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The Exact Solutions for the
Benjamin-Bona-Mahony Equation*

Xiaofang Duan'?, Junliang Lu®', Yaping Ren! and Rui Ma!

Abstract The Benjamin-Bona-Mahony (BBM) equation represents the uni-
directional propagation of nonlinear dispersive long waves, which has a clear
physical background, and is a more suitable mathematical and physical equa-
tion than the KdV equation. Therefore, the research on the BBM equation
is very important. In this article, we put forward an effective algorithm, the
modified hyperbolic function expanding method, to build the solutions of the
BBM equation. We, by utilizing the modified hyperbolic function expanding
method, obtain the traveling wave solutions of the BBM equation. When the
parameters are taken as special values, the solitary waves are also derived from
the traveling waves. The traveling wave solutions are expressed by the hyper-
bolic functions, the trigonometric functions and the rational functions. The
modified hyperbolic function expanding method is direct, concise, elementary
and effective, and can be used for many other nonlinear partial differential
equations.

Keywords Generalized hyperbolic tangent function method, The modified
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1. Introduction

Many phenomena in natural science can be described by nonlinear partial dif-
ferential equations (NLPDE), for instance, physics, ecology, medicine, zoology,
fiber communications, fluid dynamics, propagation of waves, marine engineering,
plasma physics, incompressible fluid, ocean and rogue waves, photonics, optics,
optical-fiber communications, superconductors, arterial mechanics and cosmic plas-
mas [1,2,4-7,13,17,19,22,23,26-29,44]. Due to the wide application of NLPDE in
real life, many scholars want to study their application mechanism by solving exact
solutions of NLPDE, paving way for the in-depth research [44] in the future.

So far, we have generally obtained the exact solutions of NLPDE by using math-
ematical software such as Maple and Mathematica [3,28,30,44,45]. Common meth-
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ods to solving NLPDE include the tanh method [18,24, 38, 47|, the Hirota’s bi-
linear method [40], the sine-cosine method [33], the Exp-function method [10, 16],
!

the inverse scattering method [20], the —-expansion method [25, 36], the sn-ns

method [15], the Darboux transformation method [9], the F-expansion method [21],
the polynomial expansion method [22], the modified polynomial expansion method
[23], the Béacklund transformation [35], etc. Specifically, using the Hirota’s bilinear
method and the tanh-coth method, in [39], Wazwaz yielded the N-soliton solution-
s, N = 1,2,3,4,5, for the Kadomtsev-Petviashvili equation. In [40], the author
obtained the single-soliton solution and the N-soliton solution about the Sawada-
Kotera-Kadomtsev-Petviashvili equation. In [37], the author obtained the traveling
wave solutions to the KdV equation, the generalized KdV equation, the K(n,n)
equations, the Boussinesq equation, the RLW equation, the BBM equation and the
Phi-four equation via the sine-cosine method. In [49], Zhang and Huang acquired
N-soliton solutions to the KdV equation with the variable coefficients Exp-function
method. In [1], Abdel-Gawad and Osman obtained a wide class of exact solutions
to the variable coefficient KdV equation by using the extended unified method, and
presented a new algorithm for treating the coupled NLPDE. In [34], Vakhnenko
and Parkes obtained the exact N-soliton solutions to the Vakhnenko equation uti-
lizing the inverse scattering method. In [41], the author yielded the traveling wave
solutions to the Zhiber-Shabat equation, the Liouville equation, the sinh-Gordon
equation, the Dodd-Bullough-Mikhailov equation and the Tzitzeica-Dodd-Bullough
equation via the tanh method and the extended tanh method, which had showed
their different physical structures. Employing the modified extended tanh method,
in [31], Raslan, Ali and Shallal acquired the traveling wave solutions for the space-
time fractional nonlinear partial differential equations, for instance, the fractional
equal width wave equation and the fractional modified equal width wave equation.
In [46], Zahran and Khater obtained the traveling wave solutions to the Bogoy-
avlenskii equation, which had showed broad applicability. In [12], by using the first
integral method, the tanh-coth method, the sech-csch method, the tan-cot method
and the sec-csc ansatz, Darvishi et al., acquired the traveling wave solutions to the
(2 + 1)-dimensional Zakharov-like soliton equation. In [4], Akbar, Kayum and Os-
man obtained special solutions, including the bright solitons, the periodic solutions,
the compaction solutions, the bell-shape solutions, the parabolic shape solutions,
the singular periodic solutions, the plane shape solutions and some new types of
solitons, for the (3 4+ 1)-dimensional Zakharov-Kuznetsov (ZK) and the new ex-
tended quantum ZK equations by using the enhanced modified simple equation
method. In [32], the exact traveling wave solutions to the M-fractional generalized
reaction Duffing model and the density dependent M —frac/tional diffusion reaction
1

” 1 ek G) method, the mod-

ified Y] method and the a—expansion method. In [36], Wang, Li and Zhang

equation by using three fertile methods, including the (

yielded solitary wave solutions and periodic wave solutions for the BBM equation
!

and the modified Benjamin-Bona-Mahony equation by employing a generalized a

expansion method. In [14], Ghanbari, Baleanu and Qurashi obtained some new
exact optical solitons for the generalized Benjamin-Bona-Mahony equation via the
generalized exponential rational function method, and detailed the physical inter-
pretation of these solutions. In [43], Yan et al., obtained non-local symmetry and
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Béacklund transformation for the BBM equation via the truncated Painlevé expan-
sion method. By employing the Jacobian elliptic function, they yielded solitary
wave solutions and conoidal periodic wave solutions. In [11], Cheng, Luo and Hong
employed the theory of the planar dynamical system to investigate the dynamical
behavior and traveling solutions of the Drinfel’d-Sokolov D(m,n) system. In [50],
Zhou and Zhuang obtained bifurcations of phase portraits and different traveling
wave solutions for planar dynamic systems of the Raman soliton model by using
the bifurcation theory method of dynamic systems.

