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Global Steady State Analytical Solution of
Cadmium Uptake Model for Plant Roots*

Wenting Lin', Xin Ning', Jianhe Shen'? and Zhonghui Ou®?f

Abstract The concentration distribution of cadmium ion in soil is studied by
the phytoavailability model. According to the states of the cadmium complex:
fully inert, fully labile and partially labile, we establish three corresponding
cadmium uptake sub-models, and derive respective global analytical solutions
at steady state. In particular, when the complex is partially labile, we give
the steady analytical solution of cadmium ion concentration in cylindrical ge-
ometry composed of the analytical solutions of partially labile complex and
fully inert complex in planar geometry and fully inert complex in cylindrical
geometry, that is, the ration approximation method. In this paper, the global
analytical solutions are compared with the results of literature and numerical
simulations. Therefore, the double check is realized to ensure the rationality
of the analytical method. The global concentration profile of cadmium ions
in the whole rhizosphere can be described by the steady state analytical solu-
tions: the concentration of cadmium ion increases with the distance from the
root surface and finally reaches the initial value; the change rate of cadmium
ion concentration is the largest when the complex is fully labile; whatever the
state of the complex is, cadmium ions never accumulate on the root surface.
Finally, we discuss and compare the effects of moving and fixed right bound-
aries of the model on the results. The results show that it is more reasonable
to take the fixed right boundary, and plant roots can uptake cadmium ions in
a wider range.
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1. Introduction
Cadmium (Cd) is one of the most toxic trace metal elements [34]. It can be absorbed

through food chain and accumulated in the body, which poses a serious threat to
human health [4]. The famous Itai-itai disease in Japan was caused by long-term
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consumption of rice grown in cadmium-contaminated soil [12,24].

In the soil solution, in addition to the free Cd?*, Cd also exists as complex-
es, which is mainly formed with soluble organic ligands [5,6]. The concentra-
tion of Cd%* on the root surface is governed by sorption, complexion reaction-
s and transportation of Cd towards the root surface by diffusion and mass flow
[1,17,23,27,32,33]. When the ions in the soil solution mainly migrate by diffusion,
the dissociation rate of complex depends on the kinetics of complexion and the con-
centration of free ions on the root surface [13,14,26,28,36]. The metal complexion
reaction in the soil solution can be inhibited by reducing the concentration of free
Cd?*, so that Cd uptake by roots increases [7,15-17,21]. Previous studies have
attempted to extend the Barbers Model to describe cadmium uptake by crops [32].
However, this model could not correctly explain why Cd complexes formed with
soluble organic ligands can dissociate on the root surface [27,29,32]. According to
the instability of the complex, Schneider distinguished three cases of the complex
in the modeling, namely fully inert, fully labile and partially labile, and derived
the steady analytical solutions of concentration and flux of Cd?* on the root sur-
face [28]. However, Cd is a highly-toxic metal pollutant in soil, and it is not enough
to calculate and measure its concentration, flux and uptake on the root surface only.
If the Cd concentration in the whole rhizosphere can be given, the pollution status
of Cd in soil can be known, which is helpful for soil bio-remediation [2,35,37].

The nutrients uptake models by roots are governed by a convection-diffusion e-
quation, and some solutes have complex reactions in soil such as Cd, zinc (Zn), iron
(Fe) and uranium (U), and the nutrients uptake models of these solutes have the
same mathematical structures, which are convection-diffusion systems. However,
except that Schneider gave the analytical solution expression of Cd on the root sur-
face, other models did not give the analytical solution. At present, researchers have
given the global analytical solution of the model in planar geometry through the
integral transform technique [8,11,18,19,25,38], but only Schneider and McMurtrie
have given the concentration and flux expressions on the root surface in cylindrical
geometry [20,28].

In summary, the major purposes of this paper are (1) to realize the expressions
of Cd concentration in the whole rhizosphere base on the work of Schneider et al.;
(2) to confirm the steady state analytical solution by the numerical solutions; (3) to
adopt the fixed right boundary and compare it with the result of moving boundary.

