Journal of Nonlinear Modeling and Analysis http://jnma.ca; http://jnma.ijournal.cn
Volume 4, Number 4, December 2022, 686—-700 DOI:10.12150/jnma.2022.686

Triple Positive Solutions of Boundary Value
Problems for High-order Fractional Differential
Equation at Resonance with Singularities™®
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Abstract In this paper, we investigate the existence of triple positive solu-
tions of boundary value problems for high-order fractional differential equation
at resonance with singularities by using the fixed point index theory and the
Leggett-Williams theorem. The spectral theory and some new height functions
are also employed to establish the existence of triple positive solutions. The
nonlinearity involved is arbitrary fractional derivative, and permits singularity.
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1. Introduction

In this paper, we consider the following boundary value problem for high-order
fractional differential equation (FBVP for short) at resonance

2(0) = 2'(0) = 2"(0) = - -- = 2("=2(0) = 0, Dy, x(1) = X [/ m(t) Dy, x(t)dt,
(L.1)
where D§, is the standard Riemann-Liouville derivative, m € L[0, 1] is nonnegative
and may be singular at t = 0andt =1, n—-1<a<n,n>3, a—(n—1) >
B>0,0<n<1 Af'm(t)t*#~tdt = 1, and the nonlinearity f(t,x,y) permits
singularities at t = 0,1 and z =y = 0.
We note that (1.1) happens to be at resonance in the case that the corresponding
homogeneous boundary value problem

{D0+x(t)+f( z(t), §+x(t))=0 0<t<l,

Dg,xz(t) =0, 0 <t <1,
2(0) = 2'(0) = 2"(0) = --- = 2("=2(0) = 0, Dy, x(1) = X [/ m(t) Dy, x(t)dt,
(1.2)
has a solution c¢t®~1, ¢ € R,c # 0, as a nontrivial solution. That is, the derivative
operator in the boundary value problem is not invertible.
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The research on the boundary value problem of fractional differential equation is
mainly carried out to extend some effective methods in integer differential equation
such as special function method, Laplace transform, Fourier transform, iterative
method, operator calculus, combination method and fixed point theorem (see [3,
13,18, 22]). The main results focus on the linear non-resonant boundary value
problem (see [1,21,23-27]). The study on the resonant boundary value problem is
not perfect.

The resonant boundary value problem is that the homogeneous problem corre-
sponding to the equation has a nontrivial solution. That is to say, the derivative
operator in the boundary value problem is not invertible. Boundary value problem
at resonance, as a kind of special boundary value problem in differential equations,
has a very wide application prospect in the fields of celestial mechanics, aerody-
namics, material mechanics, fluid mechanics and so on (see [2,6,9,12,16]).

For integer-order boundary value problems at resonance, the methods used by
researchers generally include topological degree theory, Mawhin’s overlap degree
theorem, fixed point theorem, critical point theorem, function analysis theory, phase
plane analysis method and so on (see [4,5,7,10,17,20]). Compared with the bound-
ary value problem of integer-order differential equations at resonance, the study of
fractional order started late. The first one was Kosmatov’s application of Mawhin’s
continuity theorem to study the following fractional-order three-point boundary
value problem at resonance (see [8])

{D&u() F(tult), /(¢
Dg;2u(0) =0, <>=u<1>

In most cases of the real life, it is necessary to solve the positive solution of the
differential equation under the boundary value conditions, which requires sufficient
theoretical proof. For the boundary value problems of integer or fractional-order
differential equations at resonance, it is not difficult to find that no matter using
Mawhin’s overlap degree theorem or generalized continuity theorem by Professor
Ge, we can only obtain the existence of solutions, but cannot guarantee the existence
of positive solutions. The study on the positive solution of boundary value problems
for fractional-order differential equations at resonance has only been paid attention
to by researchers in the recent years. There are only a few pieces of literature
(see [5,8,14,15,17,20]). Yang and Wang applied Leggett-Williams fixed point
theorem to study the result that the fractional boundary value problem at resonance
has at least one positive solution (see [19])

(0) = 0, nu'(0) = v'(1).

