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Existence and Uniqueness of Smooth Solution for
a Four-waves Coupled System*
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Abstract In this paper, we consider a four-waves coupled system which de-
scribes the interaction between particles. Based on the uniform bound and
the strong convergence property in the lower order norm, local existence and
uniqueness of smooth solution are established by a limiting argument. More-
over, we show that the solution exists globally in the two-dimensional case
under certain condition on the size for L2 norm of the initial data.
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1. Introduction

In this paper, we consider the Cauchy problem for a four-waves coupled system
which reads

(i(∂t + vC∂y) + α∆)AC =
b2

2
nAC , (1.1)

(i(∂t + vR∂y) + β∆)AR =
bc

2
nAR, (1.2)

(i∂t + γ∆)E =
b

2
nE, (1.3)(

∂2t − v2s∆
)
n = a∆

(
|E|2 + b |AC |2 + c |AR|2

)
, (1.4)

(AC , AR, E, n)(0) = (aC , aR, e, n0), nt(0) = n1. (1.5)

In this system, AC = A0 + e−2iyAB where A0 is the incident laser field and AB is
the Brillouin component, AR is the Raman backscattered wave, E is the electronic-
plasma wave and n is the variation of density of ions. Furthermore, AC , AR, E and
n are functions of (x, t) ∈ Rd × R with AC , AR and E the vector fields such that
AC , AR, E : Rd+1 −→ Cd, and with n the scalar field such that n : Rd+1 −→ R. In
this paper, we mainly consider the dimension d = 2, 3. The coefficients α, β, γ, vC ,
vR, a, b, c and vs in the above system are real physical constants with α, β, γ > 0.
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In equation (1.1) and (1.2), y represents the second component of the variable x,
namely, x = (x1, y, x3) when d=3 and x = (x1, y) when d = 2. With this notation,
the Laplacian ∆ is defined by

∆ = ∂2x1
+ ∂2y + ∂2x3

if d = 3, ∆ = ∂2x1
+ ∂2y if d = 2.

In the following arguments of the paper, we often regard y to be x2 for simplicity.
System (1.1)-(1.5) was derived by M. Colin and T. Colin [1] which is a complete
set of Zakharov’s equations type describing laser-plasma interactions and we have
omitted the quasilinear part in this context.

Ignoring the effect of the scattering fields AC and AR, system (1.1)-(1.5) is
reduced to the classical Zakharov system [18]. Due to its physical importance, the
Zakharov system has been studied intensively in mathematics since the works [6,15]
and many important developments were obtained in the past decades ( [5]). Further,
omitting the term ntt, the system is reduced to the cubic Schrödinger equation which
has been studied by many researchers, see for example [2,8,12,13] and the references
cited therein. For the three-waves (AC , AR and E) interacted system, the authors
in [9–11] studied the local well-posedness theory.

The work is concerned with the existence and uniqueness of the smooth solution
for the four-waves coupled system (1.1)-(1.5). We first introduce a vector-valued
function V to rewrite the original system (1.1)-(1.5) as a Hamilton form.

(i(∂t + vC∂y) + α∆)AC =
b2

2
nAC , (1.6)

(i(∂t + vR∂y) + β∆)AR =
bc

2
nAR, (1.7)

(i∂t + γ∆)E =
b

2
nE, (1.8)

nt +∇ · V = 0, (1.9)

Vt + v2s∇n+ a∇
(
|E|2 + b|AC |2 + c|AR|2

)
= 0, (1.10)

(AC , AR, E, n, V )(0) = (aC , aR, e, n0, V0). (1.11)

Throughout the paper, we denote by Lp(Rd) the Lebesgue space equipped with
the norm

∥u∥Lp =

(∫
Rd

|u(x)|pdx
) 1

p

if 1 ≤ p < +∞

and
∥u∥L∞ = esssup{|u(x)|;x ∈ Rd}.

For s ∈ R, Hs(Rd) denotes the nonhomogeneous Sobolev space defined by

Hs(Rd) = {u ∈ S ′(Rd) | ∥u∥2
Hs(Rd) =

∫
Rd

(
1 + |ξ|2

)s |û(ξ)|2dξ < +∞},

where û(ξ) is the Fourier transform of u.
The main results of the paper are stated in the following theorems.

Theorem 1.1. Letting d = 2, 3, assume that aC , aR, e ∈ Hm(Rd), n0, V0 ∈
Hm−1(Rd), m ≥ 4 is an integer and ab > 0. Then system (1.6)-(1.11) admits a
unique solution (AC , AR, E, n, V ) such that

AