Let m,n € N and let f: R" — R be piecewise polynomial (cf. Definition [B.1).
Then
(R xR" 3 (6,x) — f(x) €R) € Funeo (5.17)

(cf. Definition [Z.]).
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Proof of Proposition[5.21 Note that the fact that for al N € N, v = (v,...,0n) €
RN it holds that T{ge)N(v) = gl 1 1j0,00)(v;) assures that for all N € N, a =

(@ij) (i jyefr, . Nyx{1,.np € RN B = (By,...,Bn) € RN, P € 2y, x = (x1,...,x,) € R"
it holds that

P(x) Ljo,c0)V (ax + B) = P(x) [TTE; Ljg.co) (Bi + Ly i%))] - (5.18)

Combining this with @.I) demonstrates that forall N € IN, a« € RNxn, B e RN, Pec 2, it
holds that
(R™ x R" > (8,x) = P(x)Ljg eon (ax + B) € R) € Ty 00 (5.19)

This and @) assure that for all N € N, aq,ap,...,ay € RNX7, B1,B2,---, BN € RY,
P, D,,..., Py € £, itholds that

(R™ x R" 3 (0,x) — Zfil[Pi(x)]l[Oloo)N(aix + Bi)] € R) € Fyneo0- (5.20)
Combining this and (5.1)) establishes (5.17). The proof of Proposition5.2]is thus complete.
O

5.7 Semi-algebraic risk functions in the training of deep ANNs

Finally, we combine the previous results to establish the main result of this section.

Corollary 5.1. Assume Setting 3.1} assume for all i € {1,2,...,01} that f; is piecewise poly-
nomial, let p: [a,b] — R be piecewise polynomial, and assume for all E € B([a,b]%) that
u(E) = [z p(x)dx (cf. Definition 5.1). Then Lo is semi-algebraic (cf. Definition Z.4).

Proof of Corollary5.1l Throughout this proof let F = (F,...,F,): R — R% and
B: Rl - R satisfy foralli € {1,2,...,0.}, x € R% that

. . Loy . Lo
S T S 1 A

Observe that Proposition 5.1land (5.21)) assure for all i € {1,2,...,¢;} that F; and ‘P are
piecewise polynomial. Proposition5.2 hence ensures for alli € {1,2,...,¢;} that

{(R*xR"% 3 (6,x) = F(x) € R), (R* xR > (8,x) = P(x) ER)} C Fpp 0 (5:22)

(cf. Definition ). Furthermore, note that Proposition 4.4 and item in Lemma [4.7]
demonstrate for all i € {1,2,...,¢;} that (R® x R > (6,x) — /\/’Oi?(x) € R) € % 4, c0-
Combining this, @), and (5.22) with item[(v)|in Lemma .| establish that

(R x R 5 (6,y) = i, [(WEL () ~ EW)PBO)] €R) € Py (523)
Proposition4.3land induction therefore prove that

(]RD x RO 3 (6,x) — fab fab - fab Zfi1 [(_/\/’Oii?(yl,...,ygo)
—Fi(1, -, 90)* B, -, ye,)] dye, -+ dyadys € R) € Fopeo. (5.24)
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Moreover, observe that Fubini’s theorem and (3.6) show for all § € R® that

Lal6) = foy INE () — F() () dy
JEfr e fPUINE s yey) = Fas e v PR -y, ) dyg - - dya dyy

S TNVEC s ya) = Fiy o 90) B -0 e,)] dyg, - dya .
(5.25)

This and (5.24) disclose that (R® x R? 3 (0,x) + L«(0) € R) € F0,00. Proposition 4.2
hence yields that L, is semi-algebraic. The proof of Corollary[5.1lis thus complete. O

6 Generalized Kurdyka-Lojasiewicz inequalities for the training
of deep
ANNs

The main result of this section is Proposition below, which reveals that under the as-
sumption that the distribution of the input data has a piecewise polynomial density and
that the target function is piecewise polynomial an appropriately generalized Kurdyka-
Lojasiewicz inequality for the risk function is satisfied. We prove Proposition[6.2]by com-
bining Bolte et al. [10, Theorem 3.1]) with the fact that the considered risk function L is
semi-algebraic (cf. Corollaryb.Ilabove). Since [10, Theorem 3.1] is formulated for subana-
lytic functions (cf. Definition[6.4/below), we state in Proposition[6.Ilbelow the well-known
fact that every semi-algebraic function is subanalytic. We also formulate in Lemma [6.1]
below the fact that the nonsmooth slope defined in (6.3) below is lower semi-continuous,
which is well-known in the literature (see [10]). Only for completeness we include in this
article a detailed proof of Lemma 6.1l As a simple consequence of Lemma [6.]] we show
in Corollaryl6.Jlbelow that the Kurdyka-Lojasiewicz inequality always holds around non-
critical points, which is also known (cf. Remark 3.2 in [10]).

For ANNs with analytic activation functions the risk function was shown to be ana-
lytic in Dereich & Kassing [21, Theorem 4.2] (for an arbitrary compactly supported input
distribution). It therefore satisfies an analogous Kurdyka-Lojasiewicz inequality.

6.1 Semi-analytic and subanalytic sets

Definition 6.1 (Set of real analytic functions). Let n € IN and let U C R" be an open set. Then
we denote by <7y € C®(U,R) the set of all real analytic functions from U to R.

For the next notions see, e.g., Bolte et al. [10, Definition 2.1] and Van den Dries &
Miller [69].

Definition 6.2 (Multidimensional semi-analytic sets). Let n € IN and let A C IR" be a set.
Then we say that A is an n-dimensional semi-analytic set if and only if for all v € R" there exist
M,N € N, an open U C R", and (P;; k) i k)e{1,2,..M}x{12,..N}x {01} & < such thatv € U
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and
ANU = UM, (MY {x € U Byjo(x) = 0 < Pya(x)}) ©.1)

(cf. Definition[6.1).

Definition 6.3 (Multidimensional subanalytic sets). Let n € IN and let A C IR" be a set. Then
we say that A is an n-dimensional subanalytic set if and only if for all v € A there exist m € IN,
an open U C R", and a bounded (n + m)-dimensional semi-analytic set B C R™™ such that
v e Uand

ANU={xeR": (Jy e R"™: (x,y) € B)} (6.2)

(cf. Definition[6.2).

6.2 Subanalytic functions

Definition 6.4 (Subanalytic functions). Let m,n € IN and let f: R™ — IR" be a function.
Then we say that f is a subanalytic function (we say that f is subanalytic) if and only if it holds
that Graph(f) is an (m + n)-dimensional subanalytic set (cf. Definition[6.3).

Proposition 6.1. Let m,n € N and let f: R™ — R" be semi-algebraic (cf. Definitionld.4). Then
f is subanalytic (cf. Definition[6.4).

Proof of Proposition6. 1l Note that the assumption that f is semi-algebraic demonstrates
that Graph(f) is an (m + n)-dimensional semi-algebraic set (cf. Definition4.3). Moreover,
it is well-known that every semi-algebraic set is subanalytic (cf., e.g., [69, Section 2.5]).
Hence, we obtain that Graph(f) is an (m + n)-dimensional subanalytic set. The proof of
Proposition[6.1lis thus complete. O
6.3 Lower semi-continuity of the nonsmooth slope
Lemma 6.1. Letd € N, f € C(R% R), let M: R® — [0, o] satisfy for all 6 € R® that

M(0) = inf({r e R: (31 € (Df)(0): r = ||h]|)} U{o0}), (6.3)

and let 0 = (0n)nen,: No — R® satisfy limsup,,_,  [|6, — 6o|| = 0 (cf. Definition B1). Then

Proof of Lemmal6.1l Throughout this proof let m € [0, c0] satisfy m = liminf, .o M(6y)
and assume without loss of generality that

m < oo, (6.4)
Observe that (6.4) assures that there exists a strictly increasing N: IN — IN which satisfies
limsup,, ., [M(fx(;)) —m| =0 and sup, ey M(On(n)) < 0. (6.5)

Note that (6.3) and (6.5) prove that there exists i = (hy,),en: IN — R® which satisfies for
all n € N that

€ (Df)(On@my)  and [l < M(Oy() +17" (6.6)
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Observe that (6.5) and (6.6) demonstrate that there exist h € R? and a strictly increasing
M: N — IN which satisfy

limsup,,_,, [0 —hll = 0. (6.7)

Note that (6.6), (6.7), and the assumption that limsup,,_, ||6, — 6p|| = 0 demonstrate that
lim supy_, o, (I1har(e) — Bl + [[0n(mx)) — Goll) = 0and Vk € N: hyyp) € (DLeo) (On(na(k)))-
Combining this and Lemma B.4] (applied with n ~ d, f ~ f, x0 N Oy, (Xp)ken N
(OnM@)) ) kens Yo O By, (Yiken O (Magr) ) ken in the notation of Lemma[3.4) proves that

h € (Df)(6p). This, (6.3), (6.5), (6.6), and (6.7) show that
M(6)) < |[h]| = limsup, ., |pgnll < limsup, . (M(On(a(ny) + [M(1n)] ") = m.

(6.8)

The proof of Lemma6.1]is thus complete. O
Corollary 6.1. Letd € IN, f € C(R?, R), let M: R? — [0, o] satisfy for all 6 € R® that

M(6) = inf({r e R: (3h € (Df)(0): r = ||h|) } U{e0}), (6.9)

let ¢ € R? satisfy 0 ¢ (IDf)(8), and let a € [0,1) (cf. Definition B). Then there exist ¢, € €
(0, 00) such that forall 0 € {p € R®: || — 8| < e} it holds that |f(0) — f(9)|* < eM(0).

Proof of Corollaryle. 1l Observe that item [(v)]in Lemma 3.3 (6.9), and the assumption that
0 ¢ (IDf)(9) prove that M(¢) > 0. Combining this with Lemma [6.]] proves that there

exists € € (0,00) such that forall 8 € {p € R%: || — 9|| < ¢} it holds that 0 < ( ) <

M(6). Furthermore, note that the assumption that f € C(IR R) assures that there ex1sts
¢ € (0,00) such that forall 6 € {y € R®: ||p — 9| < e} it holds that |f(0) — f(8)|* < 1.
The proof of Corollary[6.1lis thus complete. O

6.4 Generalized Kurdyka-Lojasiewicz inequalities for the training of deep ANNs

Proposition 6.2 (Generalized Lojasiewicz inequalities). Assume Setting [3.1 assume for all
ie{1,2,...,0.} that fis piecewise polynomial let p: [a,b]% — R be piecewise polynomial,
assume for all E € B([a,b]%) that u(E) = [z p(x)dx, and let 9 € R® (cf. Definition 5.1). Then
there exist e,& € (0,00), a € [0,1) such that for all 0c{p eR ||p—0| <e}, aclal]it
holds that

[Loo(0) — Loo(8)]" < €[[G(0)]] (6.10)

Proof of Proposition[e.2l Throughout this proof for every ¢ € (0,00) let Be C R? satisfy
B:={0 R’ |0 -9 <e} (6.11)
and let M: R® — [0, o] satisfy for all § € R° that
M(0) =inf({r e R: (31 € (DLc&)(0): r = ||h]|) } U{eo}) (6.12)
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(cf. Definition B.I). Observe that Proposition implies for all 6 € R that G(0) €
(DLs) (). Combining this with (6.12) shows that for all 6 € R? it holds that

M(6) < [G(6)]- (6.13)
Furthermore, note that Lemma[B.Ilimplies that
L € C(R?,R). (6.14)
Therefore, we obtain for all ¢ € (0,0), v € [0,1] that
supyep, (|Loo($) — Loo(9)]") < max{1,supycp |[Loo() = Lo(B)|} <00 (6.15)

Moreover, observe that Corollary 5.1] assures that L« is semi-algebraic. Proposition
hence proves that L is subanalytic. Combining this, (6.11), (6.12), (6.14), Corollary
(applied with f ~ L in the notation of Corollary [6.1), and Bolte et al. [10, Theorem 3.1
and (4)] (applied withn 0, f A (R? 3 6 — L(0) € RU {oo}) in the notation of Bolte
et al. [10, Theorem 3.1]) ensures that there exist ¢, & € (0,00), a € [0, 1) which satisfy for all
0 € B that

|L00(0) — Loo(8)|" < EM(0). (6.16)

Note that (6.13) and (6.16) assure for all § € B that |L£«(0) — Loo(9)]" < €[|G(0)]]. Com-
bining this with (6.15) demonstrates that for all 6 € B, & € [a, 1] it holds that

[Loo(0) = Leo(8)]" < [Leo(0) = Loo(8)|* [supyep, (|Loo() = Loo(8)])]
< |Leo(0) = Loo(9)]" [max{1, supyep |Loo () — Leo(9)]}]
< €[max{1,supycp |Loo () = Loo(B)[}]G(0)]] < 0. (6.17)

The proof of Proposition[6.2]is thus complete. O

7 Convergence analysis for solutions of GF differential equations

In Proposition[Z.I]below we establish an abstract local convergence result for GF processes
under the assumption that a Kurdyka-Lojasiewicz inequality is satisfied. The arguments
used in the proof of Proposition[7.]] are essentially well-known in the scientific literature;
see, e.g., Kurdyka et al. [47, Section 1], Bolte et al. [10, Theorem 4.5], Absil et al. [1, Theorem
2.2], or our previous article Eberle et al. [28] (see also [22] for a version for SDEs).

The above mentioned works [1,10,22}147] assume that the objective function is Clor
satisfies some other regularity conditions (in [10] the objective function is required to be
lower-C? or convex). Some works, e.g. [1]], also assume a certain weak decrease condi-
tion for the objective function. These assumptions are not necessary for our proof of
Proposition In fact, we do not even assume that G is a subgradient of the objec-
tive function £ at every point. The only regularity we need is the chain rule £(®;) =

L(Og) — fot 1G(®)||*ds for all t € [0, c0). Therefore, our result is not implied by the men-
tioned previous works.
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In Corollary [Z.1l below we then prove a simplified version of Proposition [Z.1l After-
wards, in Proposition[7.2land Corollary [7.2lbelow we derive global convergence of every
non-divergent GF trajectory. Finally, in Theorem 7. Ilbelow we combine Corollary[Z.2 with
the Kurdyka-Lojasiewicz inequality for the risk function in Proposition [6.21 and the fact
that the generalized gradient is a limiting subdifferential of the risk function (cf. Proposi-
tion[3.3) to establish the convergence of GF in the considered deep ANN framework and,
thereby, prove Theorem [L.3|from the introduction.

7.1 Abstract local convergence results for GF processes

Proposition 7.1. Let 0 € N, 9 € R?, ¢ € R, €,¢ € (0,0), « € (0,1), ©® € C([0,0),R?),
L € C(R%R),let G: R® — R® be measurable, assume for all t € [0,00) that L(©;) = L(Og) —

fot 1G(©5)||*>ds and ©; = @ — fot G(Os) ds, and assume for all 6 € R® with |0 — 8| < € that
1£(6) — L(8)* < €|G@)I, = |L(®)—L(D)], (7.1a)
C(1—a) L4 |0y — 9| <& (7.1b)

and infyc (3¢ (0.00): vre(0s): [|©,—0]|<e} £(©Or) = L(8). Then there exists € L7Y{L(®)}) such
that

(i) it holds for all t € [0,00) that |©; — ¥ < ¢,
(ii) it holds for all t € [0,00) that 0 < L(®;) — L(¢p) < €22 (L3 (c) + €%c + 2*t) 1, and
(iii) it holds for all t € [0, 00) that

10 — 9| < ?HQ(G)S)H ds < €(1—a) " [L(®) — L))"
< @372 272(] — @) T (Lgoy(¢) + €2c 4 24)A L (7.2)

The assumption that infyc (5¢(0,00): vre(0,5): [|©,—0]|<e} £(@r) = L(8) means that for all
t € [0,00) which satisfy that the trajectory of ® remains within distance ¢ of ¢ until time
t, it holds that £(©;) > L£(9). This assumption is in particular satisfied if ¢ is a local
minimum of £ with V6 € {$ € R?: || — 9| < e}: L£(6) > L(Y). But the statement of
Proposition[Z.]also covers more general cases, since we only assume this lower bound for
the values £(0®;) and not for all values of £ in a neighborhood of 9.

Proof of Proposition[Z.1l Throughout this proof let IL: [0,00) — R satisfy for all t € [0, c0)
that
IL(t) = L(©) — L(9), (7.3)

let B C R? satisfy
B={0cR’ |09 <e} (7.4)
let T € [0, o0] satisfy
T =inf({t € [0,00): ©; ¢ B} U {c0}), (7.5)
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let T € [0, T sati
etT [ ]S Sfy T:inf({t c [O,T)I H_,(t) — O}U{T}), (7.6)

let = (t)iefo,00): [0,00) — [0, 00] satisfy forall t € [0,00) that s = [711G(Os)]| ds, and let

D € Rsatisfy © = ¢2¢(2729)_ In the first step of our proof of items and we
show that for all t € [0, ) it holds that

O, € B. (7.7)

For this we observe that (Z.1)), the triangle inequality, and the assumption that for all t €
[0, 00) it holds that ©; = ®g — fot G(©s) ds ensure that for all t € [0, 00) we have that

[0 = 8] < [|©: — Ol + [[©g — B

t
< H | 6(0.)ds| + @9 8]

t
< [19(©2)ds + @0 - o]
< [16@)]1ds e - ic@0) - L@ e @8

To establish (Z.7), it thus sufficient to prove that fOT||Q(®5) |ds < €(1—a) 1 L(Oy) —

L(9) |1_'X. We will accomplish this by employing an appropriate differential inequality for
a fractional power of the function IL in (Z.3)) (see (Z.13) below for details). For this we need
several technical preparations. More formally, observe that (Z.3) and the assumption that
for all t € [0, c0) it holds that

t
£(01) = £(©0) — [ 1g(@:)|*ds 7.9)
imply that for almost all t € [0, 00) it holds that IL is differentiable at t and satisfies
L'() = §(£(01) = ~lIG(®)]* (7.10)

Moreover, note that the assumption that infic (sc(0,00): vre[0,5]: @, —8] <e} £(O1) = L(8) as-
sures for all t € [0, T) that

IL(t) > 0. (7.11)
Combining this with (Z.1), (Z3), and (Z.6) demonstrates for all t € [0, 7) that
0 < [L(H)]* = |£(®) — L(9)]" < €[|G(@)]]. (7.12)

The chain rule and (Z.10) hence prove that for almost all ¢ € [0, 7) it holds that

(L)) = Q=) [LE)] (-G
< -1 -a)e GOy g(©)]?
=—¢l(1-a)|G(e)]. (7.13)
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Next observe that (Z.9) ensures that [0,00) > t — L(f) € R is absolutely continuous.
This and the fact that for all 7 € (0, c0) it holds that [r,o0) > y + y'=* € R is Lipschitz
continuous demonstrate that for all ¢ € [0, ) it holds that [0,#] > s +— [L(s)]'™* € R is
absolutely continuous. Combining this with shows that forall s, t € [0, 7) withs < ¢t
it holds that

t
/ 1G(@) ] du < —€(1 —a) H([L()]' % = [L(s)]' %) < €1 —a) '[L(s)]' % (7.14)
S
In the next step we note that (Z9) ensures that [0,c0) > t — L£(©®;) € R is non-increasing.