As far as we know, triple positive solutions of boundary value problems for
high-order fractional differential equation at resonance with singularities has not
been considered. Inspired by the work above, we aim to fill this gap. This paper
is organized as follows. First, we reduce non-perturbed boundary value problems
at resonance to the equivalent non-resonant perturbed problems with the same
boundary conditions. Then, we derive the Green’s function and corresponding
properties. Finally, the existence of triple positive solutions is obtained by using
the Leggett-Williams theorem and the fixed point index theory.

{D0+u() fltu®)=0,0<t<1,
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2. Illustration of proof

-
3 r5

Figure 1. Illustration of proof

3. Preliminaries

In this section, we present some preliminaries and lemmas that will be used in this
paper.

Let D§+x(t) = y(t). By the method of [15], it is easy to see that (1.1) is
equivalent to

{D0+ y(t) + F(t I (t)y())_O 0<t<l,

15, y(0) = Doi"y(0 ) D y(0) = - = Dg* Py(0) = 0, y(1) = X [ m(t)y(t)dt
(3.1)
Let
+o<> . ;
= [(G + D= B) —n+1J[(j + D(a = ) = n]r’
2 I+ Dla - 5)
It is easy to get ¢’(7) > 0 on (0, +00) and
(@a—f—-—n+1)(a—pB—n)
= 1 .
9(0) Ta=p) <0, lim g(7) =400
Therefore, there exists a unique root 7* > 0 such that
g(*) =0.
Obviously, the resonant FBVP (3.1) is equivalent to the FBVP
Do+ Py(t )+Ty( )= [, Io+y( ), ( ))+Ty(t), 0<t<l,
19, y(0) = Dy "y(0) = D Py(0) = - = Dg* 7y(0) = 0, y(1) = A ['m
(3.2)

In this paper, we list the following assumptions.
(Hy) 7 € (0,7%] is a constant.
(H2) f is continuous on (0, 1) x (0, +00) x (0, +00).
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For the sake of convenience, we use the notations
T i+ (e—8)-1

G0 =2 TG =)

K(ts) = — { G(t)G(1—s), 0<t<s<I,

G(1) | GHG(L—s) —G(t—s)G(1), 0<s<t<1,

. AG(H) 7 m( K (1,5
H(t,s) = K(t,s) + G(1) — g\fon m(t)G(t)dt

Lemma 3.1. Assume h € L[0,1]. Then, the unique solution of the problem
{ Doy y()+Ty():h(t), 0<t<l1,

15,y(0) = Dy 7y(0) = D Py(0) = - = Dy 7y(0) = 0, y(1) = A [/ m(D)y(t)dt,
(3.3)
can be expressed by
1
= / H(t,s)h(s)ds
0
Proof. By [7,11], the solution of (3.3) can be expressed by
t
y(t) = 7/ G(t — s)h(s)ds + 1 G(t) + G/ () 4 - - - + ¢, GV (1),
0
By I&y(O) D +ﬁy(0) = Dg;’gy(O) =...= Dg_:Q_By(O) =0, we have cg = c3 =
ci=c, =0.
Then, we get
/Gt—s s)ds + c1G(t),
y(1) = f/ G(1 = s)h(s)ds + c1G(1).
0
By y(1) =X [/ m t)dt, we obtain
fo (1= s)h(s)ds — X [/ m(t) fot G(t — s)h(s)dsdt
= X T m(H)G ()t '
Therefore, the solution of (3.3) is
J— J— 77 J—
/ Gt — s)h(s)ds + f G(1 — s)h(s)ds )\fon fo (t—s) )detG(t)
—Afgm
fo G(1 — s)h(s)ds — [5 G(t — $)G(1)h(s)ds fo G(1 — s)h(s)ds
G(1) G(l)
Jiy G(1— 8)h(s)ds LAy m(t) Jy Gt — s)h(s)dsdt
T EW) A P mecma A Tmcma o0
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e Shslds o [7m(t) [y G)G(1 — s)h(s)dsdt
= || Koo+ e e
B )‘fo fo (t—s) )h(s)dsdt
GOIGQ) = A fy m()G(t)di] (3.4)

_ /01 K(t, 5)h(s)ds Afo fo $)ls detG(t)

)\fo t)G(t)d
- /O CH(t $)h(s)d

This completes the proof.

Lemma 3.2. Let s* € (0,1) such that s* = (1 — s*)*#=2. Then, K(t,s) satisfies
(1) K(t,s) > p1s(1 —s)* P11 — )t -1 Wt,s€[0,1];
(2) K(t,s) < pas(1 —s)* B~ vt 5€0,1], where

_ 1 ek
M GOra—-B2 P27 a)s

Proof. For t € [0,1], it is easy to check

I it (a=p)-1 po—B-1  IX i+ (a—p)-1 ro—pB-1

¢ = 2 G0 Ta=f T =TGP > a5
(3.5)
and
Z $U+1) (e <o 51 Z _ tafﬁflG(l)
(G + 1(a— ﬁ I (( ) '
(3.6)
By direct calculation, we have
G(1) < G'(1). (3.7)

Case (i): 0<t<s<1.
By (3.5), we get

Gt)G(1—s) _ t*A=1(1 —g)a=b-1 S s(1—s)2=A=1(1 — t)ta—B-1
G(1) - GOM(a-p)r G)[I(a - B

K(t,s)=

By (3.6) and (3.7), we obtain

GG - s)

K(t,s) = G

<t P71 - 5)*7PTIG(1) <

—s5(1— )P

Case (ii): 0<s<t<1.
Let
IX L) (a=p)—n+1

Glt) ="Gr (1) Zr JtD—p)




Positive Solutions of Boundary Value Problems for Fractional Differential Equation 691

It is easy to get

+oo [/ o o
i [+ 1) (o — B) — n + 1]ritGHD(@=B)—n
0= (EESC=)

GY(t) = 10 DAy () < DT g(re) — .

>0,

Therefore,

%[Gl(t)Gl(l —s) = Gi(t —s)G1(1)]

— —GLHGH (1~ 5) + Gi(t — 5)Gr (1) (3.8)
> G1(1 - $)[G1(1) — G1(2)].

Integrating (3.8) with respect to s, we get
G1(t)G1(1 —s) — G1(t — s)G1(1)

> [Cei- 9160 - i)
0

=[G1(1) = G1(1 = 9)][G1(1) = G1(t)] > 0,
which implies

G1(t)G1(1 — 8) Z Gl(t — S)Gl(l) (39)
Then, by (3.5) and (3.9), we have
Gt)G(1—s)—G(t—s)G(1)
G(1)
- t" 21— 5)"2G1 (1) G (1 — 8) — (t — 8)"2G1(t — 8)G1(1)
N G(1)
[t 21 —8)" % = (t = )" %G1 ()G1(1 — 3)
G(1)

[t(1—s) = (t—s)t" (1 — )" 3G1(t)G1 (1 - 5)

G(1)
o 8(1 _ t)tn—S(l _ S)n—3to¢—[3—n+1(1 _ S)a—ﬂ—n—l—l
- G)[(a = B)P?

s(1— s)o‘fﬁfl(l — t)to‘*ﬁ’1

K(t,s) =

>

>

ST G- P

Noticing that G’(t) is nondecreasing on [0, 1], then we can get

0 GG (1 —-5)+G'(t—5)G(1) _ G'(1-s)[G(1) - G(t)]

2 ts) - i < L (3.10)
Integrating (3.10) with respect to s, we have

* /(1 5)[G(1) - G(b)
K(t,s) S/o GO ds
) - 60— 360 - 66 )

