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Dynamics of the Stochastic Chemostat Model with
Monod-Haldane Response Function®

Caibin Zeng!, Binghui Liao! and Jianhua Huang?'

Abstract This paper is devoted to the asymptotic dynamics of stochastic
chemostat model with Monod-Haldane response function. We first prove the
existence of random attractors by means of the conjugacy method and further
construct a general condition for internal structure of the random attractor,
implying extinction of the species even with small noise. Moreover, we show
that the attractors of Wong-Zakai approximations converges to the attractor
of the stochastic chemostat model in an appropriate sense.
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1. Introduction

Chemostat refers to a basic piece of laboratory apparatus used for the continuous
culture of microorganisms. It occupies a central place in mathematical ecology and
has played an important role in many fields [4, 12,16, 22, 30-32, 34]. It can also
model waste water treatment [13,26] or study recombinant problems in genetically
altered microorganisms [17,18]. Derivation and analysis of chemostat models are
well documented in [9,29,33] and references therein.

The classic chemostat model with single species and single limiting substrate
takes the form

%,Et) = (8° = S(t)D — p(S(t))x(t), (1.1)
dflit) = —Dz(t) + p(S(t))z(t), (1.2)

where S(t) and z(t) denote concentrations of the nutrient and the microbial biomass,
respectively; S° denotes the volumetric dilution rate and D is the dilution rate. The
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growth rate of the microbial population is represented by the function p(.S), which
is generally assumed to be non-negative.

However, there are very strong restrictions as the real world is non-autonomous
and stochastic, and this justifies the analysis of stochastic chemostat model. In
general, there exist several alternatives to model randomness and stochasticity. For
example, one can replace the dilution rate D by D + aW(t) and thus the origi-
nal system (1.1)-(1.2) is replaced by the following stochastic differential equations
understood in the It6 sense

dS(t) = [(S° — S(t))D — p(SE))x(t)dt + a(S° — SE)dW (),  (1.3)
da(t) = [—Da(t) + p(S(t)x(t)dt — ax(t)dW (¢), (1.4)

where W (t) is a standard Brownian motion defined in a complete probability space
(Q, F,{Ft}t>0, P), and a > 0 is its intensity. Biologically the model does not seem
completely realistic due to the fact that the substrate S(¢) in the corresponding
stochastic chemostat model (1.3)-(1.4) can take negative. Alternatively, following
the idea in [15,19], one can obtain the stochastic chemostat model

dS(t) = [(8° — S())D — u(S(t))z(t)|dt — aS(t)dW (), (1.5)
dz(t) = [~Da(t) + u(SE))z(t)]dt — ax(t)dW (¢). (1.6)

Recently, the existence of the random attractor associated to the random dynam-
ical system generated by the solution of system (1.3)-(1.4) (or (1.5)-(1.6)) was stud-
ied in [5-7] by using a function Holling type-11, u(S(t)) = mS(t)/(a+S(¢)), where a
is the half-saturation constant and m is the maximal consumption rate of the nutri-
ent and also the maximal specific growth rate of microorganisms. In particular, au-
thors in [6] proved the existence of the global random attractor of system (1.5)-(1.6)
with Holling type-II respond function, and further shown that the internal structure
of the attractor consists of singleton subsets as long as D = D + a?/2 > m, which
means that the microorganisms become extinct. In fact, one can choose «, large
enough, such that D > m (see Figure 2 in [6]). In case D < m, one cannot ensure
the persistence of the microorganism (see Figure 1 in [6]).

As far as we know, no report has been found on the existence of random at-
tractors of stochastic chemostat model under small noise. This fact inspires us to
further explore relevant dynamics of system (1.5)-(1.6) in this respect. Besides,
some experiments and observations indicate that not only insufficient nutrient but
also excessive nutrient may inhibit the growth of a microbial population in the
chemostat [1,3,20]. This situation suggested a non-monotonic response function,
so-called Monod-Haldane function, to model such growth. Thus system (1.5)-(1.6)
becomes the following specified form

as(t) = (8" = S()D ~ — ;”(f)(’ix]%z Gl —as@aw @, )
do(t) = [-Da(t) + — WO waw @), (1.8)

a+S(t) + KS2(t)

where the term K S?(t) describes the inhibitory effect of the substrate at high con-
centrations. By using the well-known conversion between Itd and Stratonovich
senses, we obtain the following stochastic chemostat with Monod-Haldane function

mS(t)x(t)

ds(t) = [-DS(t) - — S(t) + KS2(t)

+ S°Dldt — aS(t) o dW (1), (1.9)
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- mS(t)z(t)
da(t) = [-Da(t) + — S(t) + KS2(t)

Jdt — ax(t) o dW (¢), (1.10)

where D = D + o2 /2.
By the numerical scheme [21], we present the numerical simulation for the small
noise situation, say, « = 0.1. At this point, it follows that

D=2+0.12/2=2.005 < 5 = m.

Then we first display the phase plane (S, z) of the dynamics of our chemostat model,
where the blue dashed lines represent the solutions of the deterministic (i.e., with
a = 0) and the other ones are different realizations for the stochastic chemostat
model (1.9)-(1.10). In addition, we set the parameters S° = 1, D = 2, a = 0.6,
m =5, & = 0.1 and initial conditions Sy = 5, zo = 10, and consider K = 0.1 (the
persistence case) and K = 1 (the extinction case), shown in Figure 1.
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Figure 1. Stochastic chemostat system (1.9)-(1.10) with parameters S°=1,D=2a=06,m=>5,
So =5, 20 =10, a =0.1, K = 0.1 (up) and K =1 (down).

The novelty of this paper is to establish the existence of the random attractor
associated to the random dynamical system generated by the solution to system
(1.9)-(1.10) for both large and small «, which extends and improves some known
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results. In particular, we obtain the extinction conditions
D>m or D<m< (1+2VaK)D,

which extend and improve the results in [5-7]. The (a, K) plane can be used to
display the above inequalities, shown in Figure 2.
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Figure 2. Extinction conditions for system (1.9)-(1.10) with parameters D = 2, a = 0.6, m = 5.

The rest of the paper is organized as follows. In Section 2 we recall some basic
results on random dynamical systems, random attractors, Ornstein-Uhlenbeck (O-
U) process and Wong-Zakai approximation. In Section 3 we prove the existence of
the random attractors of the solutions and its internal structure explicitly. Finally,
in Section 4 we prove the convergence of solutions of Wong-Zakai approximations
and the upper semicontinuity of random attractors of the approximate random
system as the size of approximation approaches zero.

2. Preliminaries

In this section, we recall some basic results [2] on random dynamical systems
(RDSs), random attractors and Ornstein-Uhlenbeck (O-U) process in order to make
our presentation as much self-contained as possible.

2.1. Random dynamical systems

We first recall some basic definitions on random dynamical system (RDS), two
necessary lemmas on random attractors, and refer to the monograph [2] for more
detailed information.

Let (X;|| - ||x) be a separable Banach space.

Definition 2.1. A RDS on X consists of two ingredients: (a) a metric dynamical
system (Q, F,P,{0}icr) where (Q, F,P) is a probability space and the family of
mappings 0; :  —  satisfies

(1) 6p = Idq,

(2) 08 o Ot = 98+t for all S,t S R,

(3) the mapping (¢,w) — 6w is measurable,

(4) the probability measure PP is preserved by 0, i.e., ;P = P,
and (b) a mapping ¢ : [0,00) x Q x X — X which is (B[0,00) x F x B(X), B(X))-
measurable, such that for each w € €,
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(7) the mapping ¢(t,w) : X — X, x — ¢(t,w)x is continuous for every ¢ > 0,
(7) ¢(0,w) is the identity operator on X,
(#i1) o(t + s,w) = (t, Osw)p(s,w) for all s, > 0.

Definition 2.2. Let (2, F,P) be a probability space. A random set K is a mea-
surable subset of X x £ with respect to the product o-algebra B(X) x F. Moreover
K will be said a closed or a compact random set if K(w) = {z: (z,w) € K}, w € ,
is closed or compact for P-almost all w € €, respectively.

Definition 2.3. A bounded random set K(w) C X is said to be tempered with
respect to {0; }ier if for a.e. w € Q,

lim e #*  sup ||z|lx =0, forall 8> 0;
t—o0 zEK(0_w)

a random variable w — r(w) € R is said to be tempered with respect to {6;}+cr if
for a.e. w €,

lim e P'sup [r(f_,w)| =0, for all B > 0;

t—o0 teR
Definition 2.4. A random set B(w) C X is called a random absorbing set in £(X)
if for any E € £(X) and a.e. w € €, there exists Tr(w) > 0 such that

p(t,0_w)E(0_yw) C B(w), for allt > Tg(w).

Definition 2.5. Let {¢(t,w)}i>0weq be an RDS over (Q, F, P, {0}:cr) with state
space X and let A(w)(C X) be a random set. Then A = {A(w)},ecq is called a
global random &-attractor (or pullback E-attractor) for {¢(t, w)}i>0weq if

(7) (compactness) A(w) is a compact set of X for any w € Q,

(#) (invariance) for any w € Q and all ¢ > 0, it holds

Qp(tvw)A(W) = A(etw)ﬂ
(#i7) (attracting property) for any E € £(X) and a.e. w € Q,
tlim distx (¢(t, 0_w)E(6_w), A(w)) =0,
—00

where distx(G,H) = supgcqinfren [|g — h|lx is the Hausdorff semi-metric for
G,HCX.

Lemma 2.1 ( [11,14]). Let B € £(X) be a closed absorbing set for the continuous
RDS {¢(t,w) }i>0,wen that satisfies the asymptotic compactness condition for a.e.
w € Q, i.e., each sequence T, € p(tn,0_t, w)B(0_t,w) has a convergent subsequence
in X when t,, — co. Then ¢ has a unique global random attractor A = {A(w)}wea
with component subsets

A(w) = mTZTB(w)UtZTSO(tna a—th)B(e—tnw)-

Lemma 2.2 ( [8,10]). Let ¢, be an RDS on X. Suppose that the mapping T :
Q x X — X possesses the following properties: for fized w € Q, T (w,-) is a home-
omorphism on X, and for x € X, the mappings T (-,x), T *(-,z) are measurable.
Then the mapping

(t,w, ) = o (t,w)z = T H(Ow, pu(t,w) T (w,z))
is a (conjugated) RDS.
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2.2. Ornstein-Uhlenbeck process

Let W be a two sided Wiener process. Kolmogorov’s theorem [25] ensures that W
has a continuous version, that we will denote by w, whose canonical interpretation
is as follows: let 2 be defined by

Q= {weC(R,R) : w(0) = 0} = Co(R, R),

F the Borel o-algebra on () generated by the compact open topology and P the
corresponding Wiener measure on F. We consider the Wiener shift flow given by

() =w(-+1t) —w(t), teR,

then (92, F,P, {60 }+cr) is a metric dynamical system.
Now we introduce the following Ornstein-Uhlenbeck process on (Q, F, P, {6; }+cr)

0
2" (Qrw) = —/ e*bw(s)ds, teR,weQ,

— 00

which solves the following Langevin equation
dz + zdt = dw(t), teR. (2.1)

Lemma 2.3 ( [2,10]). There exists a 0,-invariant set Q € F of Q of full P measure
such that for w € Q, we have
(i) the random wvariable |z*(w)| is tempered;
(ii) the mapping
0
(t,w) = 2% (bw) = —/ e‘w(t + s)ds + w(t)

— 0o

is a stationary solution of (2.1) with continuous trajectories;
(iii) in addition, for any w € Q:

i F0)| _o.
t—+oo t
1 t
lim f/ 2" (0sw)ds = 0;
t—+oco t 0
1 t
lim f/ |z*(0sw)|ds = E[z"] < o0.
t—too t 0

In what follows we will consider the restriction of the Wiener shift 6 to the set
Q, and we restrict accordingly the metric dynamical system to this set, that is also
a metric dynamical system, see [8]. For simplicity, we will still denote the restricted
metric dynamical system by the old symbols (2, F,P, {6};cr). From now on, we
denote X = {(z,y) e R?: 2 > 0,y > 0}.

2.3. Wong-Zakai approximations for white noise

In this subsection, we first review the well-known Wong-Zakai approximation for
Gaussian white noise [23,24,27,28]. In fact, for each 6 > 0, we define the random
variable G5 : @ — R by

Gs(w) = —w(9).
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Then we have

Gs(010) = 5wl +1) — (1) (22

It was shown that Gs(6:;w) is a stationary stochastic process with a normal distri-
bution, but it is unbounded in ¢ for almost all w. We next recall a useful claim that
Gs(0sw) can be viewed as an approximation of white noise in the Wong-Zakai sense.

Lemma 2.4 ( [24,27]). For each w € Q, 7 € R, T > 0. Then for all ¢ > 0, there
exists a constant 6o = do(€,w,7,T) > 0 such that for 0 < 6 < dg and t € [r,7 + T,
we have

/o Gs(Osw)ds —w(t)| < e.

Next we consider the Wong-Zakai approximation of the Langevin equation (2.1)
Zs + 25 = G5 (Ohw) (2.3)

and present the pointwise convergence between them as follow:

Lemma 2.5 ( [28]). There exists a O;-invariant set Qe F of Q of full P measure

such that for w € Q, we have
(i) the random variable

0
25 (w) :/ eGs(Osw)ds
—o0
exists and |25 (w)| is tempered;

(ii) the mapping

0
(t,w) — 23 (0w) = / ¢*Gs (0o 110)ds

— 00

is a stationary solution of (2.3) with continuous trajectories;
(iii) in addition, for any w € Q:

)]
t—+oo t ’

1 t
lim f/ z5(0sw)ds = 0;
t—+oco t 0

1 t
lim E/ |25 (0sw)|ds = Elz5] < oo;
0

t—too
(iv) in particular, for any w € Q, any 7 € R and T > 0, we have

o (5 (8] — _o. 2.4
51_%”25(91:0-)) 2 (0:0)lorrsyy =0 (24)

3. The existence of random attractors

In this section, we will first transform our stochastic chemostat model (1.9)-(1.10)
into random one by using the Ornstein-Uhlenbeck process. After proving that this
random system possesses a unique nonnegative solution for any initial value, we
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analyze the existence of random attractors associated to the random dynamical
system generated by the solution. By means of the conjugacy, we also prove the
existence of random attractors for original stochastic model.

To do this, we introduce two new variables o and x as follows

Q

—
~+

=
I

S(t)er= (0, (3.1)
z(t)e?® (0r), (3.2)

X
—
~
=
I

For the sake of simplicity, we will rewrite S, x, z*, o, and & instead of S(t), z(t),
2*(6w), o(t), and k(t), respectively. Hence, direct calculation implies that

do _ moke™ "

— =—(D o — S0 De>* 3.3

dt (D +az")o a+oe %"  Kg2e—202" + o (3.3)

dk _ moke %

— =—(D * . 3.4

dt (D+az)r+ a+oe % + Kg2e—20z" (34)
Lemma 3.1. For any w € Q and any initial value uy = (09,k0) € X, where
oo and ko stand for o(0) and k(0) respectively, the system (3.8)-(3.4) possesses
a unique global solution u(-;w,ug) := (o(;w,ug), k(:;w,ug)) € CH([0,00),X) with

u(0;w, ug) = ug. Moreover the solution mapping generates a RDS @, : RT x Q x
X — X defined as oy (t,w)ug = u(t;w,ug) for allt e RY, w € Q, ug € X.

Proof. Obviously, the system (3.3)-(3.4) is rewritten as

do (ma + mKo?e 2% )k

- P * 0 az”
i —(D + az*)o — mk + Tt oc o 4 Kol ar + S"De™* | (3.5)
dr _ . (ma +mKo?e 2% g
i —(D—-—m+az")k — 4+ oe—ar § Kole—2as"" (3.6)
Letting
—(D + az* -m
L(@tw) = ( ) _
0 —(D—m+ az*)
and F : X x Q — R? of form
(ma+mK17fef2D‘z*(“’))

2 0 az™(w)
- =y + 5" De
atnie— oz (w)+KT,2e—2az (w)

F(n,w) = ! !

(matmKnie 22" (),
a_;'_nle—cxz*(w)+K7]f€—2az*(w)

where n = (m1,72) € X, system (3.5)-(3.6) turns into

d

ditt = L(biw)u + F(u,O:w). (3.7)
On the one hand, the operator L generates an evolution system on R? because
t — z*(fw) is continuous. On the other hand, F(-,0,w) € C(X x [0,00); R?) and is
continuously differentiable with respect to the variables (11, 72) since

0 (ma +mKnie 2 ), ~ (mae=**" + mKnie 3 Y,

— |+ Cl=
anl[ CL+’I]1€70‘Z* +K’I’}%672O‘z* + } $((14,77167(J¢z* +Kn%672az*)2




Stochastic chemostat model with Monod-Haldane response function 343

and

O kKR (et K
6,,72 a-+ The—az* + Kn%e—Qaz* a+ nle—az* + Kn%e—Qaz*

where C' is some constant which does not depend on (n;,7,) € X. This further
implies that F(-,0,w) is locally Lipschitz with respect to (n1,72) € X. Therefore,
system (3.7) possesses a unique local solution according to classical results from the
theory of ordinary differential equations.

Next we show that this solution is in fact a global one. To this end, we define
V(t) = o(t) + k(t) and obtain that

% = —(D+ az*)V + 8°De**".

By variation of constants, the corresponding solution is given by
B t _* t * B t _*
V(t) _ V(O)e—(Dt+a o 27 ds) + SOD/ eO? e—(D(t—s)+a Jiz dr)ds (38)
0
which is clearly bounded since D > 0. Moreover, it follows from (3.3) that

d _ .
d—j < —(D +az*)o + S'De** .

By comparison principle and variation of constants, we have
_ t _
U(t) < 0(0)67(Dt+a Jo =" ds) + SOD/ €az*e*(D(tfs)+a fStZ*dr)dS
0

which ensures that o is bounded either. Note that x(t) = V(t) — o(t), thus & is
also bounded since V and ¢ are bounded in both cases. Therefore, the unique local
solution to system (3.7) can be extended to a unique global one.

We now turn to prove that the global solution of (3.7) belongs to the set X’ for
any t € R%. Suppose that if o(t) = 0 for some ¢t = t* € RT, it follows from (3.3)

that
do

dt
In addition, given (og,0) with o¢ > 0, there exists a unique solution of system (3.7)
satisfying o(tg) = o and k(tp) = 0 for some initial time tg > 0. Specifically, this
unique solution is given by

= SDe?*" > 0.
tx

D, t* t * i t_*
J(t) _ J(to)e—(Dt-‘rQ fto 2*ds) + SOD 0% e—(D(tfs)+a Jiz dr)ds’ (3.9)
to

k(t) = 0. (3.10)

For (09, ko) € X, there exists a unique solution (o (¢), k(t)) such that o(0) = o¢ and
k(0) = Ko. If there is some first ¢* > 0 such that x(¢*) = 0, then we obtain that
(o(+), k(+)) is the unique solution of system (3.7) with o(t*) = o* and k(¢*) = 0.
Meanwhile, x(t) > 0 for all 0 < t < t*; however, we already have another solution
(o(t),0) given by (3.9)-(3.10) for all t > t* — € (for any € > 0 small enough) for this
problem, so it leads to a contradiction. As a result, we deduce that for any initial
data ug € X the solution u(t) remains in X.
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Finally, we define the solution mapping ¢, : R x Q@ x X — X of the form
Oult, wug = u(t;w,ug), forallt>0,we Quy e X.

Since the function F' is continuous in (u,t), and is measurable in w, we obtain that
the mapping ¢, is (B[0,00) x F x B(X), B(X))-measure. It then follows that (3.7)
generate the continuous RDS ¢, (¢, w)(-). O

Lemma 3.2. The RDS {¢,(t,w)}i>0,wen has a tempered compact random absord-
ing set B(w) € E(X).

Proof. Notice that o, (t,0_tw)uy = u(t;0_w,up) denotes the solution of the
random chemostat model (3.3)-(3.4), satisfying that w(0;6_w,up) = ug, where
ug = ug(f_1w) € E(f_w). Thus we introduce the following norm

It 0—s)uoll = l[u(t: 0w, 0 (0_10))|
= o(t; 0w, up(0_w)) + k(t; 0_w, up(0_w)).

Noting that V = ¢ 4+ x and replacing w by 6_;w in (3.8), we obtain
o(t; 0w, up(0_w)) + K(t; 0w, up(f—¢w))
_ (0(0) + (0))~ (Pt i+ 0rmseis)
4+ 59D /1t 002" (0a 1) o~ (D(t—s) o [! 2 (0, w)dr) g
0

= (J(O) + /‘E(O))ef(Dt+Oé jft 2" (Osw)ds)

0

t —
+ SOD/ eO‘Z*(Qs—tw)ef(D(tfs}l’a. et z*(ﬂ,.w)dr)ds
0
= (0(0) + #(0))e~ P S2, =7 (6:)ds)
t —
+ SOD/ eD‘Z*(e—rw)e—(D‘r—O—a fE-,— z*(9rw)dr)d7
0

= (0(0) + K(0))e~Dtme S22 (Baw)ds

az*(0_ w)

t _
+ SOD/ eT[_D—Ff_% fET z*(G,,.w)dr]dT-
0

Taking the limits on the previous equation, we further have

lim [o(t; 0w, uo(0_sw)) + K (t; 01w, uo(0_sw))] = S°Dp*(w),

t—o00

where p*(w) is defined by
T D4 a0 (g, w)ar]
= [ oy
0

Moreover, p*(w) has sub-exponential growth due to the fact

az* (0

_pr e Ore) a0 .
U e — R L N R T )

Therefore, for any given £ > 0, there exists T (w,e) > 0 such that

[l[ut; -, uo(0—w))|| — S*Dp*(w)| < &
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for all ug € E(f_w) and t > Tg(w,e). We now define the set

B.(w) :={(0,k) € X : S°Dp*(w) —e < o+ Kk < S°Dp*(w) + ¢},
thus B.(w) € £ is absorbing in X for any € > 0. Hence, the proof of Lemma 3.2 is
complete. 0O

Lemma 3.3. If one of the following conditions holds
(i) D> m,
(1) D <m < (1+2VaK)D.
Then the random attractor associated to the RDS ¢, has the following structure

A={AW)}wea, Aw) = (8"Dp*(w),0).

Proof. According to Lemma 2.1, the RDS ¢, possesses a unique random attractor
given by A = {A(w)}weq C Be(w) for any € > 0. Thus A = {A(w)}wea C Bo(w).
In other word, we have the following expression for each component of our attractor

A(w) := (8°Dp* (w) — k(w), K(w)). (3.11)

Denote by :
m _
9(¢) = et CtEE D,

If (¢) holds, there exists ¢; > 0 such that

(=0 >0.

m( _ —Da— (D—-m){— DK¢?
90 = ST R a+C+ K¢ =a
Then it follows from (3.4) that
dk = * ~ *
W~ (Dt oz )+ (9(0) + DIn < (a1 + a2 (3.12)
If (i7) holds, there exists ca > 0 such that
m — (14 2vaK)D
g(¢) < sup ¢g(¢) = < —cp <0.
= sp o9 1+2vVaK ?
Then it follows from (3.4) that
dk . N — .
i —(D+az")k+ (9(¢) + D)k < (—cg + az™)k. (3.13)

Thus, both solutions to (3.12) and (3.13) tend to zero after replacing w by 6_;w

and making t — oo. Therefore, the internal structure of the attractor in both cases

consists of singleton subsets A(w) = (S°Dp*(w),0). O
We are now in position to present the main result of this section.

Theorem 3.1. If one of the following conditions holds

(i) D >m,

(i1) D <m < (1+2VaK)D.
Then the random attractor associated to the RDS generated by the original system
(1.9)-(1.10) also has the structure composed of singleton subsets.
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Proof. We define a mapping 7 : 2 x X — X and its inverse, respectively, as

T(w,0) = (Ge™ ), (e @)
and ) )
THw, ) = Qe W, e W),
Denote v(t) = (S(t), 2(t)) and using (3.1)-(3.2), we have that v = ue=** (). Since
T is a homeomorphism, thanks to Lemma 2.2 we obtain the following conjugated
RDS
1(0tw Ou(t,w)T (w,v0))
Orw, oy (t, w)ug)
Orw, u(t; w, ug))

Il
2l

implying that ¢, is an RDS for our original stochastic system (1.9)-(1.10).

