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On the Growth in Time of Sobolev Norms for
Time Dependent Linear Generalized KdV-type
Equations®
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Abstract We give a detailed description in 1-D the growth of Sobolev norms
for time dependent linear generalized KdV-type equations on the circle. For
most initial data, the growth of Sobolev norms is polynomial in time for fixed
analytic potential with admissible growth. If the initial data are given in a
fixed smaller function space with more strict admissible growth conditions for
V(z,t) , then the growth of previous Sobolev norms is at most logarithmic in
time.
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1. Introduction

When consider the growth in time of Sobolev norms for nonlinear Hamiltonian
partial differential equations (PDEs), we can choose the linearized equations of
these PDEs to study first. The main example discussed before is the nonlinear
Schrodinger equation

OH
ou
with Hamiltionian
H= / (IVul® + F(|u?)) dz, (1.2)
T

where F is a polynomial or smooth function. Let ¢(x) = u(0, ) be the initial data.
For given J > 1, split the data ¢ in low and high Fourier modes as

¢ = ¢1+ ¢2, (1.3)
where A -
$1=T0= > (j)e”. (1.4)
l71<J

Tthe corresponding author.
Email address: 12110180001@fudan.edu.cn(C. Cao), X-
pyuan@fudan.edu.cn(X. Yuan)

1School of Mathematical Sciences, Fudan University, Shanghai 200433, China

*The authors were supported by National Natural Science Foundation of China
(N0.11790272 and No.11771093).


http://dx.doi.org/10.12150/jnma.2020.355

356 C. Cao & X. Yuan

Write
u=w+wv. (1.5)

Then w and v satisty, respectively, the initial value problems

. 2]
w(O) = ¢
and , R
i@tv = Av + 8671}501) + gug@ + F(w,u_),v,z_)) (17)
v(0) = ¢a.

It can be turned out that F'(w,w,v,v) is a high order term expected to have a small

effect and (i, + A)~! has a smoothing effect on the term giﬁ - 0. Finally we can
use the fact that the flow of the linear equation

{ i0w = Av + aal,jguv (1.8)

v(0) = ¢2

conserves the L2?- norm and has essentially unitary behavior in H* (up to lower-
order error terms) since 6855110 is real. Therefore, it is reasonable to investigate the
growth in time of Sobolev norms for the linearized equation firstly. In the appendix
of [2], using Floquet theory Bourgain proved that the Sobolev norm of the linear

Schrédinger equation of the form

iug + Au+V(z,)u =0 (1.9)

with periodic boundary conditions satisfies polynomial growth. And Wang obtained
the result of logarithmic growth of Sobolev norm for the equation (1.9) in 2008 [6].
Also see [3-5] and the references therein. Essentially, it is there proved that in a
period of time, the H* norm of the high frequencies part is preserved. Besides, using
localization properties of eigenfunction, the approximate solution can be constructed
by Floquet solution, and the middle frequencies part is controlled.

For other nonlinear Hamiltonian PDEs, in 1996 [1], Bourgain mentioned the
Sobolev norm growth of the generalized KdV-type equations in the periodic case of
the form

Ut + Ugga + 695]0/(“) =0, (110>

where f is sufficiently smooth. To that end, here we firstly investigate the Sobolev
norm growth of the linearised KdV-type equation,

1
Ut + Upgy + ivx(z,t)u + V(z,t)u, =0,z € T, (1.11)

where the potential V' (x, t) is time-dependent, bounded and real. We further assume
that V(z,t) is real analytic in (z,t) in a strip D := (R+1p)?(|p| < po, po > 0). Here
% is to guarantee that the flow of (1.11) conserves the L2- norm.

