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The Formats of Julia Sets for Complex Dynamic
Systems
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Abstract In this paper, the formats of Julia sets for a class of nonlinear
complex dynamic systems with variable coefficients were studied under certain
conditions. For the complex dynamic systems in piecewise cases, we proposed
some methods to control the forms of their Julia sets and stable domains
analytically. What’s more, we illustrated that our methods worked well by
computational simulations. Our work provides a better understanding about
how to control the Julia sets of certain complex dynamic systems.
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1. Introduction

People began to learn the complex dynamic systems during World War I. Inspired
by the method of Newton iterative operations and the ultimate sets of Mobius trans-
form group, French mathematicians P. Fatou and G. Julia found some interesting
results on Riemman sphere [8,12]. From 1918 to 1920, they applied the new theories
of normal train ( such as Montel theorem ) on dynamic systems to prove a series
of valuable results, which completing the fundamental work of complex dynamic
systems, defined the famous fractal set-Julia set, and forming the classical Fatou-
Julia theory. The Mandelbrot set [13] is highly related to the Julia set, which was
defined in 1980 by Benoit B. Mandelbrot. It is the result of iterating the dynamic
systems. Though the systems and the iterative operations are simple, the shapes
and the fine structures of the results are shocking.

At present, the research of complex dynamic systems is still the focus, involving
its qualitative theory [27] and the control of bounded domains for the fractal sets
[26,28]. In addition, it provides novel methods for studying all kinds of complex
shapes and structures in the nature. So it is widely applied in astronomy [6, 24],
geography [16,18,19,23], physics [3,10,20,22], chemistry [5,11], biology [1,9,15,17],
materials [2,14,21,25], sociology [4] and so on.

In particular, lots of problems involve the stability of systems in engineering and
technology. The stability of systems relate to their stable domains, or the shapes
and sizes of the stable areas. Julia sets and Mandelbrot sets can describe the the
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shapes of the stable fields for the systems. Here, we give the definition of the formats
of complex dynamic systems and introduce Julia set as follows.

Definition 1.1. For the nonlinear time delay complex dynamic system:

Zn4+1 = f(anacnaznyzn—k) 5 (11>

where a,, and ¢, are known sequences of complex numbers, k is a quantity of time
delay and a nonnegative integer. The formats of complex dynamic systems are the
process which makes the stable domain of system (1.1) to achieve some enacted
aims by adjusting a,, ¢, and k.

Especially, when analyzing system (1.1) through the definition of Julia sets, the
stable domains are the formats of Julia set of system (1.1).

For (1.1), let C is a set of all complex numbers, and we call 9(C) the boundary
of C. The definition of Julia sets is as follows [7].

Definition 1.2. For complex polynomial f, let
K(f)y={zeC:fFz) »o0, k—=00},
J(f) 2 0(K(f)). We call J(f) the Julia set of system (1.1).

In this paper, firstly, we will study the formats of Julia sets for above system in
general conditions. Then we analyze the formats of Julia sets of special conditions
of the system above, which are generated through modifying the complex sequences
an and c,. At last, we study the formats of Julia sets for the system above in the
piecewise cases. We will illustrate our results through simulations.

For (1.1), we consider that

FO) =a(z+b)? —c.
For the complex dynamic system:
Zna1 = an(2n + ) — Cny1 (1.2)
it becomes to the well-known classical system
Znpl = 2 + €, (1.3)

when a, =1, ¢, = 0and ¢,4+1 = —c¢, which was used to study its Julia set originally.

Setting ¢ = —0.5(1 + @), the Julia set of system (1.3) has the form showed in
Figure 1.

We can see that this form of the Julia set of system (1.3) is irregular, which
implies that its stable domain is also irregular. What’s more, we should note that
system (1.3) is a special form of system (1.2).

For achieving certain requirements of stability for the systems, we need to obtain
the regular domains of their Julia sets. As a result, we will focus on studying the
regular formats of Julia sets for system (1.2) in this article.