Then the global random attractor of the random chemostat system (3.3)-(3.4),
A = {A(w)}wea C Bo(w), becomes into A7 = {A7 (w)}ueq C BJ (w), the global
random attractor of the stochastic chemostat system (1.9)-(1.10), where

Bg—(w) = {(87 -’1:) S X . S +x = SODP*((U)G_QZ*(UJ)}.
Thus each component AT(w), w € Q of the attractor can be written as
AT () i= (S'Dp (w)e™o ) — §0=" (@) geo="())

Moreover, we know that the internal structure of the attractor consists of singleton

subsets
AT (w) = (S°Dp*(w)e " ), 0)

as long as condition (i) or (i) holds. O

4. Wong-Zakai approximations and convergency

In this section, we will first approximate the solutions of the stochastic chemostat
model (1.9)-(1.10) by its Wong-Zakai approximation:

dS(s(t) _ mSs t):L‘5 (t)

a P Sa(tg T re TSP T eS0G0w),  (41)
dx;(t) = —Das(t) + aféiigt)ﬁ?) ) —azs (1G5 (Buo), 2

where D = D + o2 /2.

To better compare the relations between the solutions of (1.9)-(1.10) and (4.1)-
(4.2), as we did for (1.9)-(1.10), we introduce a similar transformation for (4.1)-(4.2).
Let

o5(t) = Ss(t)e (0 (4.3)

ks(t) = ws(t)e®s 0ew)
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Similarly, we will rewrite Ss, x5, 2}, 05, and ks instead of Ss(t), zs(t), 25 (6w),
o5(t), and ks(t), respectively. Then we get that

dos — ma(m(;e_o‘Zg 0 .
—=—(D 3 — - - + S"De%%s 4.5
dt ( + az5)0§ a—+ ose Y% + Kcr?e_%‘za + ¢ ( )
dks = m0'5l'i56_0“2g

— = —(D x = —. 4.6
dt ( + 062'6)55 + a + 056_a26 + KU§€_2az5 ( )

We first prove that this random dynamical system possesses a unique nonnega-
tive solution for any initial value.

Lemma 4.1. For any w € Q and any initial value usy := (050, kso) € X, where
os0 and ks stand for o5(0) and ks(0) respectively, the system (4.5)-(4.6) possesses
a unique global solution us(-;w,uso) = (0s(-;w,us0), ks(-;w, us0)) € C([0,00), X)
with us(0;w, usg) = ugo. Moreover the solution mapping generates a RDS @,y :
RT x Q x X — X defined as pu;(t,w)uso = us(t;w,uso) for allt € R, w € Q,
ug € X.

Proof. Obviously, the system (4.5)-(4.6) is rewritten as

dos = (ma +mKoZe 2% )k o .
— = —(D + azf)os — mrs + . - + SYDe%%s 4.7
dt ( 5)9 T aF ose” % + KoZe 2% (4.7)
dks _ (ma +mKoZe 2% ks
— = —(D—m+ az)ks — - - 4.8
dt ( 3)rs a+ose” % 4+ KolZe 2% (48)
Letting
—(D + az -m
La(6yw) = ( 5) )
0 —(D—m+ azy)
and Fs: X x Q — R? of form
(maf$535672a:§£2L)j*2(w) + S0 Dezs (@)
Fa(nw) = | wrme IO e
’ . (ma+mK7]%e—2(’zé(“’))ng
a+nlefazg(w)+Kn%ef2az§(w)
where n = (n1,12) € X, system (4.7)-(4.8) turns into
d’LL5
% = Lg(@tw)%m + Fg(u(;, Gtw). (4.9)

On the one hand, the operator Ls generates an evolution system on R? because
t — 2%(fyw) is continuous. On the other hand, Fs(-,fiw) € C(X x [0,00); R?) and
is continuously differentiable with respect to the variables (11, 72) since

9 n (ma + mKn}e=29% ), ¢ = (mae=°% 4+ mKnie 3% )y
O a+me % + Kne 2% = jF(a+me_°‘Z§ + Knpe 29% )2
and
0 4 (ma + mKn}e 2% ), 0=+ (ma +mKnje20%)

Iy a+me % + Kn?e 20% a+me % + Kn?e 20%



348 C. Zeng, B. Liao & J. Huang

where C' is some constant which does not depend on (n;,7,) € X. This further
implies that Fj(-,0;w) is locally Lipschitz with respect to (11,72) € X. Therefore,
system (4.9) possesses a unique local solution according to classical results from the
theory of ordinary differential equations.