2. The Cd uptakes models by roots

The complex behaves between two extreme situations, namely, the inert and the
fully labile complexes. For the inert complex, the complexion kinetics are so slow
compared to other mechanisms that the complex dissociation cannot significantly
buffer the free ion concentration in the solution. For the fully labile complex, the
association-dissociation kinetics are so rapid that the free ion and the complex are
always at equilibrium temporally and spatially. Between these two extremes, the
complex is partially labile and its contribution to the uptake is lower than the
maximum contribution reached by the fully labile complex [28].

Based on the model built by Schneider et al., the situation where an organ-
ism is in contact with medium containing free ions (m), and complex metal ions
(ml) is considered [28]. The interconversion between two species is governed by the
association-dissociation reaction of m with the ligand I [13]
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kq
m+ 1= ml, (2.1)
ka
where k., and ky respectively denote the constants of association and dissociation
rates.

When the complex in the solution is fully inert, the influence of the ligand and
complex can be ignored because the dissociation rate of the complex is slow, and
the flux of Cd?* absorption on the root surface equals the flux of transport of
Cd?*. Therefore, the Cd uptake model by roots will be simplified into the linear
convection-diffusion model in cylindrical geometry only related to Cd?*, and the
simplified model is

('3cm 10 OCm
—_ - > .
b —— ot B (rf0D,, B + roUoCm ), t >0, (2.2)
Imaajcm _
m f@D 37« + VoCm, T =Ty, (23)
Cm = Cppy T =70 + din(t), (2.4)

where ¢,, is the concentration of Cd?* in the soil solution, b, is soil buffer power
for m, t is time, r is the distance from the center of the root, D,, is the diffusion
coefficient of m in solution, rq is the root radius, vy is water flux on the root surface,
f is the soil impedance factor, 6 is the soil volumetric water content, I,,,q. is the
maximum absorption flux of m by plant roots, d;,(¢) is the linear depletion layer
when complex is fully inert [28], ¢}, is initial concentration of Cd®T in solution, and
K, is the Michaelis-Menten affinity coefficient for absorption of m.

When the complex in the solution is fully labile, it is assumed that m, ml and
[ are always at equilibrium. This equilibrium state is determined by the reaction
rate constant K = ¢;1/(¢me;). When there are a number of ligands in the solu-
tion, the concentration of the ligand barely changes, that is, ¢; = ¢;. Therefore,
Kep = emifem = K* is constant, which means that the uptake of m results in
a simultaneous and instantaneous dissociation of ml. The sub-model for this case
introduces the concentration change of the complex ml compared with models (2.2)-
(2.4). As ¢y, + i = Cm t, the sub-model becomes

Oc 1 0 Jc
Dot a?t =5 f6D a"” + T0V0Cmt), t >0, (2.5)
—  emDy + Doy 14+ eK*
D= = _— 2.6
Cm + Cmi 1+ K (2:6)
Cm,t
Jmae TR pypPoma V0Cm,t; T = To, (2.7)
K, + HWKZ 87”
Cmt = Cpgy T =70+ 051(t), (2.8)

where c;,,; is the concentration of ml in the soil solution, by, + is the soil buffer against
Cd?* and complexes, D is the weighted mean diffusion coefficient for m and mi,
€ = Dynyi/Dy,, 071(t) is linear depletion layer when complex is fully labile [28], and
c;,; is initial concentration of complex in the solution.

When the complex in the solution is partially labile, the diffusion fluxes are not
linear, and for m, it increases when the distance to the root surface decreases. Close
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to the root, this flux can be so high that the dissociation rate of ml is relatively too
slow to maintain the equilibrium between m and ml, and the ratio of ¢,,; to ¢, is
no longer constant. Therefore, we need to include the concentration of the ligand
in the soil solution (¢;), and the structure of the sub-model is composed of three
convection-diffusion PDEs with source and sink terms in cylindrical geometries.

