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Abstract. Let p,q be odd primes, and let d be an odd square-free integer such that
(pq,d) = 1. We show that slightly degenerate fusion categories of Frobenius-Perron
dimensions 2p2q2d, 2p2q3d and 2p3q3d are group-theoretical.
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1 Introduction

Throughout this paper, we work over an algebraically closed field K of characteristic
zero, K

∗ :=K\{0}, Zr :=Z/r, r∈N. For any semisimple K-linear finite abelian category
C, we use O(C) to denote the set of isomorphism classes of simple objects of C.

Recall that a braided fusion category C is said to be slightly degenerate, if its Müger
center C ′ is braided equivalent to sVec, the category of finite-dimensional super vector
spaces over K; while C is a non-degenerate fusion category if C ′ ∼=Vec, the category of
finite-dimensional vector spaces over K. In [9], the first named author studied slightly
degenerate fusion categories of various Frobenius-Perron dimensions. In particular, for
odd primes p and q, slightly degenerate fusion categories of Frobenius-Perron dimen-
sion 2pmqnd are always integral and solvable [9, Corollary 3.4, Proposition 3.14], where d
is an odd square-free integer such that (pq,d)=1. Moreover, non-degenerate fusion cate-
gories C of Frobenius-Perron dimensions p2q3d and p3q3d are group-theoretical [10], that
is, Z(C) are braided equivalent to Drinfeld centers of certain pointed fusion categories.

Recently, for odd primes p and q, let d be an odd square-free integer such that (pq,d)=
1, it was proved that a slightly degenerate fusion category C of Frobenius-Perron dimen-
sion 2pmqnd always contains a non-degenerate fusion subcategory C(Zd,η) [8, Corollary
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4.7], where C(Zd,η) is a non-degenerate fusion category determined by the metric group
(Zd,η) and η : Zd → K

∗ is a non-degenerate quadratic form. Thus, C ∼= C(Zd,η)⊠D as
braided fusion category by [2, Theorem 3.13], where D is a slightly degenerate fusion
category of Frobenius-Perron dimensions 2pmqn; in particular, it is easy to see that if m≤1
or n≤1 then C is nilpotent and group-theoretical by [1, Theorem 6.10, Corollary 6.8]. In
this paper, we continue to study the structures of slightly degenerate fusion categories
of FP-dimensions 2p2q2, 2p2q3 and 2p3q3, we prove that they are also group-theoretical
fusion categories, see Theorems 3.1, 3.2 and 3.3.

The paper is organized as follows. In Section 2, we recall some basic properties of
fusion categories and braided fusion categories that we use throughout. In Section 3, we
prove our main theorems: Theorems 3.1, 3.2 and 3.3, respectively.

2 Preliminaries

In this section, we will recall some most used results about fusion categories and braided
fusion categories, we refer the readers to [1–5].

Let G be a finite group. A fusion category C=⊕g∈GCg is a G-graded fusion category,
if for any g,h∈G, Cg is a K-linear full abelian subcategories, Cg⊗Ch⊆Cgh and (Cg)∗⊆Cg−1 .
A G-grading of fusion category C=⊕g∈GCg is faithful if Cg 6= 0 for any g∈G. Note that
the trivial component Ce is a fusion subcategory of C, so when the G-grading C=⊕g∈GCg

is faithful, C is also called a G-extension of Ce.
Let Cad be the adjoint fusion subcategory of C, that is, Cad is generated by simple

objects Y such that Y ⊆ X⊗X∗ for some simple object X of C, then C has a faithful UC-
grading with Cad be the trivial component [5, Theorem 3.5], UC is called the universal
grading group of C. Moreover, for any other faithful G-grading of C =⊕g∈GCg, there
exists a surjective group homomorphism φ :UC→G by [5, Corollary 3.7].

Given a fusion category C, there exists a unique ring homomorphism FPdim(-) from
the Grothendieck ring Gr(C) to K [3, Theorem 8.6], which satisfies that FPdim(X)≥1 is
an algebraic integer for any object X ∈O(C). FPdim(X) is called the Frobenius-Perron
dimension of the object X and the Frobenius-Perron dimension of fusion category C is
defined by the following sum

FPdim(C) := ∑
X∈O(C)

FPdim(X)2.

A simple object X∈C is invertible if X⊗X∗=X∗⊗X= I, the unit object, equivalently
FPdim(X) = 1. Recall that a fusion category C is pointed if all simple objects of C are
invertible. Let C be a pointed fusion category, then C is tensor equivalent to the fusion
category Vecω

G of G-graded finite-dimensional vector spaces over K, where O(C) ∼= G
is a finite group, ω ∈Z3(G,K∗) is a 3-cocycle. Given an arbitrary fusion category C, we
denote by Cpt the maximal pointed fusion subcategory of C below, that is, Cpt is the fusion
subcategory generated by invertible objects of C, and G(C) :=O(Cpt).