Since the nonlinear term 3V, (,t)u-+V (z, t)u, has derivative term u,, it leads to
complication in the proof of polynomial growth and the control of high frequencies
part. Hence, some admissible growth conditions for V(z,t) are necessary. What is

more, if we want to obtain logarithmic growth, then the initial data must be given
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in a fixed smaller function space with more strict admissible growth conditions for
V(z,t), such that the H® norm of the high frequencies part in our case is linear
growth in a period of time. The control of the H® norm of the low frequencies part
is done by the iteration as in [2], which guarantees the H® norm of this part is also
linear growth. Essentially, in a period of time, the H® norm of sub-high frequencies
in the decomposition of low frequencies part is preserved. With interpolation and
the estimate of polynomial growth, we obtain logarithmic growth.
Then, we prove the following result:

Theorem 1.1. For all s > 0 and the initial ug = u(0) € H*(T),|luolr2(r) < 1,
there exists C, O such that

[u(@)[ms < C*(s + D([E” + D][w(0)m (1.12)

where u(t) is the solution to (1.11), provided that V(x,t) satisfies the admissible
growth condition

t
/kuxw@hgc@bgm+n (1.13)
0
Moreover, if the initial datum ug € H*T(T) N H*(T) satisfies
ol g1 < C, (1.14)

and the potential V satisfies
t JR—
/H%@mmwhSCbgm+m, (1.15)
0

where C' and C are constants, then there exist constant ¢ > 3 and constant C,
depending on s such that

[u()]| e < Cs[log([t] + 2)1**[|w(0) | s - (1.16)

2. Polynomial Growth and Error Estimate

Let S(t) be the flow of (1.11). We prove S(t) conserves the L?- norm.

Lemma 2.1.
1Sz = 1. (2.1)

Proof. By integration by part and periodic boundary condition we have
1 _
Re [ (ut + vges + §V‘T(I’ tyu+ V(x, t)u,)ude
T

10u 1 1
=Re [ =—|u|* + =V, |ul* — =V, |ul>d
gAQmm|+2 ful® = S Valul*dz

:0,

Then we have
[S(#)uoll e = [luoll -
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Since V' is real analytic in (z,¢) and bounded in D, we get

H@’”V

ox™

H <C™ml, m=0,1,.... (2.2)
T

Moreover, we have the H® norm estimate of the flow S(¢):

Lemma 2.2.
1S gsmrs < C%(s+ D]+ 1). (2.3)

0
ot 3

0° 0 0°
=2Re (3335 u(t), Erip u(t))

0* o5 (1
=—2Re (8m5u(t)’ e <2un + Vux>)

B Oxs 72 " Ons Jzs+l 2 . dxy+t 9zf Qv QxfHL
772?
0%u . 0%u 1 OtV 98y NV 9Pty
—_9Re | 22 v, -y 2o g u
T R ID B e w D D s
y+B=s y+B=s

y=>1 v=>2

It follows that

7]
e luOlme < Valloollu)ll+ Yo O D ullge+ Yo O ()| s

v+pB=s v+p=s
=1 v=>2
(2.4)
Using the following interpolation in (2.4):
lu@) = < lu@)lgs u@)lze (s>9) (2.5)
we have
0

1 4 12 2
12+ Cu@®)l g llu(t)

1—1 2
Ollare <NV lloollullare + Cul@)ll g [lu(t) i

5”“

u(®)llfz + .-+ C*2(s + Dlffu(t) | 2.
(2.6)

_
o Oy DY

In view of the admissible growth condition for V(z,t) (1.13) and the equation

o 1 ~y 110
— Prs = — : — s < < .
Sl = L@ 5 o @l (1< <) (27)
we obtain that
[u®) ||z < C(s + D" + 1)[|u(0)|| =, (2.8)

with a larger C. O
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Remark 1. Since Vs > 0, we have the polynomial growth estimate, then on the T,
for ug € H*+*1(T) (" H*(T),

[u(®)llzre+1 < C%(s + DI + 1) [|u(0)]| e (2.9)

Next, we give an error estimate in a period of time T
Let ¢ € C§°[—m, 7] be a Gevrey function of order a:

max 9" 9(r) <C™MHm)Y, 1<a< oo (2.10)
TE[—7,m] arm
satisfying .
0<o<1,
o =1, | <1 (2.11)
o) =0, || >m,
Let
[t
P(t) = ¢ (T) : (2.12)
Define
Vi(z,t) = V(x, T+ 2mjT)$(t + 2mjT). (2.13)

JEZ
Hence Vi ((x,t) is 27 periodic in z, 27T periodic in ¢, analytic in x, Gevrey in ¢ of
order o, (1 < o < 00).