This and (Z.3) prove that L is non-increasing. Combining (7.6) and (ZII) hence implies
that for all t € [7, T) it holds that IL(t) = 0. Therefore, we obtain for all t € (7, T) that

L'(t) = 0. (7.15)
This and (Z.10) assure that for almostall t € (7, T) it holds that
G(@;) =0. (7.16)

Combining this with (Z.14) demonstrates that for all s, t € [0, T) with s < f it holds that
/ 1G(®,) | du < ¢(1 —a) HIL(s)]* 2 (7.17)
Hence, we obtain for all t € [0, T) that
/Otug(@u)u du < ¢(1—a) M [IL(0)] . (7.18)

In addition, observe that assures that ©@p € B. Combining this with (Z.5) proves that
T > 0. This, (Z18), and (Z.1) demonstrate that

/ 1G(©)]| du < €(1 — &) " IL(0)]1 % < & < . (7.19)

Combining (Z.5) and (Z.8) hence assures that
T = co. (7.20)

This establishes (Z.7). In the next step of our proof of items and [(iii)| we verify that
O € R?, t € [0,00), is convergent (see (Z.22) below) For this observe that the assumption

that for all t € [0, 00) it holds that ®; = ©y — fo s) ds demonstrates that for all 7, s, t €
[0,00) with r < s < t it holds that

10 — O = g<®u ) du

/ Ig@Idu< [Tlg@0)du =, @21

Moreover, note that m and (Z20Q) assure that co > ¢ > limsup,_, ., » = 0. Combining
this with (Z.21) proves that there exist € R® which satisfies

limsup,_, . ||®; — ¢|| = 0. (7.22)
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In the next step of our proof of items and we show that £(©;), t € [0,00),
converges to L(yp) with convergence order 1. We accomplish this bringing a suitable dif-
ferential inequality for the reciprocal of the function IL in (Z.3) into play (see (7.25) below
for details). More specifically, note that (Z.10), (Z.20), (Z.5), and demonstrate that for
almost all € [0, c0) it holds that

L'(t) = —[|G(@0)[* < —¢2[L(t)]*. (7.23)
Hence, we obtain that IL is non-increasing. This shows for all t € [0,00) that IL(¢) < IL(0).
This and the fact that for all + € [0, 7) it holds that IL(f) > 0 show that for almost all
t € [0, T) we have that
L'(t) < =€ 2[L()] 2L < e 2IL0)]* I [LHP = - 'L (7.24)
Therefore, we obtain that for almost all ¢ € [0, T) it holds that

Moreover, observe that the fact that for all t € [0, 7) it holds that [0,¢] 3 s — LL(s) €
is absolutely continuous proves that for all t € [0, T) we have that [0,f] 3 s — D[LL(s)] ! €
t

(0, o) is absolutely continuous. This and (Z.25) imply for all € [0, 7) that % — % > t.
)

Hence, we obtain for all t € [0, T) that 0] > % + t. Therefore, we get for all t € [0, T)

that © (% +t)~1 > IL(t). This implies for all t € [0, T) that
L(t) <D (D[L(0)] 1+ )71 = €222 (e2c 2% 1 1)1 = 22 (e?c + )L (7.26)

The fact that for all t € [, 00) it holds that IL(¢) = 0 and (Z.6) therefore prove that for all
t € [0,00) it holds that

0 < L(t) < €2(1q0y(c) + 2 + >¢) L. (7.27)

Next note that (Z22) and the assumption that £ € C(RR?, R) assure that limsup,_, . |£(©;) —
L(¢)| = 0. Combining this with (Z.27) demonstrates that £(¢) = L£(8). This and (Z.27)
ensure for all t € [0, 00) that

0 < L(0) — L(p) < P (Lioy(c) + e+ *t)~ L (7.28)

In the final step of our proof of items and [(iii) we establish convergence rates for
the real numbers ||@; — ||, t € [0, 00). Observe that (Z.22), (Z.21), and assure for all
t € [0,00) that

10 — || = O — [limy_s00 Os]|| = lims_00]|O; — O] < < €(1 —a) '[IL(H]'*. (7.29)
This and (Z.28) ensure for all t € [0, 0) that
10 — gl < < €(1—a) 7 [£(@) — L()]" "
1-«

<e(t—a) " @21y (c) + e+ )|
= @222 (1 — ) " (1) () + e+ )0 (7.30)
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Combining this with (Z.7) and (Z.28) establishes items|(i)} [(ii)| and The proof of Propo-
sition[7.1lis thus complete. O

Corollary 7.1. Let 0 € N, 9 € R% ¢ € [0,1], €, e € (0,00), « € (0,1), ® € C([0,0),R?),
L € C(R%R),let G: R® — R® be measurable, assume for all t € [0,00) that L(©;) = L(Og) —
fot 1G(05)||? ds and @; = @y — fot G(©s) ds, and assume for all 6 € R® with ||0 — 9| < e that

1£(6) — L()|* < €[|GO)[, «=1]L(®0) — L(9)], (7.31a)
C(1—a) L4+ |0y -9 < (7.31b)

and infic (e (0,00): v ref0s]: [O,—8||<e} £(O) = L(8). Then there exists ¢ € L7Y{L(®)Y) such
that for all t € [0,00) it holds that ||@; — 9| <&, 0 < L(O;) — L(y) < (1+€2t)~ 1, and

1€ — ]| < [°11G(Os)|| ds < €1 —a) (14 €20 N, (7.32)

Proof of Corollary[Z1l Observe that Proposition [Z1] ensures that exists ¢ € L~ 1({L£(9)})
which satisfies that

(i) itholds forall t € [0,00) that ||©; — 9| <,
(i) it holds for all t € [0, 00) that 0 < £(©;) — L(3) < €2c2(110}(c) + €% + **¢) !, and
(iii) it holds for all t € [0, c0) that
10: — 9| < O{OHQ(@s)H ds < €(1—a) ' [L(@)) — L()]' "
< @32 272 (] zx)_l(]l{o}(c) + @2¢ 4 2oyl (7.33)
Note that item|[(ii)|and the assumption that ¢ < 1 imply that for all € [0, c0) it holds that
0< L(®) — L(Y) < A€ 2oy(c) + e+ 2 < (1+e¢ %)L (7.34)
This and item [(iii)|ensure that for all ¢ € [0, c0) it holds that

10 — || < ?IIQ(@)S)H ds < (1 —a) ' [L(@)) — L()]" "

<e(l—a) '(14+e v, (7.35)
Combining this with item [(i)] and (7.34) establishes (Z.32). The proof of Corollary [7.1] is
thus complete. O

7.2 Abstract global convergence results for GF processes

We next employ Corollary [Z.1] to establish under a Kurdyka-Lojasiewicz assumption the
convergence of every non-divergent GF trajectory. To prove Proposition[Z.2l we note that
the trajectory must have a convergent subsequence with limit 8 € R°. Hence, for a suffi-
ciently large time the GF reaches a neighborhood of & where the conditions of Corollary[Z.1]
in (Z.3]) are satisfied, and thus we get convergence of the entire trajectory.
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Proposition 7.2. Letd € N, © € C([0,),R?), £ € C(R? R), let G: R — R® be measur-
able, assume that for all 9 € R there exist ¢, € € (0,00), & € (0,1) such that for all 6 € R° with
160 — 8| < eit holds that |L£(0) — L(8)|* < €||G(0)]|, and assume for all t € [0, 00) that

liminfs_,e0||@s|| < o0, L(®f) = L(Og) — fot 1G(©s)||% ds, (7.36a)
t
@ = @ — / G(©,) ds. (7.36b)
0
Then there exist ¢ € R®, €, 7, B € (0,00) such that for all t € [T, 00) it holds that
-1
(7.37)

Proof of Proposition[Z.2l Observe that (Z.36) implies that [0,c0) > t — L£(©;) € R is non-
increasing. Therefore, we obtain that there exists m € [—oo, c0) which satisfies

O -0 <(1+e(t—1)F and 0<L@O)-LO) <(1+e(t—1))

m = limsup, ,, £(O) = liminf; ;0 £(O;) = infyc[p o) L(O1). (7.38)

Furthermore, note that that the assumption that liminf; ,||®¢|| < oo ensures that there
exist 9 € R® and 6 = (6,)nen: N — [0, 00) which satisfy

liminf, e 6, = 00 and limsup,_,||®s, — 8| = 0. (7.39)
Observe that (Z.38), (Z.39), and the fact that £ is continuous show that
LO)=meR and Vte[0,0): L(O;) > L(V). (7.40)
Next lete, € € (0,00), a € (0,1) satisfy for all € R® with ||§ — 9| < ¢ that
1£(0) — L(O)|" < €[|G(0)]- (7.41)

Note that (Z39) and the fact that £ is continuous demonstrate that there exist n € IN,
¢ € [0,1] which satisfy

¢=[L(0;)—L(®)] and C1—a) 4|0 — Y| <e (7.42)
Next let ®: [0,00) — RRP satisfy for all t € [0,00) that
D = Oy 1. (7.43)
Observe that (Z.36), (Z.40), and (7.43) assure that for all ¢ € [0, o0) it holds that

L(®) = L(Pg) — [y IG(®s)[|Pds, @ =Dy~ [;G(Ps)ds, and  L(Pr) > L().