The BBM equation (1.1) was first proposed by Benjamin, Bona and Maho-
ny, representing the unidirectional propagation of a nonlinear dispersive long wave
u(x,t) [8]. The BBM equation is a more suitable mathematical and physical equa-
tion than the KdV equation, and has a clear physical background

U + Qg + futty — OUgyr = 0, (1.1)

where u(z,t) depends on spatial variable  and temporal variable ¢. «, [, are
arbitrary constants with the nonlinear and dispersion coefficients and 8 # 0, § > 0
[48].

In this article, we will study the BBM equation (1.1) by utilizing the modified
hyperbolic function expanding method [13]. The article is arranged as follows. First,
we give a brief introduction in Section 1. Secondly, the algorithm of the modified
hyperbolic function expanding method is given in Section 2. Thirdly, we give the
exact solutions of the BBM equation in Section 3. At the same time, when the
appropriate values of the free parameters are selected, the special solutions and the
corresponding figures are given in Section 4. Finally, we make a conclusion on the
article in the last section.

2. The modified hyperbolic function expanding
method

In this part, we will introduce the specific steps of the modified hyperbolic function
method.
First, we give a generalized NLPDE

P(u, gy Uy, Uggy -+ ) = 0, (2.1)

where u(x,t) is an unknown function about the spatial variable z and the temporal
variable ¢.

Next, we will discuss the specific steps of the modified hyperbolic function ex-
panding method.

(i) To find the exact solution of equation (2.1), we need to transform equation
(2.1) into an ordinary differential equation (ODE).

Suppose u(z,t) = u(x — ct) = u(§), where £ = = — ct, and ¢ # 0 is any real
number. We can obtain

Plu,u/ ;v W, --) =0, (2.2)

where the prime is the derivative with respect to &.
(ii) Assume that the expression of the exact solution of equation (1.1) is

M
u() = ao + Z(aW(f) + 00" () + 0’ ()¢’ (©) + dip ()P (£),  (23)
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where ¢(€) meets the following equation

¢'(&) =7+ (&), (2.4)

and < is an arbitrary real number.

(iii) Confirm the value of M in equation (2.3). To confirm the parameter M,
we use the balance coefficient method to balance the highest order of the derivative
term and the highest order of the nonlinear term in equation (2.2) [13,42].

(iv) Substituting the value of M and equation (2.4) into equation (2.3), with the
help of Maple, we can set the coefficient of all terms with the same power exponent
about ¢(&) in equation (2.3) to zeros, to solve for the values of ag, a;, b;, ¢;, d;, (i =
1,2,-+- , M), ¢,7.

(v) Substituting the values of ag, a;, b;, ¢;, d;, (i = 1,2,--- , M), ¢, into equation
(2.3), we get the exact solutions of equation (1.1).

3. Solutions to the BBM equation

In order to obtain the solutions to the BBM equation, first, we need to give the
solutions ¢(&) for equation (2.4) as follows.

¢1(§) = V7 tan(y/7€ +p),v > 0, (3.1)

1
502(5):_@77207 (32)
¢3(§) = —v/—7tanh(y/—E€ +p),v <0, (3.3)

where p is a constant of integration.

Next, we give the solutions to the BBM equation. First, we need to transform
equation (1.1) into an ODE.

Set u(z,t) = u(&), where £ = x — ct, and ¢ # 0 is any real number. Substituting
u(x,t) = u(€) into equation (1.1), we can obtain the following equation

—cu’' + au’ + Buu’ + cdu” = 0. (3.4)

Integrating both sides of equation (3.4) and letting the integral constant be 0, we
can get

—cu+ au + qu —cou” = 0. (3.5)

We apply the balance coefficient method to determine M by balancing the high-
est nonlinear term and the highest derivative terms [13,42]. From the highest
nonlinear term u? with the exponent 2M, the highest derivative term " and the
exponent M + 2 in equation (3.5), we can obtain M = 2.

Consequently, we yield the exact solution expression of equation (1.1) as

2

u(€) =ao+ Y _(aip™"(€) + bip'(€) + cip' ()¢ (&) + dip ()¢ (§).  (3.6)

i=1

Substituting equation (3.6) and equation (2.4) into equation (3.5), combining
terms with the same power of p(£) and setting the coefficient of the same power
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of (&) to 0, we yield the system of algebraic equations about ag,a;, b;, c;,d;(1 =
1,2),¢,7.

Using Maple, we get eight sets of solutions for the values of ag, a;, b;, ¢;, d;(i =
1,2), ¢, 7y in the above algebraic equation system, as shown below.

1) ap = ag,a1 = —di7v,a2 = —dpy,by = —dy,by =0,

1 1 (3.7)
c:§a05+§6d2+a,c1:0,62=0,d1=d17d2:d2,7=7;
2) ag = 7d2,al = 7d1’}/7a2 = 7d2")/,b1 = 7d1,b2 = O,C =C,C1 = 0, (3 8)
62:07d1:d17d2:d277:’y; .
3) ap— —4dy 367y + 4ady + da B o — diB(ag + ds)
0 B4~y —1) T T 46(aoB + doff — @)’
(3ao + 2dz2)B(ag + dz) (3.9)
= by = —dy,bg =0,c = — —d
as 15(aoB + daf—a) ' 1,02 =0,c apff — doff + a,
c1=0,c2=0,d1 =di,da = da,y=1;
4) ag = —4dy B0y + 12ady + do 0 — d1B(ag + da)
0 B(40y + 1) "N 46(aB + dof + 3a)’
aof(ao + dz) 1 1 (3.10)
= — by = —dy,b =0,c= = —d
as 15(a0f + daB + 3a)" ! 1,02 =0,c 3a03+3 28 + «a,
Cl:O;CQZOvdlzdth:dQv’y:’Y;
dofS 4+ 3 — 3¢ di(a — ¢ da(ax — ¢
5) ao:_ﬁﬁ7a1:_1(406>,a2:_2(m)7
12¢6 a (3.11)
b1 = —dy,by = — = =0,c0=0,dy =dy,dy =d
1 1,02 3 , C 457+1,81 , C2 y 1 1,02 25
Y=
—d — d — d —
6) ao= 2t ar= ila C),azz 2o C),blz—dl,
B 4cd 4co (3.12)
12¢H a '
bo=———c=—-———0¢=0,c0=0,dy =dy,dy = d =;
2 3 ) € 45771701 ) €2 ) @1 1,02 7=
2daf+a—c di(a—c)
N Go= TS T
B —4dyafB + deds S + 302 — 6ea + 32 B _ 12¢0 3.13
az = 64055 7b1_ d17b2_ ﬂ ) ( )
«
C:_macl:0762:O>d1:d17d2:d277:’y;
2B +3a—-3c  di(a—c)
8) ap=-— 55 01 =~ e
B ddraB — 4dedo B + 3a® — 6ea + 3¢ B 120 3.14
az = 6405(5 abl_ d17b2_ B ) ( )
o

Y =0,c=0,dy = dy,dy = dp, 7 =7.
c 16(5’Y+1701 , C2 , 61 1,02 2,7 Y
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Then, we substitute the above eight sets of solutions about aqg, a;, b;, ¢;, d;(i =
1,2), ¢, v and equation (2.4) into equation (3.6) respectively, and yield the exact
solutions of equation (1.1) as follows.

For 1), the solutions of equation (1.1) admit:

If v > 0,

u11(§) =ap — di/y cot(\/7€ + p) — do cot2(\ﬁ§ +p)
— di/7 tan(y/7€ + p) + diy/7 cot(y/7€ + p) sec’ (/7€ + p) (3.15)
+do CSCQ(ﬁf +p),

where { =z — ct,c = %aoﬁ + %ﬂdg + «, and ag, dy, ds, p are arbitrary constants.
If v =0,
u12(€) = ag + diy(§ +p) — doy(€ +p)* +d2 = C, (3.16)

1 1
where £ =z —ct,c = 5%5 + §ﬁd2 + a, and C' = ag + dy is an arbitrary constant,

which is a constant solution.

If v <0,
u13(€) =ag — div/—7 coth(v/=7€ + p) + da coth® (V=€ + p)
+ diy/=7 tanh(v/=7¢ + p) (3.17)
+ dyv/=7ycoth(v=7¢ + p)sech? (vV=7€ + p) '
+ dycsch® (V=7 + p),

1 1
where { =z —ct,c = §a0ﬁ + iﬂdg + «, and ag, d;,ds, p are arbitrary constants.

For 2), the solutions of equation (1.1) admit:
If v > 0,

ug1 () = — dy — di /7 cot(y/7€ + p) — da cot® (/7€ + p)
— dy/ytan(/YE + p) + di /7 cot (/7€ + p) sec? (/A€ + p) (3.18)

+ dy s (€ +p),
where £ = x — ct, and ¢(# 0),dy, d2, p are arbitrary constants.
If vy =0,
ug2(€) = diy(§ +p) — doy(€ +p)* =0, (3.19)
which is a trivial solution.
If v <0,

U3 (€) = — dy — div/—7 coth(v/ =€ + p) + da coth? (/=7 + p)
+ dy/—7 tanh(v/—v€ + p)
+ dy/=7coth(yv=7¢ + p)sech®(vV=7¢ + p)
+ dacsch® (V=€ + p),

(3.20)

where £ = x — ct, and ¢(# 0), d1, ds, p are arbitrary constants.
For 3), the solutions of equation (1.1) admit:
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If v > 0,

() = —4da B0y + 4ady +doff d1B(ag + da)
Ysiis) = B(40y — 1) 46(aoB + daoff — @)\ /¥
3 2d d
W a6 )
+ di /7 cot (/7€ + p) sec (/7€ + p) + da esc? (/7€ + p),

cot(y/7€ + p)

(3.21)

where { = x — ct,c = —agB — d28 + a # 0, and ag, d1, ds, p are arbitrary constants.
If v =0,

d1B(ao + da)

1528 = 15008 + daB— ) P (3.22)
(3a0 + 2d2)5(a0 + dg) 2 '
2d
4(5(a0ﬁ+d25—a) (£+p) + 2dz,
where £ = x —ct,c = —agf — d25 + a # 0, and ag, d1, do, p are arbitrary constants.
If v <0,
—4d2ﬁ5’}/ + 40[(5’)/ + dzﬁ dlﬁ(ao + dg)
U = + coth(v/—v¢& +
&) = 5 - ) 13(aB + daf— a)y— YD)

(3(10 + 2d2)6(a0 + dg) 2
T Dai 1 B —ay O (V=1€ +p) + div/=7 tanh(v/=7¢ + p)

+ di/=7coth(v/=7€ + p)sech® (/=€ + p) + dacsch® (vV—7€ + p),
(3.23)

where { = x — ct,c = —agB — Bds + a # 0, and ag, d1, ds, p are arbitrary constants.
For 4), the solutions of equation (1.1) admit:

If v > 0,
_ —Ady B0y + 1206y + do 3 d1B(ag + ds)
war(8) = B(46y +1) 46(apB + d2f + 30[)\/’7 COt(ﬁﬁ )
aoB(ao + dz) (3.24)

- 46(&0B+d25+30¢)’}/ COt2(ﬁ£+p)_d1ﬁtaH(ﬁ€+p)
+ d1y/7 cot(y/7€ + p) sec® (VAE + p) + dy esc® (/7€ +p),

1 1
where £ = x—ct,c = gaoﬁ—&— gb’dg +a # 0, and ag, dy, do, p are arbitrary constants.
If v =0,
d1B(ap + da)
=— +
’1,642(5) 45(&06+d26+30&) (5 p)
~agB(ag + da)
46(apB + da2ff + 3a)

(3.25)
(€ + p)2 =+ 2d27

1 1
where £ = x—ct,c = gaoﬁ—&— gdgﬁ—&—a # 0, and ag, d1, da, p are arbitrary constants.
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If v <0,
_ —A4daBoy +12ady + doff d1B(ap + da) —
ua3(§) = B(doy +1) (0B + daB + 30y = OV TIE+P)
apB(ap + dz)

2
W(aoh + daf + 30y M (VI + D)+ diy/ =y tanh(V=7E + 1)

+ dyy/=7coth(yv/=7€ + p)sech? (/=7€ + p) + dacsch® (/=€ + p),
(3.26)

1 1
where £ = x—ct,c = gaoﬁ—&— gdgﬁ—‘ra # 0, and ag, d1, do, p are arbitrary constants.
For 5), the solutions of equation (1.1) admit:

If v > 0,
 def+3a—3c  di(a—c)
U51(§) - 5 405ﬁ COt(ﬁ£+p)
da(ae—c¢)
Jeo cot“(v/ V€ + p) — di /7 tan(y/7€ + p) (3.27)
12¢éy . 2
- tan (VY€ +p) + diy/7 cot(y/7€ + p) sec” (A€ + p)
+dz csc® (V€ + ),
where { =z —ct,c = ﬁ, and dy,ds, p are arbitrary constants.
«@
If v=0, then ¢ = 17 11 = a,
doff +3a—3c  di(a—c da(a—c
usa() = - 27 POy B0
I} 4cd 4cd (3.28)
n 12¢6 d = 12a6 '
BlE+p? 7 BE+P?
where £ = x — at, and p is an arbitrary constant.
If v <0,
daff +3a—3c  di(a—c)
= — h —
U53(§) B + 406\/j7 cot (\/ 7§+p)
da(a —c) 2
s coth® (v=7€ + p) + div/—7 tanh(v/=7¢ + p)
12¢6 (3.29)
+ ; Y tanh? (=€ + p)
+ di/=7coth(v/—7€ + p)sech® (v/—7& + p)
+ dacsch® (V=& + p),
where { =z — ct,c = ﬁ, and dy,ds, p are arbitrary constants.

For 6), the solutions of equation (1.1) admit:
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If v > 0,
—dsyf+a—c d
n(€) =~ B con(y 5+
da(a—c)
t d t
i ot (VTE + ) — diyF tan(y/7E + 1) 530
1265
5 tan® (/7€ + p) + d1/7 cot(\/7€ + p) sec? (/7€ + p)
+dz csc® (7€ + ),
where { =z — ct,c = —L, and dq,ds, p are arbitrary constants.
46y —1
Q@
v =0, then ¢ 1y —1 «,
—doff + a0 — di(a — ds(a
ugal ) =2 SO ey gy RO e gy
I3 4cd 4co (3.31)
~ 12¢ dy 1206 '
Ble+p? 77T BlE+D?
where £ = x — at, and p is an arbitrary constant.
If v <0,
—dbft+a—c di(a—c)
th(y/—
usa(€) == g coth(y/ e +1)
_d
251 5 %) coth?(v/=7€ + p) + di/—7 tanh(y/—€ + p)
12¢6 (3.32)
+ ; 7 tanh?(yv/ =€ + p)
+ d1v/=7coth(v/=¢ + p)sech? (v/=7¢ + p)
+ dycsch? (/=€ + p),
where { =z —ct,c = _45a71’ and dq,ds, p are arbitrary constants.
v —
For 7), the solutions of equation (1.1) admit:
If v > 0,
- 2d2ﬂ +a—c dl( )
u71(§) = % 16c5./5 cot(v/7€ + p)
—4dyaf + deda B+ 302 — 6ca +3¢2
— t
6430~ cot" (V& +p) (3.33)
12¢6
— i/ tan(y/3 +p) — —— tan® (€ + )
+ diy/7 cot(v/7€ + p) sec® (V€ + p) + dz csc® (A€ + p),
where { =z — ct,c = —L, and dq,ds, p are arbitrary constants.
160y — 1
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(67

Ify=0,thene=—— > —
R oY v |

a,

2dof+a—c  di(a—c
un(g) = - 22EAZC DOy
B —4dyaff + 4edaB + 302 — 6ea + 32
64c30
12¢6 12a6

T BE+p)?

—— 4 dy = —
B +p)?

where £ =z — at, and p is an arbitrary constant.

If v <0,

(€ +p)° (3.34)

2daf+a—c  di(a—c)
- Qﬂ - 1605\/77’7 COth<\/—7’y€ +p>

—4 4 2 - ’
) doa3 + deds B + 3ax 6ca + 3¢ cothQ(\/j“Yf+p)

64cBoy
19667 , (3.35)
+ di/—7 tanh(v/ =€ +p) + 5 tanh”(y/=¢ + p)

+ dyv/=7ycoth(yv/=7¢ + p)sech® (v/=7€ + p)
+ dyesch® (V=€ + p),

ur3(§) =

where £ =z — ct,c = and d1,ds, p are arbitrary constants.

o

166y — 1’
For 8), the solutions of equation (1.1) admit:
If v > 0,

2dyf+3a—3c  di(a—c)
- 55 " Tocsq cot(y/7€ + p)

B 4dyaB — dedy B+ 30 — 6ea + 3c?
64cBdy

dy /A tan(y/FE +p) — 12;57 san(\/7€ + p)
+ dy /7 cot(\/7E + p) sec (/A€ + p) + dg csc (VAE + p),

ugl(f) =

cot? (/7€ + p) (3.36)

where £ =z — ct,c = , and dq,do, p are arbitrary constants.

>
160y + 1
Q

Ify =0, then ¢ = —— —
e 17 A B

2dyf +3a—3c  di(a—c)
- 25 T e TP
4dyaB — dedy B + 302 — 6ea + 3c?
- 64c35
12¢6 12a6

T B(E+p)?

where £ = x — at, and p is an arbitrary constant.

usQ(f) =

(& +p)? (3.37)

B(€ +p)?
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If v <0,
2do8+3a—3¢c  di(a—-c
ugs(€) = — = 25 1615&5\/—,1C0th(\/—7§+p)
4d — 4cd 2 - 2
L qaff — 4edof + 3a* — 6ea + 3¢ COthQ(M§+p)
64cBoy

(3.38)
4/ tanh(y T+ p) + o tank (R + )
+ dy /=7 coth(yv=4€ + p)sech® (v =€ + p)
+ dyesch® (VE + ),

where { =z —ct,c = and dy,ds, p are arbitrary constants.

«
166y + 1’

Note: For the solution uy5 is a constant solution, the solution ugs is a trivial
solution, and they have no physical meanings. The solutions ugsz, u72 and ugs are

the same solutions.

4. Examples and corresponding graphics

In this part, we will investigate the exact solutions of the BBM equation and the
corresponding figures when taking specific parameter values.

For simplicity, we take o = 8 = 6 = 1 to study all the solutions.

We will select some values for ag,a;,b;,¢;(i = 1,2),¢,p,v to yield the exact
solutions of the BBM equation.

We assume that the values of the above parameters are as follows

ap=1,di =-1,d2=2,p=0.
When v > 0, we adopt v = 4. Then, solution (3.15) becomes

u11(§) =1+ 2cot(28) — 2cot2(2§) + 2tan(2€) — 2 cot(2§) secz(2§)

+ 2 csc?(2€), 1)

5
where { =z — it' The figure of solution (4.1) is shown as Figure (a) in Figure 1.

When v < 0, we adopt v = —4. Then, solution (3.17) becomes

u13(€) =1 + 2 coth(2€) + 2 coth?(2€) — 2 tanh(2€) — 2 coth(2€)sech?(2€)

+ 2csch?(2¢€), (4.2)

)
where £ = x — 575. The figure of solution (4.2) is shown as Figure (b) in Figure 1.
When v > 0, we adopt v = 4. Then, solution (3.18) becomes

u21(§) = — 2+ 2cot(28) — 2cot2(2§) + 2tan(2§) — cot(2¢) Sec2(2§)

+ 2 csc?(26), (4.3)

where £ = & — 3t. The figure of solution (4.3) is shown as Figure (c) in Figure 1.
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(a) The figure of ui1 (b) The figure of w13

(c) The figure of ugy (d) The figure of usas

Figure 1. The figure of (4.1) shown on (a); the figure of (4.2) shown on (b); the figure of (4.3)
shown on (c); the figure of (4.4) shown on (d)

When v < 0, we adopt v = —4. Then, solution (3.20) becomes

ug3(€) = — 2 4 2 coth(2€) + 2 coth?(2€) — 2 tanh(2¢) s
— 2 coth(2€)sech?(2€) 4 2csch?(2€), 44

where £ = & — 3t. The figure of solution (4.4) is shown as Figure (d) in Figure 1.
When v > 0, we adopt v = 4. Then, solution (3.21) becomes

st (€) = — % + % cot(26) + % cot?(26) + 2tan(2) — 2eot(20) sec*(26)
+ 2cesc?(2€),

where £ = x + 2t. The figure of solution (4.5) is shown as Figure (a) in Figure 2.
When ~ = 0, then solution (3.22) becomes

us2(§) = —gﬁ + %527 (4.6)
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where € = x + 2t. The figure of solution (4.6) is shown as Figure (b) in Figure 2.
When v < 0, we adopt v = —4. Then, solution (3.23) becomes
18 3 21 2
usz(€) = 7 16 coth(2¢) + 2 coth”(2€) — 2 tanh(2¢)
— 2 coth(2€)sech?(2€) + 2csch?(2€),

(4.7)

where £ = x + 2t. The figure of solution (4.7) is shown as Figure (c) in Figure 2.

(c) The figure of uss

Figure 2. The figure of (4.5) shown on (a); the figure of (4.6) shown on (b); the figure of (4.7)
shown on (c)

When v > 0, we adopt v = 4. Then, solution (3.24) becomes

ug1(€) :% - liﬁ cot(2€) — 3% cot?(2€) + 2 tan(2¢) — 2 cot(2¢) sec?(2€) (4.8)
+ 2 csc?(2€),

where { = x — 2¢t. The figure of solution (4.8) is shown as Figure (a) in Figure 3.
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When v = 0, then solution (3.25) becomes

uial€) =4+ 36 - €, (19)

where £ = & — 2¢. The figure of solution (4.9) is shown as Figure (b) in Figure 3.
When v < 0, we adopt v = —4. Then, solution (3.26) becomes

ug3(&) :% + % coth(2¢) — 3% coth2(2§) — 2tanh(2¢)

— 2coth(2¢)sech?(2€) + 2csch?(2€),

(4.10)

where & = 2 — 2t. The figure of solution (4.10) is shown as Figure (¢) in Figure 3.