Vi(z,t) =V(x,t), 0 Vi(z,t) =0,V (x,t). (Jt|<T) (2.14)
Let wy(t) be the solution to
Ut + Upzr + %&;Vl(x, tu+ Vi(z,t)u, =0 (2.15)
with the initial condition u(0) = ug, then wuq(t) = u(t), the flow S(t) for (1.11) can

also be used to describe (2.15) in || < T.
Moreover, we have the following error estimate,

Lemma 2.3. For |¢| < T, there exists 4 and ¢ such that
1 _
(at + Orga + §ax1/1(x,t) + V1(I,t)8x> a=C,

where @(0) = ug and ||{||2 < e(T) for all |¢| < T. Then we have the error estimate
o — w2 <e(T)|t] <e(T)T (2.16)

for |t| <T.

Proof. It follows from (2.1) and

(@ —up)(t) = /0 S(t)S(r)~r¢(r)dr.
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3. Floquet Solutions and Localization Property

From error estimate (2.16) we know that if

e(T) < % =e e T  (p>1) (3.1)

or decay in a more rapid rate,

£(T) < oo T)", (3.2)
which can overcome other polynomial growth we meet later. Then we can use % to
give an estimate in the approximation process.

Since we consider solutions for finite time |¢| < T, we replace V; by V5 defined
as

Va(w,t)= > Va(jn)elUmtih), (3.3)
[71<(log T)7
[n|<T(log T)"

with the Fourier transform of V3
. T T B .
Vi(j,n) =/ Vi(z,t)e Ve ' T dxdt (3.4)
—nT J—m

satisfying

Vi(j,n)| <Ce=Fl |j| > (log T)°,
<Ce~l#"" | n| > T(log T)°, (3.5)
(T>1,0<C,c,d < 0),

where 0 > 2o+ 6 > a+ 9 > 2. Then

o /o

Vi = Valoo < e (o877 « (3.6)

ﬁa

. 1
0. Vi — 8y Val|oo < e 008D/ « T (3.7)

provided p < (logT)?"/*=1 where o > ¢’ > 0" > 20 + 6.
For [t| < T, The approximation (3.6) and (3.7) permit us to use Floquet solution
to

1
U + Ugpr + iax%(z, Hu + Va(z, t)u, = 0. (3.8)

Since (3.8) is time periodic with period 277, any L? solution can be written as a
linear superposition of Floquet solutions of the form

e Ble(x, 1), (3.9)

where £(z,t) is 27 periodic in z and 27T periodic in t:

. t)= Y &G m)elletin (3.10)

(4.n)€z?
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E is called the Floquet eigenvalue; FE, £ satisfy the eigenvalue equation:
He = [diag (j3 - %) A —B*} ¢ = B¢ (3.11)

on (?(Z?), where * denotes convolution:

Axm =5 Y G- im-men)  (312)

(jl,n/)ez2
(B=&@n) = > jVali—5n—n)EG n) (3.13)

(3".n")ez?

Va(j,n) =Vi(j,n) iflj] < (logT)’and|n| < T(ogT)’, 0 > 2a + 6 > 2, (3.14)

=0 otherwise, '
and V; satisfies (3.5).

We identify the initial condition 4o € ¢2(Z) with @g € ¢*(Z?*), where
o (7,0) = to(J
~o(j ) = tio(j) (3.15)
uO(]vn)ZOa n7é0

Since we only concerned about finite time: [t| < T, it is sufficient to solve the
eigenvalue problem in (3.11) in a finite region

A={(j.n) € Z%||j| < J(T),|n| < DT (log T)"}, (3.16)

where J(T) > T° depending on T and the Sobolev index s, D > 27 as in the
following proposition, o > 2a+ § > 2 as in (3.3).
For any subset ® C Z2, define Hg to be the restriction of H to ®:

H(n,j;n',7), (n,j)and(n,j’) € ®
Hg(n,jin',j') = (n.gim'> 7). (m. jJand(’, ) _ (3.17)
0 otherwise.
We have the following localization property on eigenfunctions of Hjy.
Proposition 3.1. Assume
HAE = EE [l ) = 1. (3.18)
Define
Qo ={(4,n) € Al|lj| <4D(logT)?}, (0 >2a+46 > 2) (3.19)

and for any (jo,no) € A, define
' (jo,no) = {(4,n) € Alllj] = [jol| < (log T')7, [n — mo| < T'(log )7}, (3.20)

where (0 > 2a4 § > 2). Then for all £ eigenfunctions of Hy as in (3.17), £ satisfies
either

"
a’—0o
)

(loe T) (%=
€12 ary) < e (log ™)

(3.21)

or

p

1€l avery < e DT (656" > 2046 > 2). (3.22)

for some Q' = Q' (jo, no), (o, n0) € A.