Next we show that this solution is in fact a global one. To this end, we define
Vs(t) = 0s(t) + ks(t) and obtain that

Vs _
dt

By variation of constants, the corresponding solution is given by

—(D 4 az})Vs + S°De?s

B t t * B t _*
V;;(t) _ ‘/5(0)67(Dt+o¢ Jo 5 ds) + SOD/ £0%3 67(D(tfs)+a /! Zédr)ds (41())
0
which is clearly bounded since D > 0. Moreover, it follows from (4.5) that

d _ .
% < —(D + az})os + S°De%

By comparison principle and variation of constants, we have
_ t _
Ug(t) < 05(0)6—(Dt+a fg z5ds) + SOD/ eazge—(D(t—s)—&-a K z;dr)ds
0

which ensures that o5 is bounded either. Note that ks(t) = Vs(t) — o5(t), thus ks
is also bounded since Vs and os are bounded in both cases. Therefore, the unique
local solution to system (4.9) can be extended to a unique global one.

We now turn to prove that the global solution of (4.9) belongs to the set X’ for
any t € R%. Suppose that if o5(t) = 0 for some t = t* € RT, it follows from (4.5)

that
d0'5
dt
In addition, given (os0,0) with 050 > 0, there exists a unique solution of system
(4.9) satisfying o5(to) = 00 and ks(tp) = 0 for some initial time tg > 0. Specifically,
this unique solution is given by

= S%De%% > 0.
tx

D t* ¢ * = t %
Ug(t) _ Ua(to)ef(DH»a fto z5ds) + SOD/ PREEX e_(D(t_SH'O‘fs zédr)dS) (411)
to

ks(t) = 0. (4.12)

For (050, ks0) € X, there exists a unique solution (o4(t), £5(t)) such that o5(0) = oso
and k5(0) = Kso. If there is some first ¢* > 0 such that ks(¢t*) = 0, then we
obtain that (o5(-), ks(+)) is the unique solution of system (4.9) with o5(t*) = o%
and ks(t*) = 0. Meanwhile, x5(t) > 0 for all 0 < ¢ < t*; however, we already have
another solution (os(t),0) given by (4.11)-(4.12) for all ¢ > t* — € (for any € > 0
small enough) for this problem, so it leads to a contradiction. As a result, we deduce
that for any initial data usg € X the solution us(t) remains in X'.
Finally, we define the solution mapping ¢, : R x  x X — X of the form

Ous (B, w)uso := us(t;w, usp), forallt > 0,w € Qusy € X.

Since the function Fs is continuous in (us,t), and is measurable in w, we obtain
that the mapping ¢, is (B[0,00) x F x B(X), B(X))-measure. It then follows that
(4.9) generate the continuous RDS ¢y, (t, w)(+). O
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Lemma 4.2. The RDS {¢y, (t,w) }1>0wen has a tempered compact random absord-
ing set B(w) € E(X).

Proof. Notice that o, (t,0_tw)uso = us(t; 0_iw, uso) denotes the solution of the
random chemostat model (4.5)-(4.6), satisfying that us(0;0_w, uso) = uso, where
uso = ugo(f_w) € E(f_w). Thus we introduce the following norm

[[Pus (£, 0—tw)usoll = [lus(t; 01w, uso(6—cw))|l
= 05(t; 0_sw, uso(0—1w)) + ks (t; 01w, uso(O_tw)).

Noting that V5 = 05 + £s and replacing w by _;w in (4.10), we obtain

o5(t; 0w, uso(0—1w)) + ks (t; 01w, uso(0—1w))
= (05(0) =+ ,{6(0))67([_%4»@ fot 25 (05—rw)ds)

+5°D /t 0075 (0s—1w) ;= (D(t—s)+a [ 25 (6r—ew)dr) 1
= (05(0) + 15(0))e~ Prre 2, =5 (6ow)ds)
+S°D /t 0075 (05 —1w) o= (D(t=s)+a [, 5 (Brw)dr) g
= (05(0) +0,€5(0))6—(Dt+a IO, 25 (0.w)ds)
+5°D /t 075 (0—rw) o= (Drta [2 25 (0rw)dr) 7
0
= (05(0) + rs(0))e™ Dt J2 55 Ou)ds

t *
S ezi0_rw) 4 .
—i—SOD/ TP+ =2 2 2 (Brw)dr] g
0

Taking the limits on the previous equation, we further have

tli}r(r)lo[a(;(t; 0_+w, uso(0—1w)) + Ks(t; 0w, uso(0—1w))] = SODpE (w),
where p}(w) is defined by

* > T[—D—"-M—QIO 25 (0,w)dr]
p5(w) = e - )z Zs O dr.
0

Moreover, p;(w) has sub-exponential growth due to the fact

D) o o ,
TP+ ——= JZ2 2 0d] g i s oo

Therefore, for any given € > 0, there exists Tg(w,e,0) > 0 such that
s (158,030 (8| — S D3 ()] < 2
for all usg € E(0_sw) and t > Tr(w,&,d). We now define the set
B.(w) := {(05,k5) € X : S°Dp}(w) — e < 05 + ks < S°Dpi(w) + ¢},

thus B.(w) € & is absorbing in X for any € > 0. Hence, the proof of Lemma 4.2 is
complete. m
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Lemma 4.3. If one of the following conditions holds
(i) D >m,
(1) D <m < (1+2VaK)D.
Then the random attractor associated to the RDS @, has the following structure

As = {As(W)}wen,  As(w) = (S°Dpj(w), 0).

