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Lump Solutions, Lump-soliton Interaction
Phenomena and Breather-soliton Solutions to a

(3+1)-dimensional
Boiti-Leon-Manna-Pempinelli-like Equation∗

Huiqin Xu1 and Yinshan Yun1,†

Abstract The (3+1)-dimensional Boiti-Leon-Manna-Pempinelli-like equation
(BLMP-like equation) is introduced by the generalized bilinear operators Dp

associated with p = 3. The lump solutions, lump-soliton interaction phe-
nomena and breather-soliton solutions are discussed to the (3+1)-dimensional
BLMP-like equation based on the generalized bilinear method with symbolic
computation system Mathematica. In order to observe the behavior of those
solutions, we fix the value of z, then give the 3D-graphs of some solutions at
different times. We find a lump solution moved in oblique direction; a lump-
soliton interaction phenomenon is appeared and disappeared along with the
time. We also see a kink-breather soliton moved in oblique direction.

Keywords Interaction phenomena, Lump solution, (3+1)-dimensional Boiti-
Leon-Manna-Pempinelli-like equation.
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1. Introduction

Many physical and mechanical phenomena are nonlinear. In this way, solving non-
linear differential equations has become a hot issue in the field of applied mathe-
matics. So far, many researchers have proposed and developed various techniques
for solving nonlinear differential equations, such as Lie symmetry [3, 35], Hirota
bilinear method [4,12,20,21,25,30], homotopy perturbation method [10,11,33,34],
homotopy analysis method [13], the Adomian decomposition method [1,27] (ADM),
auxiliary equation methods [8, 32] and so on.

Among those techniques, the Hirota bilinear method was proposed by Japan’s
famous mathematician and physicist Ryogo Hirota [12] for solving nonlinear differ-
ential equations. If a nonlinear differential equation has the bilinear form, one can
find its many physical characteristics by its many kinds of exact solutions. Based
on the Hirota bilinear operator, in recent years, researchers found lump solutions of
some differential equations to explain many physical phenomena in various subjects,
including plasma physics, shallow water waves and optical media [9, 26,28].
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Based on Hirota bilinear operators, Ma [17–19] proposed the generalized bilinear
differential operators as follows:
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when the prime number p ≥ 2. For different prime numbers p, Hirota bilinear e-
quations have been generalized to generate diverse nonlinear differential equations
possessing potential applications. In recent years, based on the generalized bilinear
differential operators, the lump solutions, rational solution and interaction solutions
are discussed. For example, new periodic wave, cross-kink wave and the interaction
phenomenon for the Jimbo-Miwa-like equation [36], lump solutions with higher-
order rational dispersion to the second KPI equation [23], lump and interaction
solutions to linear PDEs in 2+1 dimensions [22], determining lump solutions for a
combined soliton equation in (2+1)-dimensions [29], lump solutions to a combined
equation involving three types of nonlinear terms relations [24], lump solutions to
a (2+1)-dimensional fifth-order KdV-like equation [2], lump solutions to dimen-
sionally reduced Kadomtsev-Petviashvili-like equations [31], interaction solutions
to the (3+1)-dimensional Kadomtsev-Petviashvili-Boussinesq-like equation [15], ra-
tional solutions to two Sawada Kotera-like equations [6], rational solutions to a
Hirota-Satsuma-like equation [14], rational solutions to an extended Kadomtsev-
Petviashvili-like equation [16], rational solutions to a Kdv-like Equation [37] and
rational solutions to a generalized (2+1)-dimensional Shallow-Water-Wave-like e-
quation [7].

In this paper, based on the above techniques, we would like to introduce a
BLMP-like equation by the generalized bilinear operators. Then, we will discuss its
lump solutions, lump-soliton interaction phenomena and breather-soliton solutions.

2. The (3+1)-dimensional BLMP-like equation

The (3+1)-dimensional BLMP equation [5] is as follows:

uyt + uzt + uxxxy + uxxxz − 3ux(uxy + uxz)− 3uxx(uy + uz) = 0.
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Its bilinear equation is as follows:

BBLMP (f) : = (DyDt +DzDt +DyD
3
x +DzD

3
x)f · f.

Based on the generalized bilinear operator (1.1), when prime number p = 3 ,
the generalized bilinear equation is

BBLMP−like(f) : = (D3,yD3,t +D3,zD3,t +D3,yD
3
3,x +D3,zD

3
3,x)f · f

= −2ftfy + 2ffyt − 2ftfz + 2ffzt + 6fxyfxx

− 6fxfxxy + 6fxzfxx − 6fxfxxz = 0.