[G'(D)]?s(1 = s)
= G(1)
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By (3.6) and (3.7), we obtain

Gt)G(1—s

K(t,s) < o) ) <GP = 5)2 AL < G — 5)* P (3.12)

Let s* be the unique root of the equation s = (1 — s)*~#=2 on [0, 1]. Then,

s(1— s)“’ﬁ’2

min{s, (1 — s)*#721 < -
s

(3.13)

Therefore, by (3.7) and (3.11)-(3.13), we get

/ 28 s
K“”)<mm“Gcﬂx§WG%nu—swﬁﬂw
¢'(1)

G(1)
s(l—s a—[p—2 /
< 8) x 28 x G'(1)(1—s)
P
G(1)s*
This completes the proof.
Lemma 3.3. The function H(t,s) satisfies
(1) H(t,s) > wys(1 —s)¥P-lga=B=1" vt s ¢ [0,1];
(2) H(t,s) <wys(l—s)*A~1 vVt s€0,1], where
p1(1 =X [ m(t)t*—Pdt) s = pall + AG(1) [T m(t)dt |
L(a—B)[G(1) = X [ m(t)G(t)dt]’ G(1) = X [ m(t)G(t)dt™

Proof. Combining Lemma 3.2 with

< min{s, (1 — 5)* 7?72} x max{

1} x G/(1)(1 - s)

s(1—s)2A-L,

w1 =

tafﬁfl o f
fa_p) SO0 <7760 <6,
we have
_ fo K(t, s)dt
H(t,s)—K(t,8)+ )\fo OG@)dt
Ato—h= 1f" pls(l —s) A1 —t)t"‘ B=Lat
= I(a—B)GQA) — A [ m(t)G(t)dt]
___aU AR e

‘rm—ﬁmxn—xmm@Gwﬁf
and

H(t,s) = K(t,s)+ éG(t) f{}l(t)K(t,s)dt
0

< pas(1 — s)a7ﬁ71 +

fo t)pas(l — s)o‘ B=1qt

/\fo

S pQ[l + )\G(l) fOn m(t)dt ]S(l _ S)a—ﬁ—l.

=X Jy mt)G(t)dt
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This completes the proof.

Let E = C[0, 1] be the Banach space with the maximum norm ||z|| = Jnax |z(t)].
<t<

Let I 8)
— wil o — a—1 _ w1 a—pB—1
t) = ——=t t) = —t .
Xl( ) OJQF(O() ) X2( ) Wo

Define a cone
P={zeE:z(t) > x2(t)|z, te€l0,1]}.

Letting 0 < a < 1, we denote

* = mi t), Y(xr)= mi t), x€P.
X téﬁﬁﬂ]“() (x) tg[léfllf”() x

Letting VR > r > 0, we set

P.={zeP:|z|]| <r},
PW,r,R) ={x € P:r <d(x),|z| <R},
P@W,r,R)={z e P:r<d(x),|z| <R}

Define some height functions as follows

B
O(t,r, R) = max{f(t,z,y) + Ty : rx1(t) < a < F(?:— 1),TX2(t) <y <R},
B
Gr(t.7) = min{f{t2,) s () S o < el Sy <)
t,r, R) = min{ f(t L’ B <y<R
Pa(t, )—mm{f(7$7y)+7y-m_$_mﬂ"_y_ b

Lemma 3.4 ( [4]). Letting P be a cone in Banach space E, Q be a bounded open
setin B and 0 € Q, A: QNP — P is a completely continuous operator.

(1) If 3xg € P\ {0} such that x — Ax # Axg, YA > 0, @ € QN P, then
(A, QN P,P)=0;

(2) If Az £ Xz, VA > 1, 2 € 00N P, then i(A,QN P, P) =1.