362 C. Cao & X. Yuan

Proof. Since

A+ +B)EOGn) =F S Tal—fin—n)elfn) — Ax€Gon),  (3.23)

(7 )€z

for any given F, the resonant set €2 can be defined as

j3+CVj—%—E’ < (logT)’, (0>2a+06>2), (3.24)
if (4,n) € Q, where |Cy| < 27| V2| co-
Then 1 5
Hyo— E)~1 < < , 3.25
[Ene =B 1S Gogry —aroalle = Gogry %)

if
1 1
Valloo < (108 T)?, 02 Valloo < 7~ (log T)7.
T 4r

Considering that
|| < Dog 7)7. |Cv| < 2n(log )",

we obtain the following two result:
(i) |E| < 10D3(log T)%°
This leads to |j] < 3D(logT)?. So Q C {(j,n) € A||j| < 3D(logT)?}. Define
B=A\Q,By=A\Qy,By C B. Let Pg, Pg, be projections onto the sets B, By.
Assume ¢ is an eigenfunction with eigenvalue |E| < 10D3(log T')3°. Then

Pp¢t = —(Hp — E) ' Ppl'¢ (3.26)
where
I'=H)y — Hp ® Hq. (327)
So
Ppé = —(Hp — E) ' PgI'Pé. (3.28)
Let
To=Hp— Hg ® Hp\p,. (3.29)
Then

Pp,§ = Pp,Pp¢§
= —Pgp,(Hp, — E) ' Pg,T' Poé + Pp,(Hp, — E)'T'o(Hp — E) ' PpI' Py,
(3.30)

where we used By C B.
Observing that the eigenvalue problem is considered in a finite region A (3.16)
and the decay of Fourier coefficients (3.5) (3.14), we have

¢z < o008 ITgg e < e o8, (3.31)

Using (3.25) on (Hp, — E)~! and (Hp — E)~!, we obtain

4e—c(log)”’5 log T o/ =5
5 < e~eD) = (556" >2+6,T>1), (3.32)

P S
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which is (3.21).
(i) |E| > 10D3(log T)3°
This gives
j] > 2D(log T)°. (3.33)

So if there exist (j,n), (j',n') € @ C T, |j] # ||, then

n—n'

2 2
T +J7 =7

< 2(logT)?

from (3.24). Using (3.33), this implies

n—n’ . ./ . ./ o
7|2 (131 + 15D 51 = 15]) — 2(log T')

> (4D —2)(logT)° > 2D(log T)?

which is a contradiction from the definition of A. So |j| = |j/| and

n—n'

T

< 2(logT)? < 2D(log)’ (3.34)

for D > 2, if both (j,n), (4/,n) € Q. (3.22) follows by using the same argument
as in (3.26)-(3.32) with ' replacing Q. O

Lemma 3.2. Let yg be the characteristic function of the set S:
xsls =1,xslas = 0. (3.35)

For an eigenfunction £ satisfying the localization property (3.22), let

gl(jv n) = Xfl/g(ja n), (336)
then L _ o
B (a,t) =B Y g (jm)el U EY (3.37)
(Gm)ey

is an approximate Floquet solution of (2.15) satisfying the error estimate for [t| < T

()

e EE7(4) — S(£)€(0)|| 2 < Te~ 12008 T) , (0" >2a46>2)  (3.38)
where S(t) is the flow of (2.15).