2. The formats of Julia sets for system (1.2)

We will focus on the formats of Julia sets for system (1.2). Here we use the symbol
J(1.2) to denote the Julia sets of system (1.2).
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Figure 1. The Julia set of system (1.3) when ¢ = —0.5(1 + 4).

Theorem 2.1. For the complex dynamic system (1.2), assume that ||a,|| < a and
llenl] < ¢ for ¥n, then z, will be bounded when ||zo+co|| < L in the case of n — oo,
and

SHN
—

J1.2)=0{ z0:||zo+col| <7, 7>
Proof. For system (1.2), we note that

Zn = an,1(2n71 + Cnfl)2 —Cn ,
Zn—1 = an—2(2n—2 + Cn—2)2 —Cn—1 ,

21 = ap(zo0 +co)? —c1 .

Through iterating in sequence, we obtain

Zn+1 = an[an—l(zn—l + cn—1)2 —Cn + cn]2 — Cn+1
= ana2_1(2n-1+cn-1)* — cnt1
= a,a2_i[an—o(zn—2+cn2)® — o1 +ca1]* — cnt1

2 4 8
= anG;, 10y o(Zn—2 + n2)” — Cnp1

= anai_l e a?nflagn (20 + 60)2n+1 — Cpil -
Then we have
Izl = llana? a3 ad" (20 + c0)®"" = conl]
< lanll - llan—al? - llaal*" - [laol " - llz0 + col ™ + llenll -

For ||ay|| < a and ||c,|| < ¢ for ¥n, we have

[lznsall < a~a2-a4...a2"*1 ca?" ||Zo—|—co\|2n+1 +c
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— a(2°+21+~»-+2"—1+2") 2o + Co||2n+1 T

1—2on+tl gn+t1
=a -2 -||z0 + col] +c
_ a2n+1_1 . ||ZO+COI|2H+1 +c

ntl_
= ||z0 + col| - (allz0 + col])* ' +c

According to the proof above, we obtain that |[z,,41]| < 2 + ¢ when n — oo and
||z0 + col| < 1, therefore 2, is bounded. So ||z, || is bounded for ||z + co|| < r when
n — oo, and r > %

From definition 1.2, the Julia set of system (1.2) is the boundary of all the zg
which satisfies ||zg + co|| < r. As a result,

1
J1.2)=0{ 2z : ||z0 + col| <, 7“25}.

This implies that it is a circle with the center of —c¢y and the radius of some
value equal to or greater than <. 0O

Remark 2.1. According to the appearance of a in the proof above, we can make
sure that z, is bounded in the case of n — oo if we choose ||zg + ¢o| < %

Example 2.1. In system (1.2), let ¢,, =0 for Vn, ag = 4 and a,, =1 when n > 1.
Then it becomes to
422 n=0;
Zn+1 = (21)

22, n>1.

Note that ||a,|| < |lao|| = 4 and ¢, = 0 for Vn, from theorem 2.1, we have

J21)=0{z: ||z <r, r>-1.

A~ =

This implies that its Julia set is a circle with the center of —cy = 0 and the radius
of some value equal to or greater than i.
We can proof it from the following analysis. Note that
n—1 on on+tl
Zp4+1 = anai—l T a% a(2) Zg

o omn 211,+1
= 4" 25

= (423)271 ;
then
znsall = (4]|20]1%)%" .

So in the case of n — o0, 2,41 is bounded if and only if 4||z0]|> < 1. It implies
[|zn]| is bounded if and only if ||zg]| < 0.5. According to definition 1.2, its Julia set
is the boundary of [|z]| < 0.5. This means that its Julia set is a circle with the
center of origin and the radius of 0.5, which satisfies the theorem 2.1. Its Julia set
is demonstrated in Figure 2.