Lemma 3.5 ( [10]). Let A: K,, — P be a completely continuous operator. If there
exist a concave positive functional ¥ with 9(x) < ||z|| (x € P) and the numbers
rg > 19 > 11 > 0 satisfying the following conditions

(1) P(d,71,7m5) # 0 and 9(Az) > rq, if & € P(9,71,73);

(2) Az € K,,, if v € P(9,71,73);

(3) ¥(Ax) > 1y for all x € P(9,r1,13) with ||Az|| > ro. Then, i(A,IQJ(ﬁ,rl,rg),
K,,)=1.

4. Main results

Theorem 4.1. Assume that there exist the positive numbersry < rq <r3 <1y <7135
with r3 < ryx™ such that

(A1) £ € Cl(0,1) x (0, 3y x (0,75)] with f(t,.y) > —ry;

(A2> q)(t, T1, 7“5) S L[O7 1],‘
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(A3) ¢1(ta Tl) > 0;
(Ay) fol ®(s,79,72)s5(1 — 8)* P lds < row; ' ;
(As) [} da(s,m3,m4)s(1 — 8)*~F~Lds > rax*wa] ™', a € (0,1);
(Ag) 01 ®(s,73,75)s(1 — 5)* P~ 1ds < rswy b
Then, the resonant FBV P (1.1) has at least three positive solutions.

Proof. Denote two operators

Ay( / H(t,5)[f (5,1 y(s), y(s)) + ry(s))ds,

Therefore, L : P — P is a completely continuous linear operator. Then, by means
of the Krein-Rutmann theorem and Lemma 3.2, we know that the spectral radius
of Lis r(L) = 771, and ¢(t) = t*~ A~ is the corresponding eigenfunction. That
is, L) = T*Iw. For any y € P,. \ P.,, we have r1x2(t) < y(t) < 75 and r1x1(t) <
Io+y(t) &311)

Next, we will prove A : P, \ P, — P is completely continuous.

(i) Vy € P,. \ P,, by Lemma 3.3, we obtain

Ay(t) = / H(E,)[f (5, 18, 9(5), u(s)) + 7y(s)]ds
1
> / wis(L — 80811 [f(s, I8, y(s), y(s)) + Ty(s)lds
= xalt) [ was(l = )75 (s, 1, y(5),y(s) + o))
0

> xa(t) max / H(t, )£ (5, 18, 9(5),u(s)) + 7y(s)]ds

0<t<1

=x2(t) | Ay || -

Then, A : P,, \ P., — P is well defined.

(i7) Assume {y,} C P,. \ Py, and || yn —yo ||—= 0(n — +00). Then, 11 <|| y, ||<
rs, mn=20,1,2,....

For Ve > 0, by virtue of the absolute continuity of integral, 3 € (0, %) is such
that

s
/ wos(l — s)o‘*ﬁflé(t,rl,r&g)ds < %,
0

1
/ was(1 — 8)* P1D(t, 7y, 75)ds < =
1-§ 6
Since f is uniformly continuous on [d,1 — 8] x [r1x1(t), r(réii)] X [r1x2(t), 5] and
Il Y — o || 0, there exists N > 0 such that, for Vn > N, we get

3

< —3 €[d,1-4].
3f0 O(t,r1,75)ds

(8 28 yn (8, yn (1) — F(8 15 50 (E), yo(t))]

7
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Therefore,

HAyn - AyOH

< max / Ht, )L £ (1 16 ym (D), 9 (1)) — F(E I 50(2), 50 (£))|ds

0<t<1

< / was(1— 8PV (6, IE (D), yn(8)) — F(E T8, yot). yo(1))]ds

IN

0 1
2/ wos(1 — )2 P1D (L, ry, r5)ds + 2/ wos(1 —8)* PLD(t, ry, r5)ds
0 1-0

1-6
+ /5 was(L— 8)° BN £ (b, 12, yn (), yn(8)) — F(£, I w0(2), 3o (1)) ds
£ I £ -
< g + g + g =&

Then, A is continuous.