(7.44)
Combining this with (Z41), (Z42), (Z43), and Corollary [ (applied with @ \~ @ in the
notation of Corollary[Z.) establishes that there exists ¢ € £L~1({£(#)}) which satisfies for
allt € [0, 00) that

0<L(@)— L) <(A+e¢2)~  and || —y|| <e(1—a) ' (1+e 202
(7.45)
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Note that (Z43) and (Z45) assure for all t € [0,00) that 0 < L(®s, 1) — L(p) < (1+

¢2t)land ||@s, ¢ — || < €(1—a)” '(14 ¢~21)*~1. Hence, we obtain for all T € [6,, ),
t € [1,00) that

0< £<®t) —L(p) < A+ 2(t—=5,)) 7"
= (142 (t—1)+C (1 —5,))""
<(14+e?(t—1)" (7.46)
and
10— gl < €(1—a) (1 + € 2(t—5,))*

= [[et—a)” NET (12t - 5n))]H

[[(’I(l—oc) R4 e (- 8] + [[e - )] TER]

Next let ¢, T € (0, 00) satisfy

1 .
¢ =max{e? [¢(1—a)"Y]T%¢?} and T=4,+C2[c(1—a)]TE.  (748)
Observe that (7.47) and demonstrate for all t € [T, 00) that

0<LO)—Lp)<A+e?2(t—1))t<Q+g(t—1))} (7.49)
and
0yl < [[e—0) T e 2w o] + e (-]
— [[¢(1 )4 [e(1—a) Y] 1 (t—r)]%1
<[+e -] (7.50)
The proof of Proposition[Z.2]is thus complete. O

The next result, Corollary[Z.2] is a simplified version of Proposition[Z.2l where the suffi-
ciently large finite time T € [0, c0) is incorporated in the constant &

Corollary 7.2. Letd € N, © € C([0,),RR%), £ € C(R% R), let G: R® — R® be measurable,
assume that for all 9 € R there exist ¢, € (0,00), & € (0,1) such that for all 6 € R® with
160 — 8| < eit holds that |L£(0) — L(8)|* < €||G(0)||, and assume for all t € [0, 00) that

lm infy 0| @] < 00,  L(O) = L(Op) — i [G(Os)]%ds, (7.51a)
O = 0 — /0 '9(0,) ds. (7.51b)

Then there exist & € R®, €, B € (0, 00) which satisfy for all t € [0, c0) that
10; =8| <E(1+t)P  and 0<L(O)—LO) <EA+1t)1 (7.52)
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Proof of Corollary[Z2l Note that Proposition[Z.2ldemonstrates that there exist ¥ € R, &, 7,8 €
(0, 00) which satisfy for all t € [T, 00) that
1@ =8| < (1+¢ ' (t—=1)" and 0<L@O)—L®) <1+ (t—1)) "
(7.53)
In the following let ¢ € (0, o0) satisfy

¢ =max{1+1,(1+71)F, & e, (1+7)P(sup o l|Os - 8]), (1 + 7)|£(®0) — L(8)]}.
(7.54)
Observe that (Z.53), (Z.54), and the fact that [0,00) > t — L(®;) € R is non-increasing
show for all t € [0, 7] that

1©; — 8] < supyeppll®s =8| <E(1+1)F <F(1+1)F (7.55)

and
0< L(0) - L)< LO) —LO) <EA+T1) <A+t (7.56)

Furthermore, note that (Z53) and (Z.54) imply for all t € [T, 00) that
10 —8| < (1+¢(t—1) P =6 (@ +5Pe (t—1))F
<E(@P+t—1) P <e+)F. (7.57)
Moreover, observe that (Z53) and (Z.54) demonstrate for all t € [T, 00) that

0<LO)—LOB)<E(F+ee(t—1)) "
<E(C—T+t)  <EA+1) (7.58)

The proof of Corollary[Z.2lis thus complete. O

7.3 Convergence of GF processes in the training of deep ANNs

Due to the Kurdyka-Lojasiewicz inequality for the risk function from Proposition [6.2] we
are now able to apply Corollary[7Z.2]to the risk function L from Setting 3.1

Theorem 7.1. Assume Setting [3.1] assume for all i € {1,2,...,01} that f; is piecewise polyno-
mial, let p: [a,b]% — TR be piecewise polynomial, assume for all E € B([a,b]%) that u(E) =
Jep(x)dx, and let © € C([0,00),R?) satisfy liminf; o |O¢|] < 0o and ¥t € [0,00): O =

Oy — f;g(@s)ds (cf. Definition B.1). Then there exist © € R° 4,8 € (0,00) with 0 €
(DL)(0) such that for all t € [0, c0) it holds that

10; =8| <EA+t)F  and  0< Lo(0f) — Loo(8) <E(1+1)7! (7.59)
(cf. Definition 3.7).
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Proof of Theorem[Z.1l Note that Proposition 3.1l shows that G is measurable. Furthermore,
observe that [36, Lemma 3.7] ensures that for all ¢ € [0, 0) it holds that

t 2
Lo(@1) = Le(@0) = [ 9(02)] ds. (7.60)

Moreover, note that Lemma 3.1 assures that
Lo € C(RY,R). (7.61)

In addition, observe that Proposition[6.2lshows that for all ¢ € R° there exist ¢, € € (0, 0),
a € (0,1) such that for all § € R® with ||§ — 8| < e it holds that |Le(0) — Loo(9)|* <
¢||G(0)]]. Corollary[Z2] the fact that G is measurable, (Z.60), and (Z.61)) therefore demon-
strate that there exist 8 € R?, ¢, B € (0, 00) which satisfy for all t € [0, 00) that

10 =8| <E(1+8)F and  0< Lo(Of) — Loo(®) <E(1+1)71 (7.62)

Furthermore, note that (Z.60) demonstrates that foong(@s)Hz ds < oo. Hence, we ob-
tain liminf; ;|| G(®;)|| = 0. This implies that there exists a strictly increasing 7 =
(Tw)nen: N — [0, c0) which satisfies

liminf, y00 T, =00  and limsup, ., [|G(®x,)| = 0. (7.63)

Moreover, observe that (Z.62) assures that limsup,_, ., ||®; — ¢|| = 0. Combining this with
(Z.63) shows that

limsupn%ooug<®1'n)’| = lim Supn%ooHG)Tn — 8| =0. (7.64)

In addition, note that Proposition B.3] assures that for all § € R° it holds that G(6) €
(DL«)(0). Therefore, we obtain for all n € IN that

g(®Tn) S (Dﬁoo) (®Tn)‘ (765)

Combining this and (Z.64) with Lemma 3.4l demonstrates that 0 € (DL« )(?). Combining
this with (Z.62) establishes (Z.59). The proof of Theorem [7lis thus complete. O

8 Convergence analysis for GD processes

In this section we establish in Proposition 8.1 below an abstract local convergence result
for GD under a Kurdyka-Lojasiewicz assumption. In the scientific literature related ab-
stract convergence results for GD type processes under a Lojasiewicz assumption can be
found, e.g., in Absil et al. [1]], Attouch & Bolte [3], and Dereich & Kassing [21]. Similar
arguments have recently been employed in the analysis of optimization algorithms for
tensor decomposition [70], deep neural networks [20], and residual neural networks [71].
The latter two works consider the empirical risk, which is measured with respect to a fi-
nite set of training data, while we focus on the true risk defined as the expectation over
the entire input distribution.



J. Mach. Learn., 1(2):141-246 225

Except for [70] the above mentioned works prove convergence of GD type processes to
a critical point, but do not show explicit convergence rates. On the other hand, the authors
of [70] consider block coordinate descent under the assumption that the objective function
is convex with respect to each block. This property is in general not satisfied for objective
functions that arise in the training of DNNs with ReLU activation. The novel contribution
of Proposition [8.1] is to establish a precise convergence rate with explicit constants and
without such convexity assumptions.

To prove Proposition we transfer the ideas from the continuous-time setting in
Section [ to the discrete-time setting. In addition, we require the descent statement in
Lemma below. Lemma [8.1] below is well-known, see, e.g., Lei et al. [50, Lemma 1],
Attouch et al. [4, Lemma 3.1], or Karimi et al. [45]. The elementary proof is only included
for completeness.

In Corollaries[8.3 and 8.4 below we establish two simplified versions of Proposition[8.1]
and as a consequence we obtain in Corollary 8.5 below the convergence of GD with ran-
dom initializations in an abstract setting. Afterwards, in Proposition[8.3]below we derive
the convergence of GD with random initializations in the considered deep ANN frame-
work in Setting B.T] under the assumption that there exists a global minimum of the risk
function around which suitable regularity assumptions are satisfied. Our proof of Propo-
sition[8.3]also uses the ANN approximation result in Proposition[8.2lbelow which, in turn,
relies on the universal approximation theorem; cf., e.g., Leshno et al. [51], Cybenko [19],
Hornik [35], Lu et al. [54], and Shen et al. [66]. As a consequence of Proposition 8.3 we
obtain Theorem B.I|below and, thereby, prove Theorem [I.4] from the introduction. Finally,
in Proposition 8.4 below we combine Proposition 8.3 with the existence result for global
minima in Corollary [2.6to establish the convergence of GD with random initializations in
the case of shallow ANNSs. As a consequence of Proposition [8.4 we derive Corollary [8.6]
below and, thereby, prove Theorem [[.2]from the introduction.

8.1 One-step descent property for GD processes

Lemma8.1. Letd € N, L € R, let U C RR® be open and convex, let f € CY(U,R), and assume
forall x,y € U that ||(Vf)(x) — (Vf)(y)| < L||x —y||. Then it holds for all x,y € U that

fy) < F(2)+ (VAR)y —2) + 5llx -yl (8.1)

Proof of Lemma[8.1l Observe that the fundamental theorem of calculus, the Cauchy-Schwarz
inequality, and the assumption that for all x,y € U it holds that |[|[(Vf)(x) — (V) (y)| <
L||x — y|| assure that for all x,y € U we have that

Fy) = F(x) = [fx+rly—x)]' 2
= [ty =)y -0y dr

= (V) (x)y —x)) + /Ol<<Vf>(x +r(y—x) = (V) (x),y —x)dr
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<(TAEy =)+ [Ty =) = (VA .y - 2| dr
<UTNE.y =)+ | [N+ =00) = (T o]y a1
<T@y =)+ Ly =] | [y = )]

= ((VA@),y = x) + §llx— vl (82)
The proof of Lemma8.1]is thus complete. O

Corollary 8.1. Letd € N, L,y € R, let U C R® be open and convex, let f € C'(U,R), and
assume for all x,y € U that ||(Vf)(x) — (Vf)(y)|| < L||x —y||. Then it holds for all x € U
with x —y(Vf)(x) € U that

flx=(VA(x) < fx) +7(F = DIV (83)

Proof of Corollary[8] Note that Lemma [8.T] ensures for all x € U with x —y(Vf)(x) € U
that

flx=2(VH) < f@) + (VA =1V + 5l (VH )
= F() = TH I+ F VA (84)
This establishes (8.3). The proof of Corollary8.1]is thus complete. O

