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Abstract. In this paper, we derive discrete transparent boundary conditions for a class
of linearized Boussinesq equations. These conditions happen to be non-local in time
and we test numerically their accuracy with a Crank-Nicolson time-discretization on
a staggered grid. We use the derived transparent boundary conditions as interface
conditions in a domain decomposition method, where they become local in time. We
analyze numerically their efficiency thanks to comparisons made with other interface
conditions.
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1 Introduction

Among the main challenges faced in the mathematical framework of coastal engineer-
ing is the study of wave propagation in the nearshore area. One field of research in
this topic makes use of the Boussinesq equations for water of varying depth that de-
scribe the nonlinear propagation of waves in shallow water. The work of Peregrine [1],
Green and Naghdi [2] laid the basis for many Boussinesq-type equations used nowadays.
The dispersion properties of these equations have then been improved by Nwogu [3] for
practical numerical simulation of ocean wave processes from deep to shallow water. In
this paper, we work on the equations derived by Nwogu [3] and that can be recalled as
follows. Consider a three-dimensional wave field with surface elevation η(x,y,t) over
a non-constant water depth h(x,y) and with speed u(x,y,z,t) = (u,v), respectively the
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Figure 1: Definition of the quantities η, h, H, u.

speeds along the x and y axis, defined at a reference depth z= z(x,y). Figure 1 provides
a sketch where we represented these quantities. With τ being the bottom shear stress,
Nwogu [3] obtained (1.1), which consists of a continuity equation and a momentum e-
quation. These equations have been used in a C/Matlab program known as the Boussinesq
Ocean and Surf Zone (BOSZ) model, developed by Roeber and Cheung [4].

ηt+∇·[(h+η)u]+∇·
[(

z2

2
− h2

6

)
h∇(∇·u)+

(
z+

h
2

)
h∇(∇·(hu))

]
=0,

ut+(u·∇)u+g∇η+z
[ z

2
∇(∇·ut)+∇(∇·(hut))

]
+τ=0.

(1.1)

To simplify the framework, we consider in this paper the 1D equations and ignore
the bottom shear stress τ. We also consider a constant flat bottom h= h0. Thus, the total
height H can be recovered by the relation H = h0+η. Then, we perform a linearization
around the equilibrium point (η̄,ū)=(0,ū), with ū∈R, to get{

ηt+ūηx+h0ux+ h̃uxxx =0,
ut+gηx+ūux+ h̄uxxt =0,

(1.2)

to which we now refer as the linearized Boussinesq equations. Here, h̃ and h̄ are constants
defined by
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Using the value z =−0.53753×h0 (see [3]) and h0 = 1, we have that h̄ and h̃ are both
negative. Setting ū = 0, h̃ = 0, h̄ =−ε a small parameter, g = 1 and h0 = 1 leads to the
formulation of the linearized Green-Naghdi equations, for which discrete transparent
boundary conditions have been derived by Kazakova and Noble [5]. In this paper, we
focus on the case where ū= 0 for the sake of simplicity, but the conclusions of Section 3