(a) The figure of ua1 (b) The figure of w4z

(c) The figure of uas

Figure 3. The figure of (4.8) shown on (a); the figure of (4.9) shown on (b); the figure of (4.10)
shown on (c)
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When v > 0, we adopt v = 4. Then, solution (3.27) becomes

s (€) = — % 20t (2€) — 2cot2(2€) + 2 tan(2€) — % tan2(2€)

— 2cot(2€) sec?(2€) + 2 csc?(2€),

(4.11)

where { = # — =t. The figure of solution (4.11) is shown as Figure (a) in Figure 4.
When « = 0, then solution (3.28) becomes

12
= 5—27

where £ = 2 — t. The figure of solution (4.12) is shown as Figure (b) in Figure 4.
When v < 0, we adopt v = —4. Then, solution (3.29) becomes

u52(§) (4.12)

us3(&) = — ? + 2 coth(2€) + 2 coth?(2€) — 2 tanh(2€) + 15—6 tanh?(2¢) (4.13)

— 2 coth(2€)sech?(2€) + 2csch?(2€)2,

where { = x + =t. The figure of solution (4.13) is shown as Figure (c) in Figure 4.
When v > 0, we adopt v = 4. Then, solution (3.30) becomes

ug1(§) = — % + 2cot(2€) — 2cot?(2€) + 2tan(2€) + %tanQ(Zf)
— 2cot(2€) sec?(2€) + 2 esc?(2€),

(4.14)

where & = 2 + {=t. The figure of solution (4.14) is shown as Figure (a) in Figure 5.
When v = 0, then solution (3.31) becomes

12
_?’

where £ = x — t. The figure of solution (4.15) is shown as Figure (b) in Figure 5.
When v < 0, we adopt v = —4. Then, solution (3.32) becomes

ue2(§) = (4.15)

ugs (&) = — %J_ +2coth(2€) + 2 coth?(2¢) — 2 tanh(2¢) — % tanh?(2¢€)

— 2 coth(2¢)sech?(2€) + 2csch?(2€),

(4.16)

where £ = x — %715. The figure of solution (4.16) is shown as Figure (c) in Figure 5.
When v > 0, we adopt v = 4. Then, solution (3.33) becomes

ur(§) = — % + 2cot(28) — % cot?(2¢€) + 2 tan(2¢) + 16 tan?(2¢)

21 (4.17)

— 2cot(2€) sec?(2€) + 2 esc?(2€),

where { = x + 4t. The figure of solution (4.17) is shown as Figure (a) in Figure 6.
When v < 0, we adopt v = —4. Then, solution (3.35) becomes

w2 82 e BRI
urs(&) = oF + 2 coth(2¢) + o5 coth®(2¢) — 2 tanh(2¢) oF tanh”(2¢) (4.18)

— 2 coth(2¢)sech?(2€) + 2csch?(2€),
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(a) The figure of us1 (b) The figure of uss

(c) The figure of uss

Figure 4. The figure of (4.11) shown on (a); the figure of (4.12) shown on (b); the figure of (4.13)
shown on (c)

where & = 2 — g=t. The figure of solution (4.18) is shown as Figure (b) in Figure 6.
When v > 0, we adopt v = 4. Then, solution (3.36) becomes
226 178 48
ug1(§) = — o + 2cot(28) — = cot?(2¢) + 2tan(2¢) — oE tan?(2¢)
— 2 cot(2¢) sec?(2€) + 2 esc?(2€),

(4.19)

where & = 2 — g=t. The figure of solution (4.19) is shown as Figure (c) in Figure 6.
When v < 0, we adopt v = —4. Then, solution (3.38) becomes

ugs (&) = — g + 2 coth(2¢) + ; Coth2(2§) — 2tanh(2¢) + g ta,nh2(2£)
— 2 coth(2¢)sech?(2€) + 2csch?(2€),

(4.20)

where { = x + g5t. The figure of solution (4.20) is shown as Figure (d) in Figure 6.
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(a) The figure of ug1 (b) The figure of ugs

(c) The figure of ugs

Figure 5. The figure of (4.14) shown on (a); the figure of (4.15) shown on (b); the figure of (4.16)
shown on (c)

5. Conclusion

In summary, this paper introduces the BBM equation and acquires the traveling
wave solutions of the BBM equation by utilizing the modified hyperbolic function
expanding method. Due to the different selection of the sign of the parameter -, the
traveling wave solutions have different structures. When ~ > 0, and the solutions
are trigonometric function solutions as shown in equations (3.15), (3.18), (3.21),
(3.24), (3.27), (3.30), (3.33) and (3.36). When v = 0, the solutions are rational
function solutions as shown in equations (3.22), (3.25), (3.28) and (3.31). When
~v < 0, the solutions are hyperbolic trigonometric function solutions as shown in
equations (3.17), (3.20), (3.23), (3.26), (3.29), (3.32), (3.35) and (3.38).

Compared with the previous literature, the traveling wave solutions we have
obtained are different from the previous ones. When v > 0 and v < 0, all of the
solutions are trigonometric function solutions and hyperbolic trigonometric func-
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tion solutions, which are important in physical sciences and mathematical sciences.
The solutions obtained in this way reveal that the concerned model governs pulse
dynamics in NLPDE effectively. We have supplemented and improved the exact
solutions of this kind of equation, and provided a new idea for obtaining the exact
solutions of this kind of equation in the future, laying a new foundation for our in-
depth research. At the same time, it manifests that this method is very convenient
and a more powerful tool to obtain the analytical solutions of NLPDE. In addition,
studying the dynamical properties and all solutions of the BBM equation is also
one of our main tasks in the future. The further study in this regard will procure
other novel and marvelous results for NLPDE.

0000
0000~
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0000+

(a) The figure of w7y (b) The figure of urs

<104
< I(]L:

<10%

< 10°

(c) The figure of ugy (d) The figure of ugs

Figure 6. The figure of (4.17) shown on (a); the figure of (4.18) shown on (b); the figure of (4.19)
shown on (c); the figure of (4.20) shown on (d)



646

X. Duan, J. Lu, Y. Ren & R. Ma

Acknowledgements

The authors are grateful to the editors and the anonymous reviewers for their valu-
able comments and suggestions, which have greatly improved the quality of the
paper. Meanwhile, we would like to thank the National Natural Science Founda-
tion of China for its generous support to the paper.