(iii) For VD C P, \ P,, is a bounded set. Then, rix2(t) <|| v [|< 75,Vy € D.
We obtain

Ay(t)| = | / H(t,9)[f(5, 18, 5(5),u(s)) + 7y(s)]ds|

< / H(t, )| (5,18, 4(s), y(s)) + 7y(s)|ds.
0

By s, Ioﬁer(s), y(s) is continuous and bounded on (0, 1) % [r1x1 (%), F(Tgifl)] x[r1x2(t),7s5],
and we get that f(s, I(?er(s), y(s)) is also bounded. It is clear that H (¢, s) is bound-
ed. Then, A(D) is uniformly bounded.

It is obvious that H(t,s) is uniformly continuous on [0,1] x [0, 1]. For Ve > 0,
there exists 6 > 0 such that, for Vt;,t5 € [0,1], |[t; — 2| < d, we obtain

g
H(t1,s) — H(ts,s)| < —— .
) = HHlte ) Jo ®(t,r1,75)ds

Therefore,

|[Ay(t1) — Ay(t2)]

/ H(ty,s) — H(ta, 8)|[f (5, 12, 9(5). u(s)) + 7y(s)]ds

< —@(t,rl,rs)ds =e.
/0 fol D(t,r1,75)ds

Then, A(D) is equicontinuous.

By virtue of the Arzela-Ascoli theorem, we know that A is compact.

Then, A : P,. \ P, — P is completely continuous. By the extension theorem of
the completely continuous operator, A can be extended to a completely continuous
A : P — P. For the sake of convenience, we still denote it as A.

For any y € 9F,,, we have rox2(t) < y(t) < rq and rax1(t) < Io+y( ) < (Té’fl)
By Lemma 3.3 and (A4), we obtain

1
Ay(t) < wg/ 5(1 — 8)27P71B(s, 19, 10)ds < 79,
0
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which implies Ay # Ay, YA > 1. By Lemma 3.4, we have
i(A, P, P) =1 (4.1)

For any y € OP,,, we have r5x2(t) < y(t) <75 and r5x;1(t) < IOBer(t) < #’fl)

By Lemma 3.3 and (Ag), we obtain
1
Ay(t) < wg/ 5(1 = 8)* P71 (s,73,75)ds < r5.
0
Similarly, we get

i(A, P, P) = 1. (4.2)

Next, we will prove A has a positive fixed point on P,,. Suppose that A has no
fixed point on OP,,. Then, we will prove if 3¢ € P\ {6} such that

y— Ay # My, YA>0, ye€oP,. (4.3)
Otherwise, suppose that there exist A\g > 0 and y; € 0P,, such that
Y1 — Ay = Aot

Thus, y1 > Ao¥. Set A* =sup{A:y; > A}, Then, y; > A*¢. By (4s), we get

1 1
()= [T (6D +rm()ds = 7 [ H (ks (s = ran,
Therefore,

y1 = Ay1 + X > 7Lyy + Aoy > TL(A™ ) + Aot = (A" + Xo)2),

which contradicts with the definition of A*, and then (4.3) holds. By Lemma 3.4,
we have

i(A,P,, N P,P) = 0. (4.4)

Therefore, (4.1) and (4.4) yield that A has a fixed point y; € P, \ P,.

Then, we will prove i(A, P(9,73,75), Pr,) = 1.