Ocm 10 OCm

vl (rfGD B + rovocm) + 0(kgcmi — kaCmer), (2.9)
Ocpu 10 ocm,
- - D 2.1
bini ot . (rfODym—— o Lt rovocimt) + 0(kaCmer — kacmi), (2.10)
0 1 0 Ocy

lafctl = ( f0D;— o + TQ’U()Cl) + e(k‘dcml kacmcl), (2.11)

Imarcm _ a
m f@D ar + VoCm, T =T, (212)

8le - acl - -

o — 0 g, =0 r=ro (2.13)
Cm = C:m Cml = C:(nlv = C?, rT=7+ 5Pl(t)7 (214>

among them, b; (¢ = m, [, ml) are soil buffer power, D; are the diffusion coefficients
of the species ¢ in the solution and 6,(t) is the linear depletion layer when the
complex is partially labile [28], and ¢} is the initial concentration of free ligand in
the solution. Variables, parameters and corresponding units are listed in Table 1.

The above three sub-models are the specific analysis of Cd complexes in fully
inert, fully labile and partially labile, and Schneider et al. have obtained the steady
general solutions of equations (2.2) and (2.5). However, when the general solutions
were substituted into equations (2.3) and (2.7), they became complicated, and it was
difficult to determine the undetermined coefficients in the general solutions because
of the nonlinearity of the flux across the root surface. Therefore, Schneider et al.
have only obtained the steady analytical solutions of concentration and flux on the
root surface rather than the global steady state solutions in the whole rhizosphere.
However, when we deal with the left boundary conditions (2.3) and (2.7), it is found
that it may be possible to calculate the undetermined coefficients, and the global
steady state solutions can be completely expressed.

3. Analytical solutions of models

In this section, the global steady state analytical solutions of the three sub-models
in Section 2 will be obtained respectively. If the time derivative term is ignored,
PDE models (2.2)-(2.4), (2.5)-(2.8) and (2.9)-(2.14) become ODE models, and it is
possible to derive the solutions.

3.1. Fully inert Cd complex

In cylindrical geometry, at steady state, models (2.2)-(2.4) become

e, 1 deom,
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LnazCm dcp,
— fOD = 2
Ky +cm J0Dm dr + 0Cm, T =To, (3 )
Cm = Chy 7 =10+ Oin(t). (3.3)

According to the left and right boundary conditions (3.2)-(3.3), we determine the
undetermined coefficients of a general solution of ODE (3.1) by the software Wol-
fram Mathematica 12, and obtain the global steady state analytical solution of fully
inert complex in cylindrical geometry as follows

) 1
zn,cyl _ f]_ 2A — A * A —_ 1 A A - Ima:x
m Sy — DA, {14240 - Adyuoct, + (s = 1) [ (3.4)

+ \/(Imaar - f11A3)2 + UO(C:;L)Q + 2(A2A3 - Imax)vocfn ] }’

C

where

A1 = Imaz — Ko,
Az = Laz + Ko,
Az = [ro/(ro + 6in)] ",
Ay = [r/(ro + 0in)]FC,
Pe =voro/(f0D,,).

The steady concentration ¢]2 of m on the root surface can be obtained from equation
(3.4).

1
Cg :2A3U0 {A1A3 — Ima:t + Uoc;kn

—+ \/(Imaz — A1A3)2 —+ 1)0(0;1)2 —+ 2(A2A3 — Imm)vgc;‘n }

(3.5)

The Cd concentration expressions on the root surface equation (3.5) is the same as
equation (s16) [28], which means that the global solution ¢!™¥! can degenerate into
the local solution. When the Cd complex is fully inert, Schneider et al. only gave
the concentration and flux of the sub-model on the root surface, while the analytical
solution (3.4) describes the changes of Cd?" in the whole rhizosphere soil which is
not constrained on the root surface.

3.2. Fully labile Cd complex

In cylindrical geometry, at steady state, as for the complex being fully labile, m
and ml diffusion coupling, models (2.5)-(2.8) become

—d’cny 1 =5 At
FOD— 5=+ —(rovo + fOD)—== =0, (3.6)
Imar T8 _ pgpdemt oL (37)
e R '

Cmt = Cogs T =70+ 051(1). (3.8)
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Using the left and right boundary conditions (3.6)-(3.7), we obtain the solution
expression of models (3.6)-(3.8) containing the solute concentration on the root
surface (c79) with the software Wolfram Mathematica 12.