Proof. According to Lemma 2.1, the RDS ¢,,; possesses a unique random attrac-
tor given by As = {As(w)}wea C Be(w) for any € > 0. Thus As = {As(w)}wea C
By(w). In other word, we have the following expression for each component of our
attractor

A5(w) = (S°Dpi(w) — ris W), Ks(w)): (4.13)

Denote by
__om
9(0 = m -D,

If (¢) holds, there exists ¢; > 0 such that

(=o0e %% > 0.

Then it follows from (4.6) that

dks _ _

o= —(D + az5)ks + (9(¢) + D)ks < (—c1 + az§)ks. (4.14)
If (i) holds, there exists ¢z > 0 such that

m — (1+2VaK)D
9(0) < C:(téio)g(@ = 1(:2\/\:;) < -2 <0.

Then it follows from (4.6) that

drs _ _

= = —(D + az5)ks + (9(¢) + D)ks < (—c2 + az§)ks. (4.15)

Thus, both solutions to (4.14) and (4.15) tend to zero after replacing w by 6_;w
and making ¢t — oo. Therefore, the internal structure of the attractor in both cases
consists of singleton subsets As(w) = (S°Dp}(w),0). O
Theorem 4.1. If one of the following conditions holds

(i) D >m,

(il) D <m < (1+2VaK)D.
Then the random attractor associated to the RDS generated by the system (4.1)-
(4.2) also has the structure composed of singleton subsets.

Proof. We define a mapping 75 : Q2 x X — X and its inverse, respectively, as
To(w,¢) = (Gre®* ), Get= )

and
Ty Hw,¢) = (Cre™ %5 @) ez (@),
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Denote vs(t) = (Ss(t),xs(t)) and using (4.3)-(4.4), we have that vs = uge™*% (),
Since 75 is a homeomorphism, thanks to Lemma 2.2 we obtain the following conju-
gated RDS

o5 (t,w)vs0 = Ts (0w, Pu, (8, ) T (w, v50))
= T3 (0w, Pus (t, w)uso)
= ’7:5_1(9,5w, ugs(t; w, us0))
= vs(t; w, vs0)
implying that ¢,, is an RDS for system (4.1)-(4.2).
Then the global random attractor of the system (4.5)-(4.6), As = {As(w)}wea C

By(w), becomes into As7® = {As7° (w) }wea C Bg_a (w), the global random attractor
of the stochastic chemostat system (4.1)-(4.2), where

Bg—‘s (w) :={(Ss5,25) € X : S5+ x5 = SODp§(w)e*°‘Z;(“’)}.
Thus each component As’? (w), w € Q of the attractor can be written as
ASTS (UJ) — (SODPE(w)e—az:{(w) _ Se—az;(w)’se—azg(w)).

Moreover, we know that the internal structure of the attractor consists of singleton

subsets
A5 (w) 1= (S°Dpsw)e ), 0)

as long as condition (¢) or (44) holds. O
We finally present the upper semicontinuity of random attractors as 6 — 0.

Theorem 4.2. If one of the following conditions holds
(i) D >m,
(1) D <m < (1+2VaK)D.

Then for any w € Q, we have

lim distx (As7°, A7) = 0. (4.16)
6—0
Proof. We first need to prove the following equation holds
Tim () = p* (). (4.17)
—0

Let T > 0 be large enough such that

T
/ Gs(0,w)ds < c,

where 0 < ¢ < D. For convenience, we define

S azi(0_w) 0
* _ T[-D+———T— 2 25 (0rw)dr
pi(r,w) =e ( = J2, 25 (0rw) ]’
_azt(0_,w)

D+

=

pH(rw) = el —2 2, 2" Brwydr]

Then

T %)
Pi(w) = / 3 (r,w)dr -+ / (7, w)dr,
0

T
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o) = | (e |

T

For fOT wi (T, w)dr, it follows from (2.4) that z3(6,w) — z*(6;w) uniformly on [0, T
and [—T,0] as § — 0, therefore p}(¢t,w) — p*(¢,w) uniformly on [0,T] as 6 — 0.
Then

T T
—0 0 0
For [, i (r, w)dr,
1 (ryw) = DTG e [0 5 Gy

_ 67[7D+%(z; (G_Tw)fng z5 (0rw)dr)]

— TP (5 (@)= [, Gs(Orw)dr)]

< TP+ (2L Ga(B,w)dr)]

-D
< er=Pre,

then f;o pi(T,w)dr < co. By Lebesgue dominated convergence theorem, we obtain

oo oo

lim ug(ﬂw)dT:/ w*(r,w)dr, (4.19)
0—0 Jp T

together with (4.18) we get (4.17). Then through (2.4) and (4.17), we complete the
proof. [
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