We can see that the result of the simulation matches the theorem 2.1 well from
above figure.
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Figure 2. The Julia set of system (2.1).
Example 2.2. In system (1.2), let a,, = m + Q(T\/EI)Z and ¢, = —ﬁ + n%_gz
for Vn, then it leads to

1 V3 2 3 2

wn = ooy T aman e T Cn e T a
2 3
(= i) . 2.2
Coroe Tais) (22)
Because ||an|| < |lao|] =1 and ||cn|| < ||co|| = 2.5 for Vn, according to theorem 2.1,

we have
J22)=0{z:|lz0—2+156|<r, r>1}.

This implies that its Julia set is a circle with the center of —cy = 2 — 1.57 and the
radius of 1. Its Julia set is demonstrated in Figure 3.

We can see that the result of the simulation matches theorem 2.1 well from
Figure 3.

3. The formats of Julia sets for system (1.2) when
a, is a constant

For system (1.2), let a,, = ag # 0, then it becomes to the following system

Zni1 = a0(2n + n)? — Cpy1 - (3.1)

We will analyze the formats of Julia sets for system (3.1).

Theorem 3.1. For the complex dynamic system (3.1), assume that ||c,|| < ¢ for
Vn, then z, is bounded if and only if ||z0 + col| < in the case of n — oo.
Moreover,

1
laoll

1
JB1)=0{ 2 :|lzo+col| < 77 }-
[laol|
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Figure 3. The Julia set of system (2.2).

Proof. According to the proof of theorem 3.1, we have

n+
Zn+1 = (20 + co)[ao(z0 + Co)]2 T Cn+1

+1_
[lzn1]] < l1z0 + col [(llaol| - [170 + col)* " + [lensa] -

Because ||c,|| < ¢ for Vn, we have

ontl_g

[Zn+1]] < [lz0 + coll(|laol| - |[20 + col) +ec

Then ||zp41]| < HTloH + ¢ if and only if ||ag|| - ||z0 + ¢o|| < 1 in the case of n — co.
This implies z, is bounded if and only if ||zg + ¢o|| < m in the case of n — oco.
From definition 1.2, we have

1
JB1) =0{z: |20 +col| <+— },
[laol|

which means the Julia set of system (3.1) is a circle with the center of —cy and the

radius of . O
[laol|
Example 3.1. In system (3.1), let a,, = 2é and ¢, = — Oﬁiﬁi for Vn, then it becomes
to
. 0.54+i., 05+1
nt1 = 2i(z, — . 3.2
ner = 2ilzn = 4 2 (32)

Because ||c,|| < ||co|| = V1.25 for Vn, from theorem 3.1, we have
JB2)=0{ z0:||z0—0.5—14]| <0.5 }.

This means that its Julia set is a circle with the center of —cg = 0.5 + ¢ and the
radius of m = 0.5. Its Julia set is illustrated in figure 4.
We can see that the result of the simulation matches theorem 3.1 well from the

Figure 4.
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Figure 4. The Julia set of system (3.2).

Remark 3.1. The reason of studying the particular case of system (1.2) is that,
from system (3.1) and theorem 3.1, we can construct a specific system that its Julia
set is a circle with the center and the radius of any given value on the complex
plane.

We will use the following example to illustrate it.

Example 3.2. Finding out a system that its Julia set is a circle with the center of
5+ 64/2i and the radius of 10 on the complex plane.

From theorem 3.1, the system we want is one of specific cases of system (3.1). It
requires ¢, is bounded, ¢y = —5 — 61/2i and - = 10 in system (6). So a specific

[[aoll
case of system (6) which satisfies these three conditions is just the system we need.

Let ¢, = ¢y = —5 — 6/2i and ag = 0.1, system (3.1) becomes to the specific case
Zng1 = 0.1(z, — 5 — 6v/20)2 +5 + 6v/2i .
It is one case of the system we want.
For system (3.1), let ¢, = ¢, it becomes to a special system
Zni1 = ao(zn +c0)? —co (3.3)

From theorem 3.1, we have the following corollary.