Proof. Since A (3.16) is a finite region, ||[Ha—_gl|s2_¢ is controlled by the poly-
nomial growth about 7', with localization property of £ (3.22), we have

I(Ha = E)E [le2(a) SIHa = Elleze2[1€]le2(ave)

,5>

3.39
Sefg(logT)( a ( )

(0" >2a+6>2).
Define

H =diag (% — j3) + A x +Bx
z N N (3.40)
=diag (T - j3) + (A— A)x+(B — B)x,
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where

<<?1—A>*§’><j,n>=§ Yo G- Vi) 5= )xab(n), (3.41)
(4’,n")€Z?

(B=B)«&HGn) = Y. J(Vi-TR)G—i'n—n)xadl n). (342)

(' ,n')€z?
Then
(H—E)' =(Hy —E) +T¢ + (A—A)x& + (B— B) x¢ (3.43)
where B
['=H— Hy @ Hje (3.44)

Using (3.6)(3.7) and (3.39), we obtain

1
=

|(H = E)¢||pz < 2¢~3008T) (0" >2a+ 6> 2). (3.45)

Taking (3.37) into (2.15), denoted e'F*¢’ by @ with initial datum @(0) = £'(z,0),
then

C = <at + 8mzz + %8mV1($7t) + V1($7t)8x> u

— _jelBt Z ((ﬁ _ E)XQ’é-) izt 71)

(4,m)ez?

(3.46)

By Plancherel’s identity on T denoted by [—m, ) with periodic boundary condition,

1
||<||L2(’]1') = H <8t + 8:&:&1 + iamvl (xvt) + Vl(xvt)ax> U

L2(T)
<(2DT(log )" +1)|(H — E)¢ | (3.47)
C (logT) T
<e 12 g
and Lemma 2.3., we have (3.38). O

4. Estimate of Sobolev Norms on Intermediate Fre-
quencies

Let II; be the Fourier multiplier such that

L|j<J/2,
I;(j) = q 2L =[5l/J) J/2< il < J, (4.1)
0 j>|J|.

Assume that 1 < s <logT, |lug|lgs =1 and

J =T, (4.2)
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Then we consider the Sobolev norms on middle frequency
1TLy/2S () (I /2 — Moy Juo | s (4.3)
after two cut-offs below.
[S@®)uolls < 1MLy7aS@)uollme + [[(1 = TLy/4)SE)uol| -,
< ([ y/48 ()2 g0 uol| (4.4)
+ [|[TLy/4S(t) (I 5/ — oy )uo || ms
+ [[1Ly/aS () = Wyp2)uol s + [[(1 = 1L7/4)S(t)uol| -,
where
Jo =4D(logT)? (o >2a+4§ > 2). (4.5)
To estimate(4.3), we need the following lemma
Lemma 4.1. Denoted (I1;/5 — Il27,)uo by ¢ for short, then for
suppd C [~2J, —Jo/2] U [Jo/2, 2], (4.6)
we have
ITLy/2S ()@l s < C°|| @] 1 (4.7)
Proof. Define q; as R
5 {¢(j,0> =0(5), 48)
¢(j,n) =0, n#0.

then suppg C A, where A is defined in (3.16). |A] < T1O0sF2, ¢ € 2(A). So we can

use the eigenfunctions £ of Hy to expand ¢ as follows

6= (6,

(4.9)

Next, we want to replace & by ¢’(3.36). Let Q = {¢&’|¢ satisfies (3.22)}, we have

16 3 G acw) < 0 {0 e |

§'eQ
Since 0 < s <logT,

2
|A| < 10542 < e10(logT) and

we have

- - _2 e
16— D (6,6 2y < e 58D ,
§'eQ
By Plancherel’s identity on T x Tp, we have

F o=, (2,0
geq L2(TxTr)

= | F @)@ 0) = D (0,6 D € m)elimE?