References

1]

[9]

[10]

[11]

[12]

H. I. Abdel-Gawad and M. Osman, On shallow water waves in a medium with
time-dependent dispersion and nonlinearity coefficients, Journal of Advanced
Research, 2015, 6(4), 593-599.

H. I. Abdel-Gawad and M. S. Osman, On the Variational Approach for Analyz-
ing the Stability of Solutions of Fvolution Equations, Kyungpook Mathematical
Journal, 2013, 53(4), 661-680.

A. M. Abourabia, T. S. El-Danaf and A. M. Morad, Fzact solutions of the
hierarchical Korteweg—de Vries equation of microstructured granular materials,
Chaos, Solitons & Fractals, 2009, 41(2), 716-726.

M. A. Akbar, M. A. Kayum and M. S. Osman, Bright, periodic, compacton
and bell-shape soliton solutions of the extended QZK and (3+1)-dimensional
ZK equations, Communications in Theoretical Physics, 2021, 73(10), Article
ID 105003, 14 pages.

K. K. Ali, R. Yilmazer, H. Bulut, et al., Abundant exact solutions to the s-
train wave equation in micro-structured solids, Modern Physics Letters B, 2021,
35(26), Article ID 2150439, 15 pages.

H. Almusawa, K. K. Ali, A. M. Wazwaz, et al., Protracted study on a real
physical phenomenon generated by media inhomogeneities, Results in Physics,
2021, 31, Article ID 104933, 7 pages.

H. M. Baskonus, M. S. Osman, H. ur Rehman, et al., On pulse propagation
of soliton wave solutions related to the perturbed Chen—Lee—Liu equation in an
optical fiber, Optical and Quantum Electronics, 2021, 53, 556, 11 pages.

T. B. Benjamin, J. L. Bona and J. J. Mahony, Model equations for long waves in
nonlinear dispersive systems, Philosophical Transactions of the Royal Society
of London. Series A. Mathematical and Physical Sciences, 1972, 272(1220),
47-78.

H. Cai, J. Shi, D. Tian and N. Huang, Darboux Transformation Method for
Solving the Sine-Gordon Equation in a Laboratory Reference, Chinese Physics
Letters, 2002, 19(7), 908, 4 pages.

J. Chang, The exp-function method and generalized solitary solutions, Com-
puters & Mathematics with Applications, 2011, 61(8), 2081-2084.

R. Cheng, Z. Luo and X. Hong, Bifurcations and New Traveling Wave Solutions
for the Nonlinear Dispersion Drinfel’d-Sokolov (D(m,n)) System, Journal of
Nonlinear Modeling and Analysis, 2021, 3(2), 193-207.

M. T. Darvishi, S. Arbabi, M. Najafi and A. M. Wazwaz, Traveling wave solu-
tions of a (2+1)-dimensional Zakharov-like equation by the first integral method
and the tanh method, Optik, 2016, 127(16), 6312-6321.



The Exact Solutions for BBM Equation 647

[13]

[16]

[17]

[18]

[19]

[20]

[21]

22]

[23]

X. Duan and J. Lu, The ezact solutions for the (3+1)-dimensional Boiti—Leon—
Manna—Pempinelli equation, Results in Physics, 2021, 21, Article ID 103820,
7 pages.

B. Ghanbari, D. Baleanu and M. Al Qurashi, New Fzact Solutions of the Gener-
alized Benjamin—Bona—Mahony Equation, Symmetry, 2019, 11(1), 20, 12 pages.

H. Giindogdu and O. F. Géziikizil, Solving Benjamin—Bona—Mahony equation
by using the sn-ns method and the tanh-coth method, Mathematica Moravica,
2017, 21(1), 95-103.

J. He and X. Wu, Ezp-function method for nonlinear wave equations, Chaos,
Solitons & Fractals, 2006, 30(3), 700-708.

H. F. Ismael, S. S. Atas, H. Bulut and M. S. Osman, Analytical solutions to the
M-derivative resonant Davey—Stewartson equations, Modern Physics Letters B,
2021, 35(30), Article ID 2150455, 16 pages.

A. H. Khater, W. Malfliet, D. K. Callebaut and E. S. Kamel, The tanh method,
a simple transformation and exact analytical solutions for nonlinear reaction—
diffusion equations, Chaos, Solitons & Fractals, 2002, 14(3), 513-522.

S. Kumar, R. Kumar, M. S. Osman and B. Samet, A wavelet based numeri-
cal scheme for fractional order SEIR epidemic of measles by using Genocchi
polynomials, Numerical Methods for Partial Differential Equations, 2021, 37,
1250-1268.

M. Lassas, J. L. Mueller, S. Siltanen and A. Stahel, The Novikov—Veselov equa-
tion and the inverse scattering method, Part I: Analysis, Physica D: Nonlinear
Phenomena, 2012, 241(16), 1322-1335.

W. Li, Y. Tian and Z. Zhang, F-expansion method and its application for
finding new exact solutions to the sine-Gordon and sinh-Gordon equations,
Applied Mathematics and Computation, 2012, 219(3), 1135-1143.

J. Lu, New ezact solutions for Kudryashov-Sinelshchikov equation, Advances
in Difference Equations, 2018, 374, 17 pages.

J. Lu, X. Duan, C. Li and X. Hong, Explicit solutions for the coupled nonlinear
Drinfeld—Sokolov—Satsuma—Hirota system, Results in Physics, 2021, 24, Article
ID 104128, 9 pages.

W. Malfliet, The tanh method: a tool for solving certain classes of nonlinear
evolution and wave equations, Journal of Computational and Applied Mathe-
matics, 2004, 164/165, 529-541.

J. Manafianheris, Fzact Solutions of the BBM and MBBM Equations by the
Generalized (G’/G)-expansion Method Equations, International Journal of Ge-
netic Engineering, 2012, 2(3), 28-32.