1

T?evo(Km + )

Cm,t = {Ima;c TﬁC% +
(3.9)

104 8077 oy + 0l + 1+ K00 |

Letting r = r¢ be in equation (3.9), the steady concentration ¢ of m on the root
surface can be obtained

1 — __
0 =——e A1 A3 — Lpax — VoA K Koy + voc, + 00 K,
2UUA3(K* + 1){ (3 10)

+ \/[A1A73_ Imam +’UOC;§1 +UOK*(C:<n _A73Km)} 2 +A5 }a

where As = 4A3K,,v¢c;, (K* 4+ 1)2. The Cd concentration expression on the root
surface equation (3.10) is the same as equation (s26) by [28], which means that
solution (3.9) can degenerate into the local solution ¢/2. Then, substituting equation
(3.10) into equation (3.9), the global steady state analytical solution of fully labile
complex can be expressed completely without ¢]9

1 —_
floeyl _ * * *
clbevh — S e* By (K" + 1)+ (A4 — 1) | By — vgAs K, K
209(As — 1)A4{ [ (3.11)

+ \/B§ + 2Bvoct, (K* + 1) + v2cx2(K* + 1)2} }

where

&
I
—~ N
i
|
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|

- ]-)Imaz - ISKmUO7
B3 = Ijae — A73[max +A73KmrUOK*7
By = (A73 - 1)Imaw + A73Km1]0 + A73Km'UOK*~

When the Cd complex is fully labile, similar to the analytical solution (3.4),
solution (3.11) is also global, and can be also applied to the root surface.

3.3. Partially labile Cd complex

When the Cd complex is partially labile, the sub-models (2.9)-(2.14) constitute a
convection diffusion system in cylindrical geometry, which cannot be solved directly.
In order to obtain the global steady state solution, we first assume that there is no
convection effect in the model under the planar geometry. Schneider et al. developed
a ration approximation method to get the uptake flux of Cd, when the Cd complex
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is partially labile [28]. We will solve the analytical solution based on their method.
The global steady state solution of partially labile complex in cylindrical geometry
(ckhevl) is composed of ci-evl ) cplplan and cinplan where ¢yl directly refers to
equation (3.4), and c™Plan and cPLPlan are the steady state solutions of models
((2.2)-(2.4), (2.9)-(2.14)) without convection in planar geometry. Next, we will
solve ci™Plan and cPlPlan in turn, and calculate solution c2-¥! by multiplying the
ratio of cPLPlan to cinplan with cinseyl,

In planar geometry, at steady state, the convection of models (2.2)-(2.4) is not
considered, and the constancy of ¢; is considered. According to the derivation
in Appendix A, the global steady state solution of fully inert complex in planar
geometry is as follows

in,plan __ 1

+ \/H2 + Dmfecjn(_2lmaz5m + 2D fKm0 + DmeCfn) ] }’

c {Dmfecfn(r—ro +8in) + (ro — 7+ 6i) [H

(3.12)

where H = —I,,420in — D f K. 0.

In planar geometry, at steady state, the convection of models (2.9)-(2.14) is not
considered, and the constancy of ¢; is considered. According to the derivation in
Appendix A, the global steady state solution of partially labile complex in planar
geometry is as follows

Iaz (Y1 + Y2) [r —ro— Op — GAK*sech(é—f\’)sinh(w)]

cpl,plan —
m Do fO(1 4 eK*)[Y1 4 Ya 4 2Dy f K 0(1 + €K*)] (3.13)
Cn Tt €
14+eK*’
where

Y1 ={4K,, (D £0)*(1 + eK*)(ck, + eciy) + [ImazOpt+ Do fO( K+ KoneK* —cl, —
€Cont) + Inaze N Tanh (5, /3) 12},
Yo =D, fO(c}, + ey — K — K€ K™) — Lnag[0pr + XK Tanh(dp1/N)].

