
J. Math. Study
doi: 10.4208/jms.v54n2.21.01

Vol. 54, No. 2, pp. 123-141
June 2021

Solutions to the σk-Loewner-Nirenberg Problem on

Annuli are Locally Lipschitz and Not Differentiable

YanYan Li 1 and Luc Nguyen 2,∗

1 Department of Mathematics, Rutgers University, Hill Center, Busch Campus,
110 Frelinghuysen Road, Piscataway, NJ 08854, USA;
2 Mathematical Institute and St Edmund Hall, University of Oxford,
Andrew Wiles Building, Woodstock Road, Oxford OX2 6GG, UK.

Received January 4, 2020; Accepted April 29, 2020;
Published online January 26, 2021.

Dedicated to Professors Sun-Yung Alice Chang and Paul C. Yang on their
70th birthdays

Abstract. We show for k ≥ 2 that the locally Lipschitz viscosity solution to the σk-

Loewner-Nirenberg problem on a given annulus {a< |x|< b} is C
1, 1

k
loc in each of {a<

|x|≤
√

ab} and {
√

ab≤|x|<b} and has a jump in radial derivative across |x|=
√

ab. Fur-

thermore, the solution is not C
1,γ
loc for any γ>

1
k . Optimal regularity for solutions to the

σk-Yamabe problem on annuli with finite constant boundary values is also established.
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1 Introduction

Let Ω be a smooth bounded domain in Rn, n≥3. For a positive C2 function u defined on
an open subset of Rn, let Au denote its conformal Hessian, namely

Au=− 2

n−2
u− n+2

n−2 ∇2u+
2n

(n−2)2
u− 2n

n−2∇u⊗∇u− 2

(n−2)2
u− 2n

n−2 |∇u|2 I, (1.1)

and let λ(−Au) denote the eigenvalues of −Au. Note that Au, considered as a (0,2)

tensor, is the Schouten curvature tensor of the metric u
4

n−2 g̊, where g̊ is the Euclidean
metric.
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For 1≤ k≤n, let σk :Rn →R denote k-th elementary symmetric function

σk(λ)= ∑
i1<...<ik

λi1 ···λik
,

and let Γk denote the cone Γk ={λ=(λ1,. . .,λn) : σ1(λ)>0,··· ,σk(λ)>0}.

In [7, Theorem 1.1], it was shown that the σk-Loewner-Nirenberg problem

σk(λ(−Au))=2−k
( n

k

)

, λ(−Au)∈Γk, u>0 in Ω, (1.2)

u(x)→∞ as dist (x,∂Ω)→0 (1.3)

has a unique continuous viscosity solution u and such u belongs to C0,1
loc(Ω). Furthermore,

u satisfies
lim

d(x,∂Ω)→0
u(x)d(x,∂Ω)−

n−2
2 =C(n,k)∈ (0,∞). (1.4)

Eq. (1.2) is a fully nonlinear elliptic equation of the kind considered by Caffarelli,
Nirenberg and Spruck [3]. We recall the following definition of viscosity solutions which
follows Li [20, Definitions 1.1 and 1.1’] (see also [19]) where viscosity solutions were first
considered in the study of nonlinear Yamabe problems.

Let

Sk :=
{

λ∈Γk

∣

∣σk(λ)≥2−k
( n

k

)}

, (1.5)

Sk :=R
n\
{

λ∈Γk

∣

∣

∣
σk(λ)>2−k

( n
k

)}

. (1.6)

Definition 1.1. Let Ω⊂Rn be an open set and 1≤k≤n. We say that an upper semi-continuous
(a lower semi-continuous) function u :Ω→(0,∞) is a sub-solution (super-solution) to (1.2) in the
viscosity sense, if for any x0∈Ω, ϕ∈C2(Ω) satisfying (u−ϕ)(x0)=0 and u−ϕ≤0 (u−ϕ≥0)
near x0, there holds

λ
(

−Aϕ(x0)
)

∈Sk,
(

λ
(

−Aϕ(x0)
)

∈Sk, respectively
)

.

We say that a positive function u∈C0(Ω) satisfies (1.2) in the viscosity sense if it is both a
sub- and a super-solution to (1.2) in the viscosity sense.

Eq. (1.2) satisfies the following comparison principle, which is a consequence of the
principle of propagation of touching points [23, Theorem 3.2]: If v and w are viscosity
sub-solution and super-solution of (1.2) and if v ≤ w near ∂Ω, then v ≤ w in Ω; see [7,
Proposition 2.2]. The above mentioned uniqueness result for (1.2)-(1.3) is a consequence
of this comparison principle and the boundary estimate (1.4).

In the rest of this introduction, we assume that Ω is an annulus {a < |x|< b} ⊂ Rn

with 0< a<b<∞, unless otherwise stated. C2 radially symmetric solutions to (1.2) were