£&'eq (j,n)GQ/ L2(T><TT)

(4.10)

(4.11)

(4.12)

(4.13)
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where Tp denotes [—7T, nT') with periodic boundary.
So ¢(z) := ¢(x,0) as a function on L?(T) satisfies

=Y (@.¢) Y d(n)er"

€e€Q (jm)esy L2
(4.14)
T3 (log T)%e s Hog 1)
// -5
< o~ 3og) "= , (6" >2a+68>2)
Therefore for [t| < T, the definition of £,  (See(3.37))
Ela,t)= ) &(jn)elUrtt)
(4,m)e
Lemma 3.2., (4.11) and (4.14) give
() = Y (6, (t)
§'eQ L2(T)
<||SMe—5S() Y > G mer
€eQ (j,n) e L2
+HS® Y (0.€) DD Eln)eiT = > (,6)e T (1)
€eqQ (4m)eq £eq L2(T) (4.15)
<o) = D> (6.6 D €@n)e"
€eQ ()€Y L2

+ > 16|

§'eQ

eBler(t) — S(t)é’(O)HLzm

o _s ol —
<em2llosT) & | || 7o 12 (loaT) @
"

o’" =46
<2e3008T) = (5 5 90 4 §)

Then we only need to estimate || EE’EQ((%’ ENelBte | s (s > 0), since intermediate

frequencies satisfies

lj| < J =T = el0slogT < o10(log T)* (4.16)
Let eiPt¢ be the Fourier transform of e'£1€/ with respect to .
272
D (@) =D LY (6.€)eEE ()
€eQ e j €eQ
o (4.17)

= Z|j|25 Z Z '(k,0 elEtgx( )
kE ¢€Q

J
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From the support of ¢ (3.22),
15| = k]| < 2(log T')” (0 > 2). (4.18)

Since
|7l > 2Jo =8D(logT)° (D > 2m) (4.19)

from (4.5) (3.22) (4.19) imply
131/2 < k| < 2[3]. (4.20)

We now make a dyadic decomposition of ¢. Let R be dyadic and

R/2 < |j| < 2R. (4.21)
So
R/4 < |k| < 4R. (4.22)
Let X .
Sr= Y,  dlk)e*", (4.23)
R/4<|k|<4R
We then have
_ 273
@i < | > #R* Y Y r(k)E (k,0)eFE ()
R dyadic R/2<|j|<2R| k &'€Q
: ) (4.24)
r 2 2
< | DD #R¥|DY (R
R dyadic £&'eq L2(T)
Using (4.15) and since suppor C supp¢o C [—J/2, —2Jp] U [2Jp, J/2],
- R o/’ =5
> (or,&)e T < 1St brll2(m) + 2 298D = | gg|l L2 ny Lo
= L2(T) (4.25)
§2||¢R||L2(']I‘) (O’”>204—|—(5>2).
Using (4.25) in (4.24), we have
1
2
> (fr. &)t < | Y 4B* d¢rlizm| <C°lgllu-  (4.26)

§&'eq Hs(T) R dyadic

Combining (4.26) with (4.15), (4.2), we obtain (4.7) with a slightly large C'. O

5. Estimate of Sobolev Norms on High Frequency

In order to estimate Sobolev norm on high frequency
ITLy4 S = Tyy2)uollme + [[(1 = TLy4)S(E)uol| (5.1)

in (4.4), we will use the following lemma
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Lemma 5.1. For the initial datum ug € H**(T) N H*(T) satisfying the condition
(1.14), and V satisfying (1.15), we have

H [mv < (J>1). (5.2)

Oz’ J

|

’HSWHHSW

(CS(S + 1)')2 |t|s+2

I =TL)S@) | s mre < CJE| + 7

(J > 1t]°), (5.3)

(Co(s+1))*

i (32 +1) (J > |t*). (5.4)

NS@), ILs]|| s = mrs <

Proof. Let V and @ be the partial Fourier transform with respect to . Since

[mu:‘?*ﬁj/ﬁ—ﬁjﬁ*ﬁ, (55)
we have
V,1L,1(, ) = V(G — i) (T () — 1), (5.6)

where 11, is defined in (4.1). Since V is analytic, periodic in « and |V (z,t)| < C
for all ¢,

~

V(i — )| < Cemli=7'l,

and from (4.1)

() -G <1, |- = J/2
2., . (5.7)
<Sl=dl li=gl<J/z
Using (5.7), we have
IV, L], 47| < Ce==3'L |5 — 4| > J/2 s
2C ., i o 5.8
< 7|J — eI — 5 < 2.
From Schur’s lemma, we then obtain
Cs!
VT aesme < == (> 1), (5.9)
It follows that
oV Cs!
H [av’n"} ’ <— (U1 (5.10)
v Ho=7—H=
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Then