Finally, the global steady state solution of partially labile complex in cylindrical
geometry cP-°¥! can be obtained by the ration approximation method

pl,plan
Cm in,cyl
Cm,plan m

_C4Dmf9(52n(c;kn + Gc;knl — 0508)
Cs[Cr 4 Ca(ro — 1+ 0in)]

pleyl _
Con =

(3.14)

where

C1 = A1 A3 — Inaw + / (Imae — A143)2 + v¢, (24243 — 210z + vock,),
Cy = H + \/H2 + D, f0c, (2D f K0 — 210020in + D fOC2,),

C3 = D fO[Y1 + Yo + 2D f K 0(1 4 €K¥)],

Cy=C1(Ay — 1) — ey, (1 — 243 + Ayg),

Cs =19 — 1+ 6p + XK sech(dp1/N)sinh[ (ro — 1+ dp1) /],
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Cﬁ = A4’U0(A3 — ].)(]. + GK*),
C7 = Dmfecjn(’l” —Tro+ (Sm),
C8 = [Imaw(yl + }/2)]/03

Analytical solution (3.14) has been derived from three solutions under different
geometries by the ratio approximation, its validity must be further examined by
numerical solution.

When the Cd complex is partially labile, Schneider et al. only obtained the
incomplete analytical solution containing the root surface concentration in planar
geometry, and did not give the expression of the root surface concentration. In
addition, they did not calculate the analytical solution of sub-models (2.9)-(2.14)
in cylindrical geometry. However, we not only obtain the global solution of the
sub-model in planar geometry, but also obtain the global analytical solution in
cylindrical geometry by the ration approximation method.

After some time, models (2.2)-(2.4), (2.5)-(2.8) and (2.9)-(2.14) will reach a
steady state and its numerical solutions and the steady analytical solutions (3.4),
(3.11) and (3.14) will be close enough. This approximation can confirm the analyt-
ical method developed here, though not thoroughly.

4. Numerical Simulations

In Section 3, we have derived the global analytical solutions of Cd?* concentration
of three scenarios, and they are now further examined by numerical simulation with
software MATLAB R2018a, especially equation (3.14). In the numerical scheme, we
set Ar = §;/100, At = 0.1(Ar)?b;/(f0D;), and apply the forward difference to the
one-order time and space derivative terms and the second-order central difference
to the second-order space derivative terms in equations (2.2), (2.5), (2.9)-(2.11).
The results of numerical and analytical solutions are displayed in Figures 1-3, we
can observe in soil the distribution of Cd?* concentration in the whole rhizosphere
and its change with time under different states of Cd complex, because the state of
Cd complex will affect the time and space step number of numerical simulation. In
the three states of Cd complex, we will use the same time and space step number.
Therefore, Figures 1-3 show that when the complex is fully labile, the numerical
and the analytical solutions are closer than those of the other two states.

In Figures 1-3, the concentrations of Cd?T increase with the distance to the root
surface, but decrease with time at any location. For example, the decaying rate of
Cd?* concentration at r = 0.04467 cm from ¢; to t;41 (j = 1,2,3,4,5) are given in
Table 2. In Table 2, Vi_o > Vo_3 > V3_4 > V45 > V5_¢ are in all three scenarios.
The decaying rate decreases with time and it is the largest as the complex is fully
labile, which demonstrates that the lability can affect the concentration change and
the pollution level of Cd?t.

Models (2.2)-(2.4), (2.5)-(2.8) and (2.9)-(2.14) use the moving right boundary,
where the concentration value is the initial one. In three scenarios, the moving
speeds of the right boundary at ¢; (i = 1,2, 3, ...,6) are all about 5.3 x 107 cm-s71,
3.0x107"em 571,21 x107 7 em -5, 1.52x 107" em - s, 1.1 x 1077 em - 57,
7.7 x 1078 e¢m - s71. It indicates that the depletion layer of Cd?* is extended
at almost the same speed in all 3 scenarios though the concentration profiles are
different in the depletion layer.
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Table 1. Parameter of the Cd phytoavailability model in soil (Schneider et al., 2018)