(1) It is obvious that P(¥,rs,ry) # 0. For any y € P(,rs,r4), we have r3 <
y(t) < ry and 1“6337:?1) < I&y(t) < F(“ifl), for t € [a,1]. By virtue of Lemma 3.3
and (As), we obtain

U(Ay) = min Ay(t) = min]/o H{(t,)[f (s, Io 1 (), y(s)) + Ty(s)]ds

t€la,1] tela,l

1
> min B /O s(1— )P f (s, 15, y(s), y(s)) + Ty(s)|ds
1
= tg[l{i;ll] ngg(t)/o s(1—8)* P f(s, I&y(S)w(S)) + 1y(s)]ds

%

1
ng*/ s(1— s)a_ﬁ_lqbg(s,rg,m)ds > r3.
a
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(i4) For any y € P(J,r3,15), we have rzx2(t) < y(t) < rs and rzxi(t) <

I&_y(t) < F(Tgifl), for t € [0, 1]. By virtue of Lemma 3.3 and (Ag), we get

1
Ay(t) = / H(t, )£ (5, 12, 9(5), u(s)) + 7y(s)]ds
1
< ws / 5(1 = ) 5[ (s, I y(5), y(s)) + Ty(s)]ds
< wy /1 s(1— s)“‘ﬁ_lq)(s,rg,rg))ds < rs.
0
Therefore, Ay € P,..

7i4) For any y € P(¢,r3,rs) with ||Ay|| > r4, noticing r3 < r4x*, we have
(iit) vy T3, y g X",

J(Ay) = tg?jlnl}(Ay)(t) > XAyl > xra > 73,

By Lemma 3.5, we obtain
i(A, P(9,73,75), Py) = 1. (4.5)
By (4.1), (4.2) and (4.5), we get
i(A, Py, \ (P(0,r3,75) U Py), Py.) = —1. (4.6)
(4.5) and (4.6) yield that A has two fixed points yo € P(9,rs,r5) and y3 € P, \
(P(19, r3, 7“5) U P7'2)'
It is clear that these fixed points are three positive solutions for FBVP (1.1).
For a better comprehension, see Figure 1.

5. Example

Example 5.1. Consider the following the resonant FBVP

D32x(t) + f(t,x(t), Dyta(t)) =0, 0<t <1, (5.1)
2(0) = 2/(0) =0, DSta(l) =0.5 [ t02DY 1z (t)dt, '
with
f(t,.’L',y) -
Pa=i oy (1= 1y
m + 150 + T\/{f R (t,z,9) € (0,1) x (0,400) x (0,1],

1
-0, a1 Yy

— — =, (t,z,y) € (0,1) x (0, x (1, 6],
60vE | G0vi—i 150 5 (t,,y) € (0,1) x (0, 400) x (1,6]

(1-1)° g1 y%+65—\/6_y
Equation (5.1) is obtained by taking the following values from equation (1.1),
where o = 2.2, 3 = 0.1, n = 3, A = 0.5, n = 0.8, m(t) = t %2, By 34.567°

v r(8.4) =
g(1) —[— F%‘Q% + 12(?1%27) + 1?((13?37)2] < ;;Og 314}&2%] , we obtain that a unique solution
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to g(1) is 7" € (0.24,0.25). Let 7 = 0.2 and ¢ = 0.8. Simple computation shows
G(1) =0.9814, G'(1) = 1.1412, s* = 0.8351, p1 = 0.9303, p2 = 1.5891, w; = 0.9915,
wa = 2.5888, x1(t) = 0363812, ya(t) = 0.383t11, y* = 0.2996, y*ws = 0.7756.

Let r1 = 0.0625, ro = 1, r3 = 6, r4 = 90, 75 = 1764. Obviously, (A41), (A2) and
(A3) hold. By direct calculation, we can get

1
wg/ D(s,re,19)8(1 — s)l'lds ~ 0.0115 < 79,
0

1
Xwa [ ¢a(s,r3,m4)s(1 — ) ds ~ 8.0818 > 73,
0.8

1
wg/ ®(s,73,75)s(1 — s)'1ds ~ 1647.4027 < 75,
0

implying that (A4), (4s) and (Ag) hold. It follows from Theorem 4.1 that high-order
FBVP at resonance has at least three positive solutions.
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