0
priiCh 1L )u(t) ||

o° o
= 2Re <(I - HJ)%U(t)a —(I— HJ)% (2
o3 3 o0%u 81+SU)

lvm(x, tyu+ V(z, t)%c))

5.11
o° 1 9"V Pu (510

oz Y 2 Ozt 9zh

+92Re | (I —T11)

o° AV 9 Py

It follows that

oxs

ou 3 o u 9"t
R (4= M) Gt~ Gt - V- 1)

0* 3 0°u oty
Re ((I — HJ)ast(t), 75(1 -U)Ve—-(UI- HJ)VW>

<

(5.12)
(1 = TLy)u(t)|

H* (3[Vx’ﬂj]lu(t)llm +1V, HJ]|u||H5+1>

2
(C*(s + V(1 + 1)

<IVallzoo I( = Ty )ullz + 12— Ly)ul 7 :

Hs

where we use integration by part, (5.10) and (1.14).

Since V is real analytic in (z,t) and bounded in D, we have

<C™mtlml m=0,1,... (5.13)

0™ || Lo (m)

Hamv

Using this property, (5.10) and

I = Tl < = (e (5.14)
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we obtain
0° 1 IV 9Py
I-1I t), —=(I — —
Re ( J)axsu( )7 2(I HJ) 8$1+’Y 81‘5
v+p=s
v21
0° OV 9t thy
I —1I - —1I _—
+Re ( J)aflf‘SU(t)’ ( J) 8:1:7 ax1+ﬁ
Y+B=s
v2>2

<[I(I = ILy)u(t)]|

0x2’

v
e (| G | I )

e (€2 (y + DI — Ty )u(t) | 7o)

- ([W HJ} JoOlles + 2T = Tulo) e

o4 (I =TI )u(t)|

+ 17 = TLy)u(t)]
+...

1+s
+ ||(I — H])u(t)HHs (|:(le+‘:v,HJ1| H’U,(t)”LQ + CS+2(S + 1)'”([ - HJ)u(t)|L2>

<01 = 1yt EEEDELD,

(5.15)

With the help of (1.15), we have the estimate (5.3).
To prove (5.4), assume u is a solution to (1.11)

1
Up + Upzr + iVx(x,t)u +V(z,t)u, =0,
then
1 1
(O Bz Ty 50 VILyu+ VO Tyu = 5[0V T+ Vo MsJus - (5.16)

From Lemma 2.3.

[S(t), 1Ls]uo
t /(1 (5.17)
()T yup — 1S (Hup = / S(H)S(7) (2[awv, M Ju+ [V, HJ]%) dr,
0
Using Lemma 2.2., (5.2) and (1.14), we obtain (5.4). O

6. Iteration and Interpolation

We use the following two decompositions. The first one decomposes into low (6.1)
and high frequencies (6.2).

15 (#)uol

TLy/4S (t)uol| - (6.1)

e < |
+ (1 —=TL7/4)S(t)uo || mr=
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The second one decomposes into sub-low (6.3), sub-intermediate (6.4) and sub-high
(6.5) frequencies.

I1L7/4S ()uol| s < [[TLy/4S ()2 5uo| 1 (6.3)
+ |[y4S(t) (1L /2 — Moy, Juol| s (6.4)
+ L0 S(t) (L — 1y 2)uol s - (6.5)
Since the choice of J
J — TlOS

we can use estimate (5.3) to control high frequencies (6.2)
(1 = 11y/4)S(T)uol| s < CIT| (6.6)

for a large T" which we determined later.
Then (4.7) controls sub-intermediate(6.4) and (5.4) controls sub-high (6.5) fre-
quencies

ITLy/4S(T) (/2 — oy )uoll s < C°||(TL/2 — oy, )uol| e

6.7
< C%lugllms < C%, (6.7)
L5248 (T) (I — 1Ly/2)uol s
< Tya(I — TEyy2) S (e)uo s + [T alS(T),TL o]
< [S(T), 1Ly aJuo - (6.8)
Co(s+1))*
< QDY (st 1) g < 1,