Corollary 8.2. Letd € N, L € (0,00), v € [0,L71], et U C R® be open and convex, let
f € CY(U,R), and assume for all x,y € U that ||(Vf)(x) — (Vf)(y)| < L||x —yl|. Then it
holds for all x € U with x — y(V f)(x) € U that

fle=7(V@) < f(x) = VA < f(x). (8.5)
Proof of Corollary[8.2l Observe that Corollary [8.1] the fact that v > 0, and the fact that
LTW — 1 < —1] establish 85). The proof of Corollary[82is thus complete. O

8.2 Abstract local convergence results for GD processes

Proposition 8.1. Letd € N, ¢ € R, ¢,L,€ € (0,00), a € (0,1), v € (0,L7], 9 € R?, let
B C R®satisfy B = {6 € R: || — 9| < e}, let L € C(R?R) satisfy L|p € C'(B,R),
let G: R — R satisfy for all 0 € B that G(0) = (VL)(0), assume G(8) = 0, assume for all
61,0, € B that ||G(61) — G(62)|| < L||61 — 02|, let ®: Ny — R® satisfy for all n € Ny that
On11 = 0, — ¥G(0Oy,), and assume for all 6 € B that

1£(0) = L(®)" <€|G(O)]l, = [L(Og) — L(D)], (8.6a)

2¢(1—a) ' 4 [|@ - 8| < 15 (8.6b)

and infy,c (N vkeNgN[0,m): ©eB) £(On) = L(8). Then there exists ¢ € LHL@®) N
G~1({0}) such that
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(i) it holds for all n € N that ©, € B,

(ii) it holds for all n € Ny that 0 < £(©,) — L() < 2€22 (10 (c) + Xny +2¢2¢) ", and
(ii1) it holds for all n € IN that
) -1 1-
1O =9Il < R 1Okr1 — Ol < 2€(1 —a) " [L£(On) — L(9)| "

< 2270372027201 — )TN (1goy (c) + Py +2¢2) T (87)
Observe that the assumption that inf,,c (e, : vkeNgn[0m]: ©,eB} £(On) > L(8) is in
particular satisfied if ¢ is a local minimum of £ with V6 € B: £(0) > L£(¢). Hence Propo-
sition[8.1limplies as a consequence a local convergence result of GD to a local minimum.

But our assumption also covers more general cases, since we only require an estimate on
the values of £(©,) and not for all values £(0) with 6 € B.

Proof of Proposition[8.11 Throughout this proof let T € INg U {oo} satisfy
T =inf({n € Np: ©, ¢ B} U {o0}), (8.8)

let L: Ny — R satisfy for all n € INg that L(n) = £(®,) — L(9), and let T € N U {co}
satisfy
T=inf({n € NoN[0,T): L(n) =0} U{T}). (8.9)

In the first step of our proof we verify that T = oo, i.e., that the Gd iterates remain inside
the neighborhood B at all times. Note that the assumption that G(¢) = 0 implies for all
0 € B that
19O =719(0) =G| < L6 -] (8.10)
This, the fact that ||©@¢ — ¢|| < ¢, and the fact that
101 =8| < [|©1 — Ol + [|© — B
= 719(G0)|| + [|©0 - I
<(YL+1D)||®y -9 <e (8.11)
ensure that T > 2. Next observe that the assumption that

inf L(On) = L(® 8.12
”E{WGNOIVkGI%Oﬂ[O,m];@keB} ( n) = ( ) ( )

proves for alln € NgN [0, T) that L(n) > 0. In addition, note that the fact that B C R is
open and convex, Corollary[8.2] and (8.6) demonstrate for all n € Ny N [0, T — 1) that

L(n+1) — L(n) = L(@ns1) — L(Oy) < —3]1G(O)]

~3G @),

—31G(©0)[[1©n41 — Ol

—(20)L(®4) = L(8)]*]|Ons1 — Oyl
—(2¢) T IL(1)]¥(|©@t1 — O] <O (8.13)

IA
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Therefore, we obtain that Ny N [0, T) > n — LL(n) € [0,0) is non-increasing. Combining
this with (8.9) shows for all n € Ng N [7, T) that L(n) = 0. This and (8.13) demonstrate
foralln € NgN|[r,T—1) that 0 = L(n+1) —IL(n) < —gug<@n>y|2 < 0. The fact that
v > 0 therefore assures for alln € INg N [t, T — 1) that G(®,) = 0. Hence, we obtain for
alln € NoN [z, T) that

0, = O, (8.14)

In addition, observe that (8.9) and (8.13) ensure foralln € NoN[0,7) N[0, T — 1) that

”&“_®”§ZQMﬁmﬁy+n =2 [l o)
< 2@/ = 2¢([IL(m)]'~ "‘1—_[5(;1 + 1)) 815)

This and (8.14) show foralln € Ny N [0, T — 1) that

2¢([L(m)]'* = [L(n+1)]"*)
1—ua '

H®n+1 - ®n|| < (8~16)

Combining this with the triangle inequality proves for all m,n € Ny N [0, T) with m < n
that

n—1
10 — Ol < ) Ok 11 — Bl
k=m

n—1
sl?JEJWQWW—mw+mP0]
_2e(LOOP ) el
This and (8.6) demonstrate for alln € Ng N [0, T) that
HG)W . ®0H < 20:[114(0)]1_“ _ 2¢|£(®0) — ﬁ(ﬁ”l_lx _ 2(,:(1 _ 6“)flclﬂx. (8.18)

1—« N 11—«

Combining this with (8.10), (8.6), and the triangle inequality shows for alln € Ny N [0, T)
that

[@n+1 =8 < [[Oni1 = Oul| + [|©n = 8| = 7[|[G(On) || + |© — 8|
< (L+ 1[0, = 8] < (vL +1)([[©4 — B0l + [[©0 — 9])
< (yL+1)2e(1—a) ™ 4 |@ - 0) <& (8.19)

Hence, we obtain that
T = oo. (8.20)
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Combining this with (8.6) and (8.17) proves that

n
P [) _®kH]
=0

Y 1941 — Ol = lim

1—a 1—«a
s LU ) (8.21)
11—« 11—«

Therefore, we obtain that there exists i € R? which satisfies
limsup,_,,||®; —¢|| = 0. (8.22)

This establishes convergence of the GD process. We next deduce explicit convergence
rates. Note that (8.19), 820), and (822) imply that || — & < (yL+1)(2€(1 —a)tel=* +
|®9 — ?]|) < e. Therefore, we obtain that ¢ € B. Next observe that (8.13), (8.6), and the
fact that for all n € INj it holds thatIL(n) < IL(0) = c ensure that foralln € NgN [0, T) we
have that

~L(n) <L(n+1) —L(n) < -3G(®)]

< —%[]L(n)]z“ < —zﬁzcﬁﬂun)]z- (8.23)

N}

This assures for all n € NgN[0,7) that 0 < L(n) < w Combining this and (8.23)
demonstrates for all n € Ng N [0, T — 1) that

1 1 1 1
L(n) L(n+1) = l(”) S L(n)(1- szl (1))
. (1 2¢zcz ZaIL( )) -1 _ _mzcﬁ
L) (1—5m=L(n) (1 - 52t=L(n))
1
= (ZGZEyZ—zN —L(n)) < _2622;—204' (8.24)

Therefore, we get for all n € INp N [0, T) that

1 1 1

L(n) L) " 2 k+1 L)
ny 1 ny
> =4 ———. 2
TR R T T 8.25)

Hence, we obtain for all n € Ng N [0, 7) that L(n) < —2£¢

S T Combining this with the
fact that for all n € INy N [T, c0) it holds that IL(n) = 0 shows that for all n € Ny we have

that

22
L(n) < 2

= 1oy (c) + Xny + 2% (8.26)
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This, (8.22), and the assumption that £ is continuous prove that
L(¢) =1limy 00 L(Oy) = L(0). (8.27)

Combining this with (8.26)) assures for all n € INj that

2.2
0< L(®) - L(y) < ¢

= Loy (c) + 2*ny +2€2¢ (8.28)

Furthermore, note that the fact that B 5 6 — G(0) € R? is continuous, the fact that ¥ € B,
and (8.22) imply that

Next observe that (8.26) and (8.17) ensure for all n € IN that

2€[IL(m)]! "¢

1€, — ¢l = Jim 0 — Oul| < Y [©s1 — O < =2

k=n
22*0(@:3*206 CZonc

T (1 —a)(Tgoy(c) + 2y +2€2)' "
Combining this with (8.27), (8.20), (8.29), and (8.28) establishes items|(1)} [(if)}, and [(iiL)| The

proof of Proposition[8.1lis thus complete.

(8.30)

The next result, Corollary 8.3] specializes Proposition[8.]to the case where ¥ € R? is a
local minimum of £ in the sense that for all 6 € B we have that £(0) > £(¢), where B is
a suitable neighborhood of 9.