Parameter Unit Value Parameter Unit Value
Dy, cm? st 7.07 x 10~6 K cm? ,umol_1 90
D1, Dy cm? s~1 2.86 x 107 Imax pumol cm—2s~1 8.5 x 108
bm — 1261 %) cms—! 1.3 x 106
bmi, b — 42.7 Lgs cm 3.1822 x 10°
1% cm? 4 x 10* 1 cm 0.2
ck, pmol cm™3 3.94 x 1077 0 - 0.36
cf pmol cm—3 8.68 x 10~2 f — 0.32
ol pumol cm™3 3.1x 1076 A cm 0.0315
Km pumol cm ™3 8.5 x 10~ ka cm? pmol~1s™1 6.3 x 1073
0 cm 0.044 kq cm3 pmol—1s~1 7.0 x 1075

Table 2. The decaying rate of Cd?t concentration at r = 0.04467 cm

Decaying Period Fully inert Fully labile Partially labile Unit

rate of ml of ml of ml

Viia t1 — t2  3.2000 x 10711 27111 x 10710 3.2000 x 1011 pumol em =3 - 571
Va_3 to — t3 89444 x 10712 7.9444 x 10~11 89630 x 10712 pmol ecm=3 . 571
Va_y tz3 — tg 3.4324 x 10712 27352 x 10711 34269 x 10712 pmol em™3 - 571
Vas ty —ts 1.1685 x 10712 1.0454 x 10711 1.1676 x 10712 pmol em™3 - 571
Vs_6 ts = te  3.9583 x 10713 35556 x 10712 3.9444 x 10713 pumol em =3 - s~

In Section 3, we solved the global solutions of the sub-models in which the
Cd complex is fully inert and fully labile, and the expressions of solutions on the
root surface can degenerate into the results of Schneider et al. [28], which show
the correctness of the global analytical solutions (ci¥" and ¢fl<¥!). In Figures 1-
2, the results of numerical solution and analytical solution overlap on the root
surface, which further confirm that the global analytical solutions (ci¥! and cfbe¥!)
obtained in subsections 3.1-3.2 are correct, and the analytical method is reliable.
In particular, the reliability of the ration approximation method for partially labile
Cd complex can be only illustrated by numerical simulation, since the numerical
scheme for convection-diffusion problem is quite developed.

5. Discussion

This paper is based on Schneider’s Cd uptake model by plant roots. Schneider et al.
assume that the depletion layer between the root surface ro and ro + 6(t) is linear,
so the right boundary rg 4 §(¢) of the model is moving. In soil, the desorption from
the solid phase can also buffer the bioavailability of free Cd%* so as to reduce the
extension of the depletion layer [28]. However, high convection will promote the
accumulation of ml near the root surface, which is not considered in the Cd uptake
model with right boundary rog + §(¢). Therefore, it is necessary to further consider
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Fully inert ml

—~ -7
& x10

| 4 , 2
S / 4 V%

Q / % 7 2

~ 35 VA 7 L7 ~

Q ) /, . ’

g /g /) - Z

viviv) o/ w0 v 2
I 31 Wi Y)Yy, 5,7 6 .
N— , / /' ~
: . . s

g L |/ 7 /, s

= 25 /A 5 ‘

e /A o, s ’

) /a 4 Y

o 27 Ty Y R

o )/ . / Vs

[ iy 7 s 7

g D/ /, /

S 15¢F ¥ 1 / Y 7

- e .

46% 'I 77 7 Y

= 174 7 2

B i 77 -

) J ) 2

V4
3 05 0 Numerical solution
° Analytical solution
'Q O 1 1 1 1 1 1 1
H 0.044 0.045 0.046 0.047 0.048 0.049 0.05 0.051
r (cm)
Figure 1. The numerical and steady analytical solutions of Cd?t concentration in t; = 0.5 hours,

to = 1.5 hours, tg3 = 3 hours, t4 = 6 hours, t5 = 12 hours and tg¢ = 1 day, when the complex is fully
inert
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Figure 2. The numerical and steady analytical solutions of Cd?t concentration when the complex is
fully labile. Other parameters and values as Figure 1.
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Figure 3. The numerical and steady analytical solutions of Cd?*t concentration, when the complex is
partially labile. Other parameters and values as Figure 1.

the fixed right boundary of the model.