Corollary 3.1. For the complex dynamic system (3.3), z, is bounded in the case
of n — oo if and only if ||zo + co]| < 10 . What’s more,

[laoll

1
JB33)=0{ 20 :|lzo+col| < 77 }-
[laol|
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4. The formats of Julia sets of piecewise cases for
system (1.2)
In this section, we will study the formats of Julia sets of piecewise cases for system
(1.2):
aln(zn + Cln)2 — C1(n+1) ¢ ||ZO + C|| <T1;

azn(2n + C2n)? — Cogmi1y T <20 + || <72
Zntl =

asn(zn + csn)2 - Cs(n+1) : Ts S ||ZO + CH .
Firstly, we give the following theorem.

Theorem 4.1. For the complex dynamic system (1.2), assume that 0 < o' <
llan|| < a and ||cu|| < ¢ for Vn, then z, is bounded when ||zo + col| < L in the
case of n — oo. Moreover,

J(1.2) =0{ 20 : ||z0 + col| <7

IS

1
§T§?}~

Proof. We have proved that z, was bounded when ||zg 4 co|| < 2 in the case of
n — oo and r > 1 . Here, we deal with r < 1
According to the proof of theorem 2.1,

-1 +1
zns1ll = llana_y---a} ad (20 +c0)* —cnsall s
we have
n—1 n nt1
znstll > lanll - Nlan—1l* - [laal > - llaoll®" - [l20 + col P — llensall -

Because ||an|| > @’ > 0 and [|c,|| < ¢ for Vn, we can get

lentall 2 @ (@) (@) (@) (@) o + ol =
= (@) EHHAT g2
= (@) a0t el e
- (a/)zwlﬂ |20 + Co||2n+1 —c
= ||20 + col| - (d/||20 + ol ¥ Tt —c.

Then we have that ||2,41]| = & — ¢ when a'[|20 + ¢o|| < 1 in the case of n — oo,
This implies that z, may be bounded only when [|2g + co|| < & in the case of
n — oo. As a result, ||z, || is bounded when n — oo if ||zo + co|| < 7 and r < L.

From definition 1.2, the Julia set of system (1.2) is the boundary of all the zg
which satisfies ||z + ¢o|| < r. According to theorem 2.1 and the proof above, we
have

Q|

1
l

J(1.2) =0{ z0 : ||z0 + col| < 7y S <

}.

This means that it is a circle with the center of —cy and the radius of some value
between % and i O

Remark 4.1. According to the appearance of a’ in the proof above, we can make
sure that z, is bounded in the case of n — oo if we choose ||z + co|| < 4.



Julia sets for complex dynamic systems 451

4.1. The cases that Julia sets are concentric circles

Let system (1.2) be the following system

ey = ain(zn + c1n)? — cignyry © |20+ ¢l < a; (4.1)
aon(Zn + c2n)? — Comy1) : |20+ ¢l > a.

In system (4.1), a1pn, @2n, Cin,Con, c€C # P, and a >0, n=0,1,2,---.
Theorem 4.2. If piecewise system (4.1) satisfies the following conditions

1. 0 < af <llawn]| < a1 and 0 < af < ||az,|| < a2 for Vn;

2. leinl] < 1 and ||eanl] < o for Vn;

3. c10p =c20 = ¢y

4. ai,l <a< g,
we define it as system (4.1.1). Then the Julia set of system (4.1.1) is
J(4.1.1)=0{z0:||z0+c|| <71, ailgrlg al’l }U@{zoza < ||zo+cl|| <ra, a%g o< i +.