Corollary 8.3. Letd € N, ¢ € [0,1], ¢, L, ¢ € (0,00), « € (0,1), v € (0,L71], ¢ € R?, let
B C R%satisfy B = {6 € R*: |0 — 98| < e}, let L € C(R?R) satisfy L|p € C'(B,R),
let G: R® — R° satisfy for all 0 € B that G(0) = (VL)(0), assume for all 6,0, € B that
1G(61) — G(62)] < L||61 = (On)neN,: No — RO satisfy for all n € Ny that
On11 = 0, — ¥G(0Oy,), and assume for all 6 € B that

1£(0) — L(8)]" < €|GO)], = |L(®o)—L(D)], (8.31a)
2¢(1—a) L+ @ — 0 < (8.31b)

7L+1’

and L(0) > L(9). Then there exists p € L™ ({L(9)}) NG ({0}) such that for all n € Ny it
holds that ©, € B,0 < L(®,) — L(¢) <22+ ¢ 2yn)~!, and

10s — || < TR, l1Ok1 — Okl <227%¢(1 — ) (24 € 2yn)* L. (8.32)

Proof of Corollary[8.3] Note that the fact that £(¢) = infeeB L(0) ensures that G(¥) =
(VL)(®) = 0 and inf, ¢ feny: vikeNyn[om]: @ke]B} L£(®,) > (19) Combining this with

Proposition8.limplies that there exists y € L~1({£(9)}) N G~1({0}) such that
(I) it holds for all n € Ny that ®,, € BB,
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. 2.2
(I) itholds for all n € Ny that 0 < L(©,,) — L(¢) < ]1{0}(c)—|2—§2“cn'y+2€2C’ and

(IIT) it holds for all n € IN that

2¢|L(@,) — L(p)|' ™"
11—«

10 — 9| < Y [1Op1 — Ol <
k=n
- 22*0(63*20(c2*20( (8 33)
T (1= a) (1 (c) + 2rny +2¢2¢) Y '

Observe that item [(Il) and the assumption that ¢ < 1 show for all n € INj) that

-1
0< L£(®,) — L(y) < 262 (e:—Zn{o}(c) e 2y 4 ZC)
<224 ¢ 2yn)" L (8.34)
This and item [(TIT) demonstrate for all n € N that

1) 1—a
180 — 9ll < 3 1041 — Oy < 2HE@ —£(Y)]

Pt 11—«
22—
< { Q] 2+ ¢ 2qn)* L, (8.35)
1—«a
The proof of Corollary[8.3]is thus complete. O

8.3 Abstract global convergence results for GD processes

In Corollary [8.4 we reformulate Corollary 8.3 to show that around every local minimum
point which admits a Kurdyka-Lojasiewicz inequality and a certain regularity condition
there exists an open neighborhood such that the risk of every GD sequence started in this
neighborhood converges with rate 1 to the risk of the local minimum.

Corollary 8.4. Letd € N, ¢,L,€ € (0,00), a € (0,1), 9 € R? let B C R® satisfy B = {6 €
R®: ||0 — 9| < e}, let L € C(R?,R) satisfy L|p € C'(B,R), let G: R — R satisfy for all
0 € B that G(0) = (VL)(0), assume for all 61,0, € B that ||G(61) — G(62)|| < L||61 — 6], for
every § € R?, v € R let @79 = (@Z’G)nGNO: No — R satisfy for all n € Ny that ®g,9 =0
and @Zfl =0} —1G(0)?), and assume for all § € B that

1£(0) = L@)" <eg@)]  and  L(6) = L(8). (8.36)
Then there exist 6,4 € (0,00) such that forall § € {¢ € R®: ||y — 9| < 6}, v € (0,L71],
n € Ny it holds that 0 < L(©}°) — L(8) < €(1+ yn) L.
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Proof of Corollary[8.4 Note that the fact that £ is continuous ensures that there exist ¢ €
[0,1], 5 € (0,¢) which satisfy forall € { € R®: || — 8| < 6}, € (0,L!] that

c=[L£(6) —L(8)] and  2€(1—a) 08 <5< (8.37)

Observe that (837) and Corollary B3| (applied for every 6 € { € R°: |[p — 9| < 6},
v € (0,L7 " withe ~ 6,y ~ 7y, B~ {gp € R: ||p — 8| <3}, ® ~ O in the notation
of Corollary B.3) demonstrate that for all § € {¢ € R®: || — ¢|| < 5}, v € (0,L~1] there
exists y € L71({L£(9)}) such that for all n € INj it holds that

0< L(OF) — L(y) <22+ ¢ 2qn) ", (8.38)
Hence, we obtain forall§ € {¢ € R?: || — 8| <3}, v € (0,L71], n € N that

0< LOF) — L(9) <22+ ¢ 29,) !
< 2(min{2, € 2}(1 + yn)) !

= max{1,2¢2}(1 +yn) "L, (8.39)
The proof of Corollary[8.4is thus complete. O

8.4 Abstract convergence result for GD with random initializations

The next result, Corollary [8.5 establishes convergence in probability of the GD method
with multiple random initializations under a Lojasiewicz type assumption. The proof
relies on Corollary[8.4land the fact that for a sufficiently high number of initializations at
least one of the GD trajectories will start in a suitable open domain of attraction with high
probability.

Corollary 8.5. Let 0 € N, ¢,L, &,y € (0,00), a € (0,1), ¢ € R® satisfy yL < 1, let B C
R? satisfy B = {6 € R®: |0 — 9| < &}, let L € C(R?R) satisfy L|g € C(B,R), let
G: R® — RR° satisfy for all 6 € B that G(0) = (VL)(0), assume for all 61,0, € B that
1G(61) — G(62)|| < L||61 — 62]|, assume for all 6 € B that

1£(0) = LO)* <|G@O)I]  and  L(0) = L(D), (8.40)

let (Q), F,1P) be a probability space, for every K,n € Ny let @X: O — R® and kX: O — N be
random variables, assume that ®F, K € IN, are i.i.d., assume for all § € (0,00) that P(||@f —
8| < J) > 0, and assume for all K € N, n € Ny, w € Q that

Of, 1 (w) =O) (w) —7G(OF(w))  and  kj(w) € argmin,c (15 i £(®Z<w()8)4 )
Then '

lim infy e P (limsup,_,, £(@) < £(8)) = 1. (8.42)
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Proof of Corollary[8.5 Note that (8.41) shows for all K € IN that

P(limsup, ., £(OF") < £(9))
>P(3x € {1,2,...,K}: limsup, ,, L(O)) < L(D)). (8.43)
Furthermore, observe that Corollary [8.4/ demonstrates that there exist §, ¢ € (0, 00) which
satisfy for allk € N, w € {w € Q: ||@f(w) — 0| < 6}, n € Ny that 0 < L(Of(w)) —

L(9) <€ (1+yn)~. Therefore, we obtain forallx € N, w € {w € Q: ||@f(w) — 8| < 5}
that

limsup, ., L(Of(w)) < L(P). (8.44)
This shows for all k € IN that
{weQ: ||Of(w) -9 <5} C {a) € Q: limsup £(0%(w)) < 5(&)}. (8.45)
n—oo

Hence, we obtain for all K € IN that
P(Ex € {12,...,K}: |0f - 8] < 8) = P(UX, {|©F — 8] < 5})
< P (U {limsup, ., £(07) < L(8)})
=P(3x € {1,2,...,K}: limsup,_,, L(O}) < L(9)). (8.46)

Moreover, note that the assumption that @, x € IN, are i.i.d. proves that for all K € IN we
have that

P(3x € {1,2,...,K}: [|©F — 9| <)
=1-P(Vre{1,2,...,K}: |©F — 9| >9)
=1-[P(|©} - 8] > 6)]". (8.47)
The fact that P(||@) — 8| > 6) =1 —P(||®} — 8|| < 6) < 1 therefore implies that
liminfx o P(3x € {1,2,...,K}: |©f — 8| < 8) =1. (8.48)
Comblining this with and establishes (8.42). The proof of Corollary[8.5is thus
complete. O

8.5 Approximation results for deep ANNs

We next show an L?-universal approximation result for shallow ANNs. In Lemma
the target function is not necessarily continuous and takes values in a multidimensional
space R°. We establish Lemma B.2 by employing the universal approximation theorem
for R-valued functions in Leshno et al. [51, Proposition 1 in Section 4]. The proof is only
included for completeness.
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Lemma8.2. Letd, 0 e N,a € R, b € (a,00),¢e € (0,00)andlet f = (f1,...,fs): [a,b]d — R
and p: [a, b]d — [0, 00) be bounded and measurable. Then there exist n € IN, wq,1p,...,10, €
R4 by,b62,...,b, €ER, by,09,...,0, € R such that

f[adef L v;max{r;x + b;, 0}||* p(x) dx < e. (8.49)
Proof of Lemma[82] Throughout this proof let u: B(R?) — [0, oo] satisfy for all E € B(R?)

that
V(E) = f[a,b]dmg p(x) dx (850)
and for everyi € {1,2,...,5} let F;: RY — R satisfy for all x € [a,b]¢, y € R%\[a, b]“ that
Fi(x) = fi(x) and  F(y)=0. (8.51)
Observe that (8.50) and the assumption that p is bounded and measurable ensure that y is

a finite, absolutely continuous, and compactly supported measure. The assumption that f

is bounded hence implies that for alli € {1,2,...,5} it holds that [4|F;(x )? 1(dx) < oo.
Combining this, the universal approximation theorem (cf. Leshno et al. [51} Proposition 1
in Section 4] (applied with ¢ ~ (R 3 x — max{x,0} € R), u i, p ~ 2 in the notation
of [51}, Proposition 1 in Section 4])), 8.50), (8.51), and the fact that y is a finite, absolutely

continuous, and compactly supported measure proves that for everyi € {1,2,...,6} there
existn() € N, wg) wg),... ()) e R4, b() b() b(l()),vg),vg),... () ) € R which
satisfy

n( i i i
Siapel fix) = 220 v max{wyx + b, 0} p(x) dx

= Jr [Fi(x) = 220 v max{w(Vx + b}, 0} pu(dx) < 5. (8:52)
In the following let e, ep,...,e5 € R? satisfy e; = (1 0,0,...,0), &2 = (0,1,0,...,0),
,es = (0,...,0,1), let n € N satisfy n = 25 , and let to1,10y,...,10, € R4
by,by,...,b, € IR, v1,05,...,0, € R satisfy for all j € {1,2,...,(5},k € {1,2,...,n(f)} that
(7) (7) (7).