Next, we will discuss the change of Cd?* concentration in the whole rhizosphere
obtained according to the model, when the right boundary is fixed. The right
boundary is determined by [3,7,9,30],

%
= — 1
1 ’/TLgf7 (5 )

where V' is the volume of solution in hydroponics or volume of soil in pots, and
Lgs is the total length of the root at the end of the plant’s growth. The parameter
values are given in Table 1.

Figures 4-7 show the Cd?* concentration profiles in soil when the right boundary
of the three sub-models (2.2)-(2.4), (2.5)-(2.8), (2.9)-(2.14) are fixed, and Cd**
profiles can be divided into two zones: a transport zone away from the root and at
chemical equilibrium, and a reaction zone near the root. Moreover, the equilibrium
is broken due to free Cd uptake.

Figures 4(a)-6(a) show the comparison of the fixed and the moving right bound-
aries of the three sub-models when the Cd complex is in all scenarios. In Fig-
ures 4(a)-6(a), no matter what state the Cd complex is, when the right boundary
of the model is ro + d(¢), the concentration profile of Cd?* is almost a straight line,
and only Cd?* in the area from the root surface ro = 0.044 cm to r = 0.051 cm
can be absorbed by the root after one day. However, when the right boundary of
the model is fixed at r; = 2 c¢m, the slope of the profile decreases with the distance
from the root surface, and the range of Cd?* uptake by the root is wider.

Figures 4(b)-6(b) show that when r; = 2 em is taken as the right boundary of
the model, the change of Cd?* profiles is simulated at different times under the
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three states of the Cd complex. The results show that the uptake range of Cd?*
increases with time, but the uptake rate of Cd?* by roots decreases at the same
distance to the root surface.

Figure 7 depicts the effect of the state of the complex on the concentration of
Cd?*, when the right boundary of the three sub-model is fixed. In Figure 7, when
the complex is fully labile, the concentration of Cd?t in the reaction zone is the
highest, and the root absorbs more Cd?* in the same time compared with the other
two cases. According to Figure 7, at the root surface r = 0.04 ¢m, the concentration
of Cd?* is almost zero. Therefore, no matter what the scenario of Cd complex is,
Cd?* never accumulates on the root surface. This shows that, in agricultural soil
with a low contamination in Cd, the root uptake of the metal is generally strongly
limited by the soil supply and not by the absorption capacities of the plant. When
the convection is not too high, the analytical solutions (3.4), (3.11), (3.13) with (%)
can also simulate the absorption of Cd by roots well. However, when the convection
effect is greater than the diffusion, the simulated results with 0(¢) have a large
deviation [28]. Usually, in the solute absorption model by roots, the right boundary
is a fixed value rather than a moving boundary [3,7,9,10,20,22,30,31]. The fixed
outer boundary is easier to simulate the absorption of solute by roots, and there
will be no unexplained deviation due to the convection-diffusion ratio.
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Figure 4. Cd?T concentration distribution in soil when mli is fully inert: (a) comparison results of
model (2.2)-(2.4) under kinds of right boundaries in one day; (b) the concentration profiles of models
(2.2)-(2.4) along radial distance as 1 = 2 cm at different times

6. Conclusion

In this paper, we have divided the model into three sub-models according to the
three different states of Cd complex, and derived the global analytical solutions
at steady state. Compared with previous results of Schneider et al., the global
solutions describe the Cd?* concentration trends in the whole rhizosphere rather
than only on the root surface. The global solutions can degenerate into the local
solutions of Schneider et al., and the global solutions are graphically consistent
with the numerical solutions. The double verification ensures the correctness of the
global analytical solutions and the reliability of the analytical method.

The Cd uptake model adopts the moving right boundary, and the depletion layer
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of Cd?* is extended at almost the same speed in all 3 scenarios though the con-
centration changes in the depletion layer are different. We further have discussed
the difference between the models with moving right boundary and with fixed right
boundary. When the right boundary of the model is fixed, the change of the con-
centration profile of Cd?* in the soil can be divided into a reaction zone and a
transport zone, and the root can absorb Cd?* farther away from the root surface.