J
Where HHJ/4(I — HJ/Q)S(t)UoHHs = 0
So the only work left is to control (6.3), the sub-low frequencies: |j| < 2Jj,
which we do by iterating S(0,T) := S(T'), |T| times and each time making again
the decomposition as in (6.3)-(6.5), using the same estimate as above.
We have

ITLy/4S(0, )z gyuol| s < [[TLy/2S (1, 8)12,5(0, 1), uol 12 (6.9)
+ [[TLyaS(1,8) (I 2 — Ha,)S(0, DIz, uol| = (6.10)
+ ||1_[J/45(17 t)([ - HJ/Q)S((L 1)H2J0u0||H5- (611)
which is the analogue at ¢t = 1 of the decomposition in (6.3)-(6.5), with S(0, 1)II5.5, uo
replacing ug. So we have

(6.10) < C*(|S(0, DIy uol| s < 202%%(s + 1), (6.12)

where we used
IS0, V|| gs—prs < 2C°(s+ 1)! (6.13)
from Lemma 2.2.. With the same estimate above, we have
(Co(s+1)H?
J

(6.12),(6.14) are the analogues of (6.7) and (6.8), which control sub-intermediate
and sub-high frequencies.

(6.11) < (|T)2572 + 1)|1S(0, D)oy uol| s < 2C* (s + 1)1 (6.14)
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If we call (6.9)(6.10) and (6.11) as 1-sub-low, 1-sub-intermediate and 1-
sub-high frequencies, then using (6.12),(6.14), we have after one iteration:

||HJ/4S(O,t)H2J0u0||HS < HHJ/4S(1,t)H2JOS(O, 1)H2J0u0||Hs + 4023(3 +1)!

= 1-sub-low + 4C**(s + 1)!.
(6.15)

After r iterations, r-sub-intermediate satisfies

r-sub-intermediate
= ||HJ/4S(7’, t)(HJ/Q —1I2y,)S(r — 1, 7)o, S(r — 2,7 — D)oy, ... Moy, uol o=
< C%|S(r—1,r) gy, S(r— 2,7 — DIay, ... Mo, uol g
<C?S(r—1,7)|Hs—ms - (2J0)°
<207 (s + 1)1(2J)%
(6.16)

while r-sub-high satisfies

r-sub-high

= [Ty 4S(r,t)(I —=1L;/2)S(r — 1,7)l25,S(r — 2,7 — 1)Ilay, . .. oy uol| a1+

(Cs(s+ 1)H)*
J

< ISt =1, 7)lawms - (2J0)°

< 2C%(s + 1)I(2J9)°.

< (ITP*2 + 1)||S(r = 1,72y, S(r — 2,7 — D)Ilay, . .. oy uo | 1o
(6.17)
After |T| iterations, we then have

I1L7/45(0, £)IL2 5y uo || <

< |T|-sub-low + 4C?¢ (s + 1)!(2.Jo)*|T|

< Mgy, S(T — 1, T)yy, ... Moy, S(r — 1,7) oy, . . . Moy uo || s (6.18)
+4C% (5 + 1)1(2J0)°|T)

<|T[(sdo)* - C*

with a larger C.
Using (6.18) in (6.3) and combining with (6.7),(6.8), we obtain

ITL;/45(0, T)uol| s < |T|(sJ0)*C*. (6.19)

Using (6.19) in (6.1), we have
1S(0, T)ug|| = < C°|T|(sJp)° (6.20)
for all 0 < s < log T Interpolating with the L? bound ||S(¢)|/zz_ 7z = 1(2.1) yields

150, )|l gror —y rer < |T|5 (Cs.Jo)*
< C¥(logT)"+V% (0 > 2)

(6.21)



Growth of Sobolev Norms for KdV-type Equations 373

with a larger C, for all 0 < s’ < s, where we fixed s = log |T'| and used (4.5).

For a fixed s > 0, for |t| < ¢*, Lemma 2.2 gives

150, )| gror s gror < C(s + 1)V,

for [t| > e®, we use (6.19). This gives immediately

IS, )|+ 1= < Cs(log(Jt] +2)) 7+ (6.22)

for all s > 0. Let ¢ = 0 + 1, we obtain Theorem 1.1.
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