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A Note on the Bendixson-Dulac Theorem for
Refracted Systems with Multiple Zones∗
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Abstract This note extends the Bendixson-Dulac theorem to refracted sys-
tems with multiple zones. As an application, we prove that piecewise linear
Duffing-type system has neither crossing limit cycles nor sliding limit cycles
Therefore, it gives a positive answer to the Conjecture of [16].
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1. Introduction

In this paper, we focus on planar piecewise smooth differential system with multiple
zones as follows.

Zi(x, y) =


dx

dt
= Xi(x, y),

dy

dt
= Y i(x, y),

if (x, y) ∈ Si, i = 1, 2, · · · , n. (1.1)

where the phase space S is partitioned into finitely many open sets Si, and in
each of which the system is smooth. We assume that 0 be a regular value of each
functions fi : R2 → R for i = 1, 2, · · · , n − 1 and the discontinuous boundary
Σi = {(x, y)|fi(x, y) = 0} between regions Si and Si+1 to be a codimension-one
switching manifold.

Definition 1.1. Let Zf(p) = 〈Z(p),∇f(p)〉. The discontinuous boundaries Σi, i =
1, 2, · · · , n− 1 can be divided into three open regions:

(i) Crossing region Σci = {p ∈ Σi|Zifi(p)Zi+1fi(p) > 0}, see Figure 1.1;

(ii) Attracting region Σai = {p ∈ Σi|Zifi(p) > 0, Zi+1fi(p) < 0}, see Figure 1.2;

†the corresponding author.
Email address: lism1983@126.com(S. Li), chen hebai@csu.edu.cn(H. Chen),
chenting0715@126.com(T. Chen), wukuilin@126.com(K. Wu)

1School of Mathematics and Statistics, Guangdong University of Finance and
Economics, Guangzhou, Guangdong 510320, China

2School of Mathematics and Statistics, Central South University, Changsha,
Hunan 410083, China

3School of Mathematics, Guizhou University, Guiyang, Guizhou 550025, China
∗The first author was partially supported by the Natural Science Foundation
of Guangdong Province (2019A1515011885). The second author was partially
supported by National Natural Science Foundation of China (No. 11801079).
The third author was partially supported by National Natural Science Foun-
dation of China (No. 11771059). The fourth author was partially supported
by the National Natural Science Foundations of China (No. 11661017).

http://dx.doi.org/10.12150/jnma.2021.275


276 S. Li, H. Chen, T. Chen & K. Wu

1.1 crossing region 1.2 attracting region 1.3 escaping region

Σc Σa Σe

Figure 1. Definition of the vector field on Σi following Filippov’s convention in the crossing, attracting
and escaping regions

(iii) Escaping region Σei = {p ∈ Σi|Zifi(p) < 0, Zi+1fi(p) > 0}, see Figure 1.3.

Note that if q ∈ Σei for Zi, then q ∈ Σai for −Zi. We say that q ∈ Σai
⋃

Σei is a
sliding point. If an isolated periodic orbit of systems (1.1) has sliding points, then
it is called a sliding limit cycle. Otherwise, we call it a crossing limit cycle.

There are several papers [3, 9, 11, 12, 15] consider system (1.1) with two zones,
that is n = 2. For the case n = 3 see [4, 13, 14]. As far as we know, there are few
results about system (1.1) with n > 4 zones, see for instance [16–18].

For planar smooth differential systems there is a very developed qualitative
theory nowadays [7]. This theory is based on several important results, including
Existence and Uniqueness Theorem of solutions, Poincaré-Bnedixson Theorem and
Bendixson-Dulac Theorem among others. Since piecewise smooth differential sys-
tems have become one of the most important frontiers in both Mathematics and
Engineering [1], it is natural to know that if these results are true or false at the
piecewise smooth differential systems scenario. It is not possible to guarantee the u-
niqueness of trajectories in sliding regions. Thus, most of the aforementioned classic
results hold for piecewise smooth differential systems without sliding, see [2, 6, 8].

Definition 1.2. If Zifi(p) = Zi+1fi(p) for any p ∈ Σi and i = 1, 2, · · · , n−1, then
system (1.1) is called refracted system.

It is worth noting that the refracted system has neither attracting region nor
escaping region. There are several papers investigating the dynamics of refracted
system, see for instance [3, 15].

The Bendixson-Dulac theorem is an important tool to investigate the number of
limit cycles for smooth differential systems, see for instance the textbook [7]. This
theorem has been generalized to multiple connected regions, see [5, 10]. Recently,
the authors [6] extended the Bendixson-Dulac theorem to refracted systems with
two zones. Thus, it provides a criterion to find upper bounds for the number of
limit cycles in refracted systems.

2. Statement of the main results

In this paper, we generalized the Bendixson-Dulac Theorem of [6] with two zones
to multiple zones. In order to state our main results, we need to introduce some
notations and definitions.
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