Proof. For system (4.1.1), according to theorem 4.1, we can obtain the conclusion
immediately. O
It implies that its Julia set is 3 concentric circles with the center of —c and the

. . 1 11 1
radiuses of r1, a and ro respectively, where << o as <ry < ar

Example 4.1. In system (4.1), let a1, = V3 + #—1’ cin = 1+ n%_l, Aoy =

%4_4(7%)7 02n:%+1+i, c=1+1and a =1, we have

= 4 VBl O )P = (U)o + (L0l <1
C2+ 1250l + G+ 0P - (G i) o+ (4] >1.
(4.2)
Because
1. 0 < V3 < ||awn]| < [lato]| =2 and 0 < ¥2 < [Jag,|| < ||aso|| = 3 for Vn;
2. |lewnl| < lleroll = V2 and |[ezn|| < [leaol| = V2 for ¥n;

3. ClOZCQQ=C=1+i;

_ 1 _ V3 1 _ 1 1
4. a=1 = _2,soa,1<a<a27

’oal 3 as

by theorem 4.2, we have

J(42) = 8{ 20 : HZ()“F (1+Z)|| <ry, 05<r < ? }

U(’?{zO:lSHzo—i—(l—i—i)HSrQ, 2<ry <2vV2}.

This implies that the Julia set of system (4.2) is 3 concentric circles with the center
of —c = —1 — 4 and the radiuses of r1, 1 and ro respectively, where 0.5 < r; < 73,
2 < ry < 2¢/2. Tts Julia set is demonstrated in Figure 5.

We can see that the simulation matches theorem 4.2 well from the Figure 5.
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Figure 5. The Julia set of system (4.2).

For system (4.1), let a1, = a1 # 0, ag, = ag # 0, and ¢1,, = c2, = ¢, it becomes
to a special system

ai(zn+c)2—c: |lzo+c|| <a;
Zni1 = " (4.3)
az(zn +¢)? —c: |lzo+c||>a.

From theorem 4.2, we can obtain the following corollary directly.

Corollary 4.1. For the complex dynamic system (11), when ” <a< ”a . we
have

1
J(4.3) =0{ 20 : \|20+C||_|| HJof = a<||Zo+C||_|| I

This implies that its Julia set is 8 concentric circles with the center of —c and the
radiuses of m, a and m respectively.

4.2. The cases that Julia sets are non-concentric circles

Theorem 4.3. If the piecewise system (4.1) satisfies the following conditions

1. 0 < df <llawn]| < a1 and 0 < afy < ||az,|| < a2 for Vn;
2. |leinl] < 1 and ||ean|| < c2 for Vn;

3. ||CIO _C|| S a — % and ||620 —C|| Z a -+ i7

we define it as system (4.1.2). Then the Julia set of system (4.1.2) is

1 1 1 1
J(4.1.2)=0{z0:||z0+c10|| <71, aTS ry < ;3} Ua{Zo ||z0+c20l < 72, a:ﬁrz S@
Proof. For system (4.1.2), according to theorem 4.1, we can obtain the conclusion
directly. O
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In addition, from the third condition of theorem 4.3, we have

l[c10 — e20l| = [le10 — ¢+ ¢ — cao|
= [|(c = ¢20) — (¢ = c10)||
> ||e = caol| = [le = c10]|
1 1
> Y (g — —
_(a+a,2) (a a’1>
11
ay ah
>ry+ry.

As a result, its Julia set is two circles that one with the center of —cig and

the radius of ry while another with the center of —cog and the radius of ro, where
1 11

L <prm <4 L <y < L What's more, These two circles are away from
ai ay’ a2 ay ’

each other when [|c19 — ¢a0l| > 71 + 72, and they are externally tangent when
lci0 — c20]| = 71 + 72

i 3

i _ 3i —
2(n+1) C1n T 2 7 () 920 T
1+ T‘L/Ei, Con = —ﬁ + %, ¢=1.5—1.5¢ and a = 1.5, then it leads to

Example 4.2. In system (4.1), let a1, = @ +

(24 sy ot B =02y 12— B i) s ll20+(1.5—1.50) || < 1.5; »

(1 225 o+ (g + 12— (— sy + 2) 20+ (1.5-1.50)|| > 1.5

Zn+1=

Following the conditions

1. 0< § < |la1n]| < |lao]] =1 and 0 < 1 < ||ag,|| < [|ago]| = 2 for Vn;

2. [Jetnl] < llesoll = 232 and [leanl| < [lezol| = 1 for ¥n;

3. a=1.5, ai, = 2‘3@, ai/ =1, ¢19p=1.5—1.5i, cyo = —0.6+0.8i, ¢ = 1.5—1.5¢,
1 2
so |lcio —¢|| < a— ai, and ||cog — || > a + ai”
1 2

applying theorem 4.3, we have

2v3
J@44)=0{z0:||]z0+15—-1.56|<r, 1<r < T\[ }

LJof 20 : 120 — 0.6+ 0.8i[| <7p, 0.5<7a <1} .