(2.1)

Through the bilinear transformation u = −2(lnf)x, the BLMP-like equation is
generated as follows:

−4uzt − 4uyt + 6uuzux + 6uuyux + 3u2uxz + 3u2uxy

+ 6uzuxx + 6uyuxx − 6uuxxz − 6uuxxy = 0.
(2.2)

3. Lump solutions of the BLMP-like equation

In order to obtain lump solutions, we suppose

f = g2 + h2 + a11

g = a1x+ a2y + a3z + a4t+ a5

h = a6x+ a7y + a8z + a9t+ a10,

(3.1)

where ai(i = 1, 2, ...11) are real constants. With the help of mathematics, by
substituting (3.1) into Equation (2.1), we obtain a set of algebraic equations about
ai(i = 1, 2, ...11). Solving the set of algebraic equations, we obtain as the following
three-kind lump solutions of the BLMP-like equation.

Case (1):

a1 = a1, a2 = a2, a3 = −a2, a4 = a4, a5 = a5, a6 = a6,

a7 = −a8, a8 = a8, a9 = a9, a10 = a10, a11 = a11, (3.2)

where ai(i = 1, 2, 4, 5, 6, 8, 9, 10, 11) are arbitrary constants, the corresponding so-
lution to BLMP-like equation (2.2) is as follows:

u(x, y, z, t) = −p
q
, (3.3)

where

p = 2 (2a1 (a4t+ a1x+ a2y − a2z + a5) + 2a6 (a9t+ a6x− a8y + a8z + a10)) ,

q = (a4t+ a1x+ a2y − a2z + a5) 2 + (a9t+ a6x− a8y + a8z + a10) 2 + a11.

The evolution 3D-figures are discussed when z = 1 as Figure 1, the lump solution
is propagated at the oblique direction.
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Figure 1. Evolution 3D-figures when z = 1 corresponding to a1 = 8, a2 = 10, a4 = −8, a5 = 2, a6 =
1, a8 = 20, a9 = 6, a10 = 1, a11 = 1.

Case (2):

a1 = a1, a2 = −a1a8

a6
, a3 =

a1a8

a6
, a4 =

a1a9

a6
, a5 = a5,

a6 = a6, a7 = −a8, a8 = a8, a9 = a9, a10 = a10, a11 = a11, (3.4)

when a6 6= 0, the corresponding solution to BLMP-like equation is as follows:

u(x, y, z, t) = −p
q
, (3.5)

where

p = 4
(
a2

1 (a9t+ a6x+ a8(z − y)) + a2
6 (a9t+ a6x+ a8(z − y) + a10) + a5a6a1

)
,

q = a6

(
(a1 (a9t+ a6x+ a8(z − y)) + a5a6) 2

a2
6

+ (a9t+ a6x+ a8(z − y) + a10) 2 + a11

)
.

Case (3):

a1 = a1, a2 = a2, a3 = −a2, a4 = −a1a9

a6
, a5 = a5,

a6 = a6, a7 = −a8, a8 = a8, a9 = 0, a10 = a10, a11 = a11, (3.6)

when a6 6= 0, the corresponding solution to BLMP-like equation is as follows:

u(x, y, z, t) = −p
q
, (3.7)

where

p = 2

(
2a1

(
a1

(
a9t

a6
+ x

)
+ a2(y − z) + a5

)
+2a6 (a9t+ a6x+ a8(z − y) + a10)) ,
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q =

(
a1

(
a9t

a6
+ x

)
+ a2(y − z) + a5

)
2

+ (a9t+ a6x+ a8(z − y) + a10) 2 + a11.

4. Interaction phenomenons between lump and so-
lition solutions

Assuming

f = g2 + h2 + cosh(ξ) + a16,

g = a1x+ a2y + a3z + a4t+ a5,

h = a6x+ a7y + a8z + a9z + a10,

ξ = a11x+ a12y + a13z + a14t+ a15,

(4.1)

where ai(i = 1, 2, ...16) are real constants determine later. With the help of Math-
ematic, substituting (4.1) into Equation (2.1), solving the determining equations
of ai(i = 1, 2, ...16), we obtain the following seven-kind interaction solutions of the
BLMP-like equation.

Case (1):

a1 = a1, a2 = −a4, a3 = a3, a4 = a4, a5 = a5, a6 = a6, a7 = −a9, a8 = a8, a9 = a9,

a10 = a10, a11 = a11, a12 = −a14, a13 = a13, a14 = a14, a15 = a15, a16 = a16, (4.2)

where ai(i = 1, 3, 4, 5, 6, 8, 9, 10, 11, 13, 14, 15, 16) are arbitrary constants, the corre-
sponding solution to BLMP-like equation is as follows:

u(x, y, z, t) = −p
q
, (4.3)

where

p = 2 (2a1 (a3t+ a1x− a4y + a4z + a5) + 2a6 (a8t+ a6x− a9y + a9z + a10)

+a11 sinh (a13t+ a11x− a14y + a14z + a15)) ,

q = (a3t+ a1x− a4y + a4z + a5) 2 + (a8t+ a6x− a9y + a9z + a10) 2

+ cosh (a13t+ a11x− a14y + a14z + a15) + a16.