M. S. Osman and H. I. Abdel-Gawad, Multi-wave solutions of the (2+1)-
dimensional Nizhnik-Novikov-Veselov equations with variable coefficients, Eu-
ropean Physical Journal Plus, 2015, 215, 11 pages.

M. S. Osman, M. Inc, J. Liu, et al., Different wave structures and stabili-
ty analysis for the generalized (2+1)-dimensional Camassa—Holm—Kadomtsev—
Petviashvili equation, Physica Scripta, 2020, 95(3), Article ID 035229, 7 pages.



648

X. Duan, J. Lu, Y. Ren & R. Ma

28]

[29]

M. S. Osman and A. M. Wazwaz, An efficient algorithm to construct multi-
soliton rational solutions of the (2+1)-dimensional KdV equation with variable
coefficients, Applied Mathematics and Computation, 2018, 321, 282-289.

M. S. Osman and A. M. Wazwaz, A general bilinear form to generate dif-
ferent wave structures of solitons for a (3+1)-dimensional Boiti-Leon-Manna-
Pempinelli equation, Mathematical Methods in the Applied Sciences, 2019,
42(18), 6277-6283.

R. Pavelle, Applications of Computer Algebra, Kluwer Academic Publisher,
Boston/Dordrecht/Lancaster, 1985.

K. R. Raslan, K. K. Ali and M. A. Shallal, The modified extended tanh method
with the Riccati equation for solving the space-time fractional EW and MEW
equations, Chaos, Solitons & Fractals, 2017, 103, 404—-409.

I. Siddique, M. M. M. Jaradat, A. Zafar, et al., Ezxact traveling wave solutions
for two prolific conformable M-Fractional differential equations via three diverse
approaches, Results in Physics, 2021, 28, Article ID 104557, 15 pages.

F. Tagcan and A. Bekir, Analytic solutions of the (2+1)-dimensional nonlinear
evolution equations using the sine-cosine method, Applied Mathematics and
Computation, 2009, 215(8), 3134-3139.

V. O. Vakhnenko and E. J. Parkes, The calculation of multi-soliton solutions
of the Vakhnenko equation by the inverse scattering method, Chaos, Solitons &
Fractals, 2002, 13(9), 1819-1826.

H. D. Wahlquist and F. B Estabrook, Backlund Transformation for Solutions of
the Korteweg-de Vries Equation, Physical Review Letters, 1973, 31(23), 1386—
1389.

M. Wang, X. Li and J. Zhang, The (G’/G)-expansion method and travel-
ling wave solutions of nonlinear evolution equations in mathematical physics,
Physics Letters A, 2008, 372(4), 417-423.

A. M. Wazwaz, A sine-cosine method for handling nonlinear wave equations,
Mathematical and Computer Modelling, 2004, 40(5-6), 499-508.

A. M. Wazwaz, The tanh method: exact solutions of the sine-Gordon and the
sinh-Gordon equations, Applied Mathematics and Computation, 2005, 167(2),
1196-1210.

A. M. Wazwaz, Multiple-soliton solutions for the KP equation by Hirota’s bi-
linear method and by the tanh—coth method, Applied Mathematics and Com-
putation, 2007, 190(1), 633-640.

A. M. Wazwaz, The Hirota’s bilinear method and the tanh—coth method for
multiple-soliton solutions of the Sawada—Kotera—Kadomtsev—Petviashvili equa-
tion, Applied Mathematics and Computation, 2008, 200(1), 160-166.

A. M. Wazwaz, The tanh method for travelling wave solutions to the Zhiber—
Shabat equation and other related equations, Communications in Nonlinear Sci-
ence and Numerical Simulation, 2008, 13(3), 584-592.

A. M. Wazwaz, Partial Differential Equations and Solitary Waves Theory (1st
Edition), Nonlinear Physical Science, Higher Education Press & Springer, Bei-
jing & Dordrecht/Heidelberg/London/New York, 2009.



The Exact Solutions for BBM Equation 649

[43]

[44]

[45]

(48]

[49]

[50]

X. Yan, S. Tian, M. Dong, et al., Nonlocal Symmetries, Conservation Laws and
Interaction Solutions of the Generalised Dispersive Modified Benjamin—Bona—
Mahony Equation, Zeitschrift fiir Naturforschung A, 2018, 73(5), 399-405.

M. Yang, M. S. Osman and J. Liu, Abundant lump-type solutions for the ex-
tended (3+1)-dimensional Jimbo—Miwa equation, Results in Physics, 2021, 23,
Article ID 104009, 8 pages.

S. Yang and C. Hua, Lie symmetry reductions and exact solutions of a coupled
KdV-Burgers equation, Applied Mathematics and Computation, 2014, 234,
579-583.

E. H. M. Zahran and M. M. A. Khater, Modified extended tanh—function
method and its applications to the Bogoyavlenskii equation, Applied Mathe-
matical Modelling, 2016, 40(3), 1769-1775.

E. M. E. Zayed and H. M. A. Rahman, The Ezxtended Tanh-Method For Finding
Traveling Wave Solutions Of Nonlinear Evolution Equations, Applied Mathe-
matics E-Notes, 2010, 10, 235-245.

H. Zhang, G. Wei and Y. Gao, On the general form of the Benjamin—Bona—
Mahony equation in fluid mechanics, Czechoslovak Journal of Physics, 2002,
52(3), 373-377.

S. Zhang and H. Zhang, Fzp-function method for N-soliton solutions of non-
linear evolution equations in mathematical physics, Physics Letters A, 2009,
373(30), 2501-2505.

Y. Zhou and J. Zhuang, Bifurcations and FEzxact Solutions of the Raman Soli-
ton Model in Nanoscale Optical Waveguides with Metamaterials, Journal of
Nonlinear Modeling and Analysis, 2021, 3(1), 145-165.



	Introduction
	The modified hyperbolic function expanding method
	Solutions to the BBM equation
	Examples and corresponding graphics
	Conclusion