Note that

1 1
||0107620|| > — Jr*, >ry4rg.
a al
The Julia set of system (4.4) is two circles away from each other, one with the
center of —c19 = —1.5 + 1.5¢ and the radius of r; while another with the center of
—c99 = 0.6 — 0.8¢ and the radius of ro, where 1 < ry < %, 0.5 <ryg < 1. Its Julia
set is demonstrated in Figure 6.
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Figure 6. The Julia set of system (4.4).

4.3. The cases that Julia sets are not circles
Theorem 4.4. If piecewise system (4.1) satisfies the following conditions

1. 0 < df <lawn]l < a1 and 0 < aby < ||agn|| < a2 for ¥n;
2. leinll < e and ||eanl| < e for Vn;

3. ||lcro —c|| = a+ i and a + é > ||e20 — |5

az

b lleso—cll > a= 2 >0 0r e —cll > & — 020,
we define it as system (4.1.8). Then the Julia set of system (4.1.3) is

1 1
j(413) :8( { 20 : ||Zo+CQQH <rg, — <1y < — }
a9 Ay

1 1
—{ 20 : ||z0 + 20| < 72, a—2§7“2§a—,2 }ﬂ{ 20 |70+l <al}).

Proof. For system (4.1.3), according to theorem 4.1, we can obtain the conclusion
directly. O

It implies that its Julia set is formed by two intersected circles, one with the
center of —cyg and the radius of ro while another with the center of —¢ and the

radius of a, where {712 <rp<
2

Example 4.3. In system (4.1), let aj, = 10 + 1% ¢, = nl—fl, Qon = %4—

n+17
%7 Cop = —2 — n%:l’ ¢=—2—3iand a = 1, then it leads to
) 0 ) (e ) - lo—2-3ill <15 o
n+1 — . . . .
G+ 7B + (-2 = ZDP2 - (—2- 25) ] —2 -3l > 1,

For system (4.5) satisfies all the conditions of theorem 4.4, we have

J@5)=0({z:lt0—2—2i|]| <73, 1<rg <2}
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~{ 20 lloo—2=2i|| <ry, 1<y <2} 20:ll20—2-3il[<1}).

It implies the Julia set of system (4.5), the boundary with the shape of crescent
moon, is formed by the circle with the center of —cog = 2 4+ 2¢ and the radius of 79
removing the intersecting part of it and the circle with the center of —c¢ = 2 + 3¢
and the radius of 1, where 1 < ry < 2. Its Julia set is demonstrated in Figure 7 by
the boundary of the shadow region.

Figure 7. The Julia set of system (4.5).

Example 4.4. In system (4.1), let a1, = n%_l + 4i, c1p, = nng?)’ asp, = g +

50255, can = iy — i, ¢= 05— 0.5 and a = 1.5, it becomes to

e = (nTl + 44) (2 n?;'s)2 — n?;'4 : [|z0 + 0.5 — 0.5i]| < 1.5 ; (46)
(2 + 5025 en + (A — 12— (5 — )+ |20 + 0.5 — 0.5i]| > 1.5 .