Appendix A

In the following, we give the analytical solution process of fully inert (¢7P!e") and
partially labile (c2-P!%") of the complex in planar geometry.
At steady state, models (2.2)-(2.4) are written in the planar geometry without
convection
d%c,,
" dr?

F6D — 0. (A1)
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ImazCm e,
= fOD, —™ +>0: r= A2
Km+cm fo m or 5 t_07 r To, ( )
Cm = Cpy T =70+ Oin.- (A.3)

From ODEs (A.1)-(A.3), the global steady state solution of fully inert complex in
planar geometry is

in,plan __ 1

[H + /H? + Dy [0, (2Lt + 2D [ K + Dy f) ]},

c {DmeC;kn(r—ro—f—(Sm) + (ro — 7+ din)

(A.4)

where H = —I,,420in — D [ K. 0.
In planar geometry and at steady state, taking into account the constancy of ¢,
and no convection, equations (2.9)-(2.11) become

d’c 1
m kacmi — kcm) = A.
dTQ + fDm( dC l ac ) 07 ( 5)
d?cmi 1
* — = U. A.
pIe) + FeD, (k:acm kdcml) 0 ( 6)
The boundary conditions are as follows
dy1 de ImaxC:g
= = = = A.7
dr = dr 0D (Km+ o) (A7)
@ o dcm _ [maxczfob r=ro, (AS)

dr —  dr — fODy(Kpm+ )’
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Y1 =, + €y = Abp + B, v =19 + 6y, (A.9)
Yo = ?{nj —Cm :C’e‘/erD(f‘/m7 =10+ Opl. (A.10)

Using two intermediary variables y; and ys,

Y1 = Cm + €Cmy,s (All)
Cm
Yo = T~ Cm. (A.12)

From equations (A.5)-(A.6) and equations (A.11)-(A.12), we obtain

y1 = Ar + B, (A.13)

yo = CeV™ 4 De™ V7 (A.14)
1 kg

n = m(? +ka)' (A15)

From equations (A.7), (A.9) and (A.13), we find

o
Imaw Cm°

= 0D, (Ko + %)

Y1 (r —0p1) + cpy + €Cpy- (A.16)

From equations (A.8), (A.10) and (A.14), we obtain

—Inazcyl e~ 2Vnpiervn 4 Immcﬁe_“/ﬁ
\/ﬁfeDm(Km + Cm)(6_2\/ﬁ6”l + 1)

(_Imawcfrg)[e(_%pl—i_r)ﬁ - e_rﬁ]
VI fOD (Ko + i) (€720 4 1)

= ILnaeCysinh[(r — 6p)\/n]
VnfOD,, (K, + ¢id)cosh(y/ndp)

From equations (A.11), (A.12), (A.16) and (A.17), we obtain the solution for ¢,

Y2 =

(A.17)

_Hhn + Y2
€+ Kl

m

T
* Imaw C"(l)

n 0D (Ko + 62) (1 1 ¢K7)

| Sinhl(r = 5,/

_ K*
{r=op+e cosh(y/ndy)

3
(A.18)

where A\ = 1/\/n = \/fDy,/[k% + (ka/€)]. The steady concentration of m on the
root surface, ¢} , is deduced from equation (A.18) at r = r

’ m

oo — Yi+Ys

" 2D, fO(1 4 +eK*)’ (A-19)

where Y1 = {4 (D f0)2 (14 €KY (¢, + €¢%,y) + [manOpt + Do fOK  + K e K* —
cr,—e€ct )+ Lnag€ AK*Tanh(dp /) ]2}%, Yo =D, fO(c}, +ect,; — K — KppeK*) —
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Imaz (0pt + XK Tanh(dp /N)).
Substituting equation (A.19) into equation (A.18), the solution of the model (equa-
tions (2.9)-(2.11)) in planar geometry is as follows

I (Y1 + Y2)[r — 19 — Opt — e)\K*sech(é'—f)sinh(W)]

pl,plan —
Dy fO(1 + eK*)(Y1 4 Ya + 2Dy f K 0(1 + €K)) (A.20)
Cm + €t
1+eK*
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