The evolution 3D-figures of a special interaction phenomenon are given along with
the time, when z = 2 in Figure 2.
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Figure 2. Evolution 3D-figures of lump-solition phenomenon when z = 2 corresponding to a1 = 5, a3 =
6, a4 = −8, a5 = 2, a6 = 6, a8 = 2, a9 = 10, a10 = 1, a11 = −2, a13 = −1, a14 = 2, a15 = 1, a16 = 1

Case (2)

a1 = a1, a2 = 0, a3 = −3a1a
2
11, a4 = 0, a5 = a5, a6 = a6, a7 = a7, a8 = a8, a10 = a10,

a9 = −a7, a11 = a11, a12 = −a14, a13 = 0, a14 = a14, a15 = a15, a16 = a16,

where ai(i = 1, 5, 6, 7, 8, 10, 11, 14, 15, 16) are arbitrary constants, the corresponding
solution to BLMP-like equation is as follows:

u(x, y, z, t) = −p
q
,

where

p = 2
(
2a6 (a8t+ a6x+ a7(y − z) + a10) + 2a1

(
a1

(
x− 3a2

11t
)

+ a5

)
+a11 sinh (a11x+ a14(z − y) + a15)) ,

q = (a8t+ a6x+ a7(y − z) + a10) 2 +
(
a1

(
x− 3a2

11t
)

+ a5

)
2

+ cosh (a11x+ a14(z − y) + a15) + a16.

Case (3)

a1 = a1, a2 = 0, a3 = a3, a4 = 0, a5 = a5, a6 = a6, a7 = a7, a8 = a8, a9 = −a7,

a10 = a10, a11 = a11, a12 = −a14, a13 = 0, a14 = a14, a15 = a15, a16 = a16,

where ai(i = 1, 5, 6, 7, 8, 10, 11, 14, 15, 16) are arbitrary constants, the corresponding
solution to BLMP-like equation is as follows:

u(x, y, z, t) = −p
q
,

p = 2 (2a6 (a8t+ a6x+ a7(y − z) + a10) + 2a1 (a3t+ a1x+ a5)

+a11 sinh (a11x+ a14(z − y) + a15)) ,
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q = (a8t+ a6x+ a7(y − z) + a10) 2 + (a3t+ a1x+ a5) 2

+ cosh (a11x+ a14(z − y) + a15) + a16.

Case (4)

a1 = a1, a2 = a2, a3 = a3, a4 = −a2, a5 = a5, a6 = a6, a7 = −a9, a8 = a8, a9 = a9,

a10 = a10, a11 = a11, a12 = −a14, a13 = 0, a14 = a14, a15 = a15, a16 = a16,

where ai(i = 1, 2, 3, 5, 6, 8, 9, 10, 11, 14, 15, 16) are arbitrary constants, the corre-
sponding solution to BLMP-like equation is as follows:

u(x, y, z, t) = −p
q
,

p = 2 (2a1 (a3t+ a1x+ a2(y − z) + a5) + 2a6 (a8t+ a6x− a9y + a9z + a10)

+a11 sinh (a11x+ a14(z − y) + a15)) ,

q = (a3t+ a1x+ a2(y − z) + a5) 2 + (a8t+ a6x− a9y + a9z + a10) 2

+ cosh (a11x+ a14(z − y) + a15) + a16.

Case (5)

a1 = a1, a2 = −a3a9

a8
, a3 = a3, a4 =

a3a9

a8
, a5 = a5, a6 =

a1a8

a3
, a7 = −a9, a8 = a8,

a9 = a9, a10 = a10, a11 = 0, a12 = −a14, a13 = 0, a14 = a14, a15 = a15, a16 = a16,

where ai(i = 1, 3, 5, 8, 9, 10, 14, 15, 16) are arbitrary constants, when a3 6= 0 and
a8 6= 0 the corresponding solution to BLMP-like equation is as follows:

u(x, y, z, t) = −p
q
,

where

p = 4a1

(
a8 (a3 (a8t+ a9(z − y) + a10) + a1a8x)

a2
3

+ a3t+ a1x−
a3a9y

a8
+
a3a9z

a8
+ a5

)
,

q =
(a3 (a8t+ a9(z − y)) + a1a8x+ a5a8) 2

a2
8

+

(
a8

(
a1x

a3
+ t

)
+ a9(z − y) + a10

)
2 + cosh (a14(y − z)− a15) + a16.