For system (4.6) satisfies all the conditions of theorem 4.4, we have
T@6) =0({ 70 llzo+1—il| <ra 1< <V}
—{20:[|z0+1 —ill <oy 1< 72 < V2 3 {20:]120+0.5 — 0.5i]| < 1.5 } ),

It implies the Julia set of system (4.6), the boundary with the shape of crescent
moon, is formed by the circle with the center of —cy9 = —1 + ¢ and the radius of 79
removing the intersecting part of it and the circle with the center of —c = —0.540.5¢
and the radius of 1.5, where 1 < 7y < V2. Tts Julia set is demonstrated in Figure 8
by the boundary of the shadow region.

12 1
n+1’ Cin = 3330 @20 = 34 +
\/??i, Con :2+%, c¢=1+2i and a = 1, then it leads to

Example 4.5. In system (4.1), let a1, = 8 +

B+ 25)(zn + 755)° — 5 |20 + 1+ 2i|| < 1; )

Zn41 = \fz
(3(n+1) + )[ (2 + (n+1))] (2 + 5(n+2 ) ||ZO +1+ 21” >1.
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Figure 8. The Julia set of system (4.6).

For system (4.7) satisfies all the conditions of theorem 4.4, we have

T4.7)=0({20:||20+2+18i]| <ry, 1.5<1 <V3}
—{ 20t [|20+2+1.8i|| < 7o, 1.5 <1a < VB Y[ { 201 |l2o+1+2i[|<1} ),

It implies the Julia set of system (15), the boundary with the shape of crescent
moon, is formed by the circle with the center of —cyg = —2 — 1.8i and the radius of
ro removing the intersecting part of it and the circle with the center of —c = —1—2¢
and the radius of 1, where 1.5 < 7y < V/3. Tts Julia set is demonstrated in Figure 9
by the boundary of the shadow region.

Figure 9. The Julia set of system (4.7).

Example 4.6. In system (4.1), let a1, = %_H +V5i, c1p = J—_ﬁl, asn, = 1+



Julia sets for complex dynamic systems 457

%, Con = —%H + 24, ¢ = —1.541.5% and a = 1, then it becomes

2 . 7i \2 _ _Ti .
+ /5i Zn + : Z 1.5+ 1.5 <1
Zntl = G /3 ) n+12> W'TQQ ) I ? I ) (4.8)
(1+ 73(7”:1))[271 + (—nfg + 202 = (=535 +20) : |20 = L5+ 15| > 1.

Because system (4.8) satisfies all the conditions of theorem 4.4, we have

3§T2<1}

J(4.8) =9({ 20 : ||z0 — 2+ 2i]| < g, oY

‘ 3 ‘
—{ z0:]|z0—2+21|| < rg, g <ryg<l1 }ﬂ{ 20 ¢ |20 —1.54+ L.5i||<1 } ),

It implies the Julia set of system (4.8), the boundary with the shape of crescent
moon, is formed by the circle with the center of —cog = 2 — 27 and the radius of 7o
removing the intersecting part of it and the circle with the center of —c = 1.5 —1.5¢
and the radius of 1, where § < ry < 1. Its Julia set is demonstrated in Figure 10
by the boundary of the shadow region.

Figure 10. The Julia set of system (4.8).

We can see that all the simulated results match theorem 6 well from these figures
above. What’s more, here the Julia sets of these four systems are located in four
different quadrants respectively. This means that we can control the locations and
sizes of their Julia sets.

5. Conclusion

For the general complex dynamic systems with constant coefficients, the related
research is well developed and they are applied in multiple fields. However, for
the complex dynamic systems with variable coeflicients, its relevant study just be-
gins. In this paper, aiming at a class of complex dynamic systems with variable
coefficients, we got some theoretical results of the stable domains and formats of



458 C. Liu & S. Liu

Julia sets for their general and special cases. In addition, we simulated the related
Julia sets to illustrate our theoretical study. What’s more, we studied some piece-
wise cases to get the conditions such that their stable domains and Julia sets can
achieve certain required forms. We also used simulations to verify our results. Our
study provides some ideas about how to control the stable domains and the shapes,
sizes and locations of Julia sets for these systems. We will generalize our results
to more general complex dynamic systems with variable coefficients in further study.
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