K al) = =w.’, bk+2] 1) , =b/, and k+2] o) = = v ej. (8.53)

Note that (8.53) assures that for all c1,¢,...,¢cy € R, x € [, b] it holds that

(7 i 2

£ G0) = Ty evoi® = T2l i) — Tiy v;i”ckign(im : (8.54)

Combining this with (852) and (8.53) demonstrates that

Sl F () = Ty [max{rozx + by, 0} v | p(x) dx

o () 2

];1[ |fi(x) — 1VI((] max{mk+zg;}n(,.)x+bk+z¥;}n(i>,0}\ p(x)dx

- Ll

o

=L f |fi( ?(”1 V;(( max{wk X+bk ,0}| p(x)dx < d[5] = (8.55)
]:1
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The proof of Lemma[8.2]is thus complete. O

As a consequence of Lemmal8.2lwe show in Proposition[8.21a universal approximation
result for deep ANN’s as the width increases to infinity.

Proposition 8.2. Let d,6 € N, a € R, b € [4,0), (pa)aen € (NN (1,00)), let {* =
(£3,0,...,05.) € {d} x Nea~1 x {6}, a € N, satisfy

liminf,_,c min{¢§,/45,. . ., Ega_l} = oo, (8.56)

for every a € IN let 9, = Zill 0308, +1), let f: [a,b)? — R and p: [a,b]* — [0,00) be

bounded and measurable, for every a € N, k € {1,2,...,04}, 0 = (61,...,605,) € R let
k,0 k0 k0
7 J— b 7

! 03 x 08 k6 __ k0 ks .
g = (ma,i,j)(i,j)e{l,.-.,é,?}x{1,...,4,3,1} € R%™ %1 and by" = ( a,l/“"[’a,zg) € R satisfy for
alli € {1,2,...,68},j € {1,2,..., 05|} that
ko _ ko _
aij = i rirdtge M Y T O ey ®57)

let M: (UyenR") = (UpenR") satisfy foralln € N, x = (xq,...,x,) € R" that M(x)
(max{xy,0},...,max{xy,,0}), foreverya € IN, 6 € R% let /\/Jff@; RY — R%, ke NN 1, 04,
satisfy forallk € NN [1,p4), x € RY that

NI (x) = bl +rolfyx and — NF¥P(x) = pkt10 4 okt16 (mt(/\/;‘ﬂ(x))), (8.58)

and for every a € N let L: R% — R satisfy for all 6 € R that L4(0) = f[a b}dH/\/'f“’e(x) —
F(x)|*p(x) dx. Then
limsup,_, ., infycroa La(6) = 0. (8.59)

Proof of Proposition[8.21 Throughout this proof let ¢ € (0,00). Observe that Lemma [8.2]
proves that there exist n € N, w € R"*4, b € R", v € R®*" which satisfy

S VIR (wx +b) — f(x)|*p(x) dx < e (8.60)

Furthermore, note that (8.56) assures that there exists A € IN which satisfies for all a €
INN[A,c0),i € NN(1,pq) that £§ > n and £¢ > 25. Combining this with Beck et al. [6]
Lemma 2.10] (applied for every a € NN [A,00) with L 2, (lp,l1,12) ~ (d,n,6),d ~
nd+1)+6é(n+1), £~ pq, (I, l1,..., 1) ~ £% 0 0, in the notation of [6, Lemma
2.10]) shows for every a € IN N [A,c0) that there exists 6, € R% which satisfies for all
x € R? that

NP (x) = v(wx + b). (8.61)

Observe that (8.60) and (8.6I) ensure for all a € IN N [A, o0) that
infycron £a(8) < La(be) = [y yaNE(x) = f(0)Pp(x) dx <. (862

This completes the proof of Proposition[8.2] O
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8.6 Convergence of GD with random initializations in the training of deep
ANNs

We next combine the Kurdyka-Lojasiewicz inequality from Proposition [6.2l with the ab-
stract convergence result for GD with random initializations from Corollary [8.5]to prove
convergence in probability of GD with random initializations for deep ANNs with a fixed
architecture. In Proposition 8.3 the parameter vector ¥ € R® is assumed to be a local
minimum of the risk function L« in a neighborhood of which the regularity assumptions
in Corollary [8.5 are satisfied. The convergence holds for every sufficiently small positive
learning rate y € (0, g].

Proposition 8.3. Assume Setting [3.1] assume for all i € {1,2,...,0L} that f; is piecewise
polynomial, let p: [a,b]®c — R be piecewise polynomial, assume for all E € B([a,b]%) that
u(E) = [pp(x)dx, let U C R® be open, assume (Loo)|u € C(U,R), let &: R® — R satisfy
forall 0 € U that &(0) = (VLe)(0), assume that &|y; is locally Lipschitz continuous, let ¢ € U
satisfy Loo(®) = infgeyy Loo(0), let (O, F,P) be a probability space, for every K,n € Ny, ¥ € R
let @5’7: QO — R° and k,If’V: Q — IN be random variables, assume for all v € R that ®é<,7/

K € N, are i.i.d., assume for all y,6 € (0,1) that IP(HG)(l)’7 — 9| < d) > 0, and assume for all
KeNN,neNp, v <R, weQthat

N (w) = 0,7 (w) — 78(0) (w)), (8.63a)
k" (w) € argminge 15 gy Loo(OF7 (w)) (8.63b)

(cf. Definition|5.1). Then there exists g € (0, 00) such that for all -y € (0, g] it holds that
o . 1K v .
11m1r1f1<_>0<,lP(hmsupyHoo Loo(Oy" ") <infpey Eoo(f))) =1. (8.64)

Proof of Proposition[8.3l Note that Corollary B2 assures for all open V C R® and all 6 € V
with (Leo)|y € CH(V,R) that G(8) = (VLe)(#). The assumption that U C R? is open,
the assumption that (L« )|y € C'(U,R), and the assumption that for all € U it holds
that &(0) = (VL) (0) therefore demonstrates that for all 6 € U it holds that

G(0) = (VL) (0) = &(0). (8.65)

Furthermore, observe that Proposition [6.2] the assumption that U C RR® is open, and the
assumption that &|; is locally Lipschitz continuous assure that there existIL, ¢, € € (0, 0),
a € (0,1) which satisfy forallv,w € {¢ € R®: || — 8| < ¢} that

vel, |Leo(0) — Lo(9)|* < €||G(0)]|, (8.66a)
|6(v) —&(w)| <Ll|v—w|. (8.66b)
Moreover, note that LemmaB.lshows that Lo, € C(RR?, R). Combining this, (8.65), (8.66),

Corollary 8.5 (applied for every v € (0,L=1N(0,1) witho nd, e ne L AL CAE,
YAyl LA Lo G Gin the notation of Corollary 8.5), and the
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assumption that Lo (9) = infgey; Loo(6) assures that for all v € (0,I.71 N (0,1) it holds
that

.. . K Y .
liminfx_,o, IP <hm SUP,, 0o Loo (0" 7)) < infgeyy EOO(G))

K,
= liminfy o P (limsup, ., Loo(O) "M < Lo(®)) =1. (8.67)
The proof of Proposition[8.3]is thus complete. O

As a consequence of Proposition[8.3]land the universal approximation result from Propo-
sition[8.2lwe verify in Theorem [8.1] that the risk of the GD method with random initializa-
tions converges in probability to 0 as the number of GD steps, the number of random
initializations, and the width of the ANNSs increase to co and as the step size of the GD
method decreases to 0. In item|(i)| we establish convergence in probability, and as a con-
sequence we obtain in item [(ii)| convergence with respect to the metric E[min{|X — Y|, 1}]
on the space of random variables.

Theorem 8.1. Let d,0 € N, a € R, b € [4,00), (pa)aen € (INN(1,00)), let ¢ =
(68, 65,...,05.) € {d} x NPs~1 x {6}, a € N, satisfy

lim infq 0o min{¢5, 45, .. ., Ega_l} = oo, (8.68)

foreverya € N let 94 = Ziuzl 038+ 1), let f=(f1,...,f5): [a,b]" = RO andp: [a,b)?

[0, 00) be functions, assume foralli € {1,2,...,6} that f; and p are piecewise polynomial, for every
ko _ k,

a €N ke {L,2,...,00}, 0= (6.0, € Rt wg’ = (w5 )i1e(t, opx{Liz ) €

R and ok = (bﬁ(i, ) bﬁ(za) e R% satisfy forall i € {1,2,...,08},j € {1,2,..., 08 ,}

that

k,0 —0

k9
aij (i— 1)@1 1+]+Zk 1£a(€u 1+1) and [) =0

0 (8.69)

0aee iy i les(es 1)

let M: (UyeNnR") — (UyenR") satisfy foralln € N, x = (x1,...,x,) € R" that M(x) =
(max{x1,0},...,max{x,,0}), for everya € N, 6 € R% let N¥: R? — R, k e NN 1, p4],
satisfy for allk € NN [1,04), x € RY that

N =0t ks and  NETO(x) = B0k O (VR (x)),  (8.70)

for every a € N let Lq: R% — R satisfy for all 0 € R that Lq(0) = f[a WHNf“’e(x) -

f(x)||2p(x) dx, for every a € N let 9y € (Lq) 1 ({infgegoa La(0)}), €a € (0,1) satisfy that
Lal(geroa: |0—bq||<eq} 1as a Lipschitz continuous derivative, for every a € N let G : R?% — R%
satisfy for all 6 € Uyrcroa, 11 s open, £q|yect (ur)U that Ga(0) = (VLa)(0), let (O F,P) bea
probability space, for every n,a,K € Ny, v € R let G)f,] QO — R% and kil : O — N be
random variables, assume for all a € IN, v € R that ®a0 , K € N, are i.i.d., assume for all



J. Mach. Learn., 1(2):141-246 238

ae€N,qyre (0,1),0 € R that IP(HG)ig — 0| < r) > 0, and assume for all n € Ny,
a, KeN,yeR, we Qthat

Oy 1 (W) = Oyl (w) — 7Ga(Og! (w), (8.71a)
ke (w) € argmin, 1y, ¢ La(OF (w)) (8.71b)