Case (6)

a1 = a1, a2 = −a4, a3 = a3, a4 = a4, a5 = a5, a6 =
a1a8

a3
, a7 = −a9, a8 = a8,

a9 = a9, a10 = a10, a11 = 0, a12 = −a14, a13 = 0, a14 = a14, a15 = a15, a16 = a16,

where ai(i = 1, 3, 4, 5, 8, 9, 10, 14, 15, 16) are arbitrary constants, when a3 6= 0 the
corresponding solution to BLMP-like equation is as follows:

u(x, y, z, t) = −p
q
,
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where

p = 4a1

(
a8 (a3 (a8t+ a9(z − y) + a10) + a1a8x)

a2
3

+ a3t+ a1x− a4y + a4z + a5

)
,

q = (a3t+ a1x− a4y + a4z + a5) 2 +

(
a8

(
a1x

a3
+ t

)
+ a9(z − y) + a10

)
2

+ cosh (a14(y − z)− a15) + a16.

Case (7)

a1 = a1, a2 = −a4, a3 = a3, a4 = a4, a5 = a5, a6 = a6, a7 = −a9, a8 = a8, a9 = a9,

a10 = a10, a11 = 0, a12 = −a14, a13 = 0, a14 = a14, a15 = a15, a16 = a16,

where ai(i = 1, 3, 4, 5, 6, 8, 9, 10, 14, 15, 16) are arbitrary constants, the correspond-
ing solution to BLMP-like equation is as follows:

u(x, y, z, t) = −p
q
,

where

p = 2 (2a1 (a3t+ a1x− a4y + a4z + a5) + 2a6 (a8t+ a6x− a9y + a9z + a10)) ,

q = (a3t+ a1x− a4y + a4z + a5) 2 + (a8t+ a6x− a9y + a9z + a10) 2

+ cosh (a14(y − z)− a15) + a16.

5. Breather-soliton solution

To search for the breather-soliton solution of the Boiti-Leon-Manna-Pempinelli-like
equation, we would like to start from an ansatz

f = e−g + eg + cos(h) + a11,

g = a1x+ a2y + a3t+ a4z + a5,

h = a6x+ a7y + a8t+ a9z + a10.

(5.1)

where ai(i = 1, 2, · · · , 11) are real constants determined later. With the help of
mathematics, by substituting (5.1) into Equation (2.1), solving the determining
equations of ai(i = 1, 2, · · · , 11), we obtain the following two kinds of solution as
follows:
Case (1):

a1 = a1, a2 = −a4, a3 = a3, a4 = a4, a5 = a5, a6 = a6,

a7 = −a9, a8 = a8, a9 = a9, a10 = a10, a11 = a11,

where ai(i = 1, 3, 4, 5, 6, 8, 9, 10, 11) are arbitrary constants, the corresponding so-
lution to BLMP-like equation is as follows:

u(x, y, z, t) =
ξ

η
,

ξ = 2a6 sin (a6x− a9y + a9z + a10) ,

η = cos (a6x− a9y + a9z + a10) + ea4y−a4z−a5 + ea4(−y)+a4z+a5 + a11.
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The evolution 3D-figures and contour plots of a special breather-soliton solution are
given along with the time, when z = 1 in Figure 3.
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Figure 3. The evolution 3D-figures and contour plots when z = 1 corresponding to a1 = 1, a3 =
−1, a4 = 1, a5 = 2, a6 = 2, a8 = 2, a9 = 3, a10 = 3, a11 = 3

Case (2)

a1 = 0, a2 = −a4, a3 = 0, a4 = a4, a5 = a5, a6 = a6,

a7 = −a9, a8 = a8, a9 = a9, a10 = a10, a11 = a11,

where ai(i = 4, 5, 6, 8, 9, 10, 11) are arbitrary constants, the corresponding solution
to BLMP-like equation is as follows:

u(x, y, z, t) =
2a6 sin (a6x− a9y + a9z + a10)

cos (a6x− a9y + a9z + a10) + ea4(y−z)−a5 + ea4(z−y)+a5 + a11
.

6. Discussion and conclusions

Based on the generalized bilinear operators (1.1), a (3+1)-dimensional Boiti-Leon-
Manna-Pempinelli-like equation was introduced. Through discussing lump solutions
of the BLMP-like equation, we found three kinds of lump solutions. From Figure
1, we can see that one special lump solution moves at the oblique direction.

Through discussing lump-soliton interaction phenomenon, we obtain seven-kind
interaction solutions. From one special solution, we can see the interaction phe-
nomenon is appeared and disappeared along with the time as Figure 2. Through
discussing the breather-solition, we get two-kinds breather-soliton solution. From
Figure 3, we can see a kink-breather soliton moved in oblique direction.
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