(cf. Definition5.1). Then
(i) thereexist A: R — Rand g: N — (0, 00) such that

INfye (0,00) INfacNA[A (6),00) INFy e (0,g(a)] HMINfK 00 P (limsup,, o, La(Og; ") < s)(8:721)

and

(ii) it holds that

K,
limsup,_, . limsup, \ olimsupy_, E [limsup,,_,., min{L, (@{:‘;{37) ,1}] =o.
(8.73)

Proof of Theorem Throughout this proof for every a € IN let U, C R% satisfy
Uy = {0 € R%: [|0 — 0| < &4} (8.74)

Observe the assumption that p is piecewise polynomial and the assumption that for all
i€{1,2,...,6}itholds that f; is piecewise polynomial imply that f and p are bounded and
measurable. Combining this, [36, Lemma 2.4], Proposition [8.3] (applied for every a € IN
witha ~a, b Ab, ~1/2, A1, (Ng k= €€ N) A~ (No 3k Lyingrogye € N),

LA pg, g, fof,ua (B([a,b)) > E Jep(x)dx € [0,00]), U N Uy, & A Gy,
¥ N\ Y4 in the notation of Proposition[8.3), and the fact that for all a € IN it holds that

Eu(ﬁa) = il’lf@e]Rau Eu(f)) = il’lfgeuu Eu(f)) (875)

proves that there there exists g: N — (0, c0) which satisfies for all a € N, v € (0, g(a)]
that W
lim ian_mlI’(lim SUp, o La(O5"") < infycpoa Ea(9)> — 1. (8.76)
Proposition [8.21 hence establishes that there exists A: R — R which satisfies for all € &
(0,00),a € NN [A(e), o0) that
infGE]RDu £u<9> S €. (877)

Note that (8.76) and (8.77) assure that for alle € (0,00), a € NN [A(e), ), v € (0,g(a)] it
holds that

K,
lim infg_,o, IP ( limsup, . La (@1;?7”77) < s)

K,
Kol v

> lim ian%o]P(nm sup, ., La(055"7) < infycpoa Ea(())) ~1. (8.78)
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This establishes item (i)} Observe that for all ¢ € (0, 0) and all random variables Z,,: Q) —
[0,00), n € IN, it holds that

E[limsup,_, min{Z,,1}]
< E[min{limsup,_,, Zn,1}]
< E[min{limsup, ,, Zn, 1} Ljimsup, . z,>e})
+ E[min{limsup, . Z,, 1} Lflimsup, ., ans}]
< E[Lftimsup, ,z,>¢}] T E[min{e, 1} Lpimsup 7,<e)]
< P(limsup, ., Zy > €) + min{e, 1}
< P(limsup,_,, Zn > €) +&. (8.79)

Furthermore, note that (8.78) assures that foralle € (0,00), a € NN [A(e), ), v € (0,g(a)]
it holds that

K,
lim supy_,, P <lim sup, o La (®{:§lﬁ’7) > 8)
K,
= limsupy ., [1 - P(limsup, o, Lo (@) < e)] =o0. (8.80)

Combining this with (8.79) ensures that for all ¢ € (0,00), a € NN [A(e), ), v € (0,g(a)]
it holds that

Koy
limsupy_, ., E[limsup,_,. min{L, (G)lu(f;;” M1} <e (8.81)
This establishes item (if)] The proof of Theorem B.Ilis thus complete. O

8.7 Convergence of GD with random initializations in the training of shallow
ANNs

In this section we employ the general convergence results for deep ANNs from Subsec-
tion[8.6]to establish convergence of the risk of the GD method for shallow ANNSs. This time
the regularity assumptions can be omitted, since they follow from the existence result for
regular global minima for shallow ANNSs in Corollary 2.6

Proposition 8.4. Assume Setting [3.1] assume L = 2, assume f € C([a,b],R), assume that f
is piecewise polynomial, let p: [a,b] — R be piecewise polynomial, assume for all E € B(|a, b])
that u(E) = [¢p(x)dx, let &: R® — R? satisfy forall 6 € {8 € R°: L is differentiable at 0}
that &(0) = (VL)(0), let (O, F,IP) be a probability space, for every K,n € Ny, v € R let
@5’7: Q — R and kl,f”: Q — IN be random variables, assume for all y € R that @{)(’7, K e NN,
are i.i.d., assume for all 7,6 € (0,1) that 1P(||®(1]’7 — 8| < 6) > 0, and assume for all K € N,
ne€ Ny veR we Qthat

N (w) = 0,7 (w) — 78(0) (w)), (8.82a)
Ky (w) € argminge (15 gy Loo(OF (w)) (8.82b)
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(cf. Definition[5.1). Then there exists g € (0, 00) such that for all -y € (0, g] it holds that
. . Iy .
lim meWlP(hm SUP, o Loo (@K 1) = infycpo EOO(G)) —1. (8.83)

Proof of Proposition Observe that the assumption that f € C([a,b], R) and the assump-
tion that f is piecewise polynomial imply that f is Lipschitz continuous. Furthermore,
note that (8.3) and the assumption that sup, [y o) supycg [(%r)'(x)| < oo assure that for
all x € Ritholds that (Uyen{%,}) € CH(R,R), Reo(x) = max{x,0}, sup, SUp, ¢
(%) (y)] < o0, and

= |x[,[x]]

lim sup, o, ([9(x) — 9o ()] + | (9)'(x) = L0 (x)]) = 0. (8.84)

Combining this, Corollary 2.6, and item (ii)| in Proposition 3.3l with the fact that f is Lips-
chitz continuous shows that there exist ¢ € R° and an open U C R° which satisfy that

(i) it holds that (Le)|iy € C(U, R),
(ii) itholds forall 6 € U that G(0) = (VLw)(60),
(iii) it holds that G|y is locally Lipschitz continuous,
(iv) it holds that @ € U, and
(v) itholds that Lo (9) = infycro Loo(0).
Observe that item[(iv)|and item [(v)|ensure that
Loo(®) = infyepo Loo(6) = infoeys Loo(6). (8.85)

Moreover, note that item (i)} item[(ii)} and the assumption that for all § € {¢ € R3"*!: L is
differentiable at ¢} it holds that &(0) = (VL«)(0) assure that for all 6 € U it holds that

G(0) = (VLx)(0) = &(0). (8.86)
Therefore, we obtain that &|y; = G|y. This and item ensure that &|; is locally Lips-
chitz continuous. Combining this, item|[(1), (8.85), (8.86), Proposition[8.3] and the fact that
U C RR? is open proves that there exists g € (0,00) such that for all y € (0, g] it holds that
o . Ty .
liminfg_,o P <hm SUP,, oo Loo(@" "7) = infycpo [,oo(f)))
o . KR .
= liminfg_,q lP(hm SUP,, oo Loo(@" 7) < infyepo [,oo(f)))
o . KA .
= lim infg_,e0 ]P(hm SUP,, oo Loo(On" ") <infyeyy EOO(G)) =1 (8.87)

The proof of Proposition8.4is thus complete. O
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Corollary 8.6. Let N € IN, ¢,1,...,N,4b € Rsatisfya = ¢ <1 < ... < y = b, let
f € C([a,b],R), let p: [a,b] — [0,00) be a function, assume for all i € {1,2,...,N} that
fli_,,y and pl, . .y are polynomials, for every h € IN let Ly: R3+1 — R satisfy for all =

7i

(91, ey 93h+1) € R3*1 that

Ly(0) = [} (f(x) — 60 — )y Oy max{6jx + 07, 0}) *p(x) dx, (8.88)
for every h € N let Gy: R — R3O satisfy for all 0 € {8 € R3TL: Ly is differentiable
at 0} that Gy(0) = (VLy)(0), let (Q), F,P) be a probability space, for every n,h, K € Ny,
v € R let G)I;n7 Q) — R gpd k{fg : QO — IN be random variables, assume for all h € N,
v € R that @{;’g, K € N, are i.id., assume for all h € IN, v,r € (0,1), 8 € R30+1 that
IP(HG):)g — 0|l <r) > 0,and assume forall n,h € No, K € N, v € R, w € Q) that

Oy 1 (w) = Oy (@) — 75y (O (w)), (8.89)
Ky (w) € argmin, .y, ¢ £y(OF7 (@), (8.89b)

Then
(i) thereexist H: R — Rand g: N — (0, c0) such that
. . . . . Ky
lnfee(O,oo) lnth]Nﬂ[H(e),oo) lnf'ye(O,g(b)] liminfg e ]P(hm sup,, . ‘Cb (G)hﬂ’; ) < E) =1

(8.90)
and

(ii) it holds that
K< Ty
limsupy_, . limsup, \ olimsupy_,, E[limsup, ,,min{Ly(®,"""),1}] = 0.
(8.91)

Proof of Corollary[8.6l Observe that Corollary 2.6l demonstrates that for every h € IN there
exist 8, € R, Ly € R, and an open V; C R3*! which satisfy that

(I) it holds that ¢, € V4,
(I) it holds that Ly(8) = infy,crant1 Ly (3),

(IIT) it holds that Ly|v, € C'(Vj, R), and
(IV) itholds for all 61,60, € V; that || (VL) (601) — (VLy)(62)]| < Lg||61 — 62

Furthermore, note that the fact that forallh € IN, 60 € {8 € R3b+1, Ly is differentiable
at ¢} it holds that
Gn(0) = (VLy)(0) (8.92)



J. Mach. Learn., 1(2):141-246 242

proves that for allh € IN, 6 € Uycrsn+1, 11is open, £, |yect(ur) V' it holds that
Gy(6) = (V.L4)(6). (393)

Combining this, item[(T)} item[(I[)} item item and item|(i)|in Theorem 8.1l (applied
withd n 1,6 ~nl,amnab b (N>a—ps € NN(l,0)) A" (N> a— 2¢€
NN(1,0)), N>a—*€N>) A (N3>ar (d,a,6) € N3, (N> a3, € N) ~
(INS>a— (Ba+1) € N), (N> ar & € (UewRF)) ~ (N 3 a = 8 € (UenRY))
in the notation of Theorem [8.J) establishes items [(i)]and The proof of Corollary B.6lis
thus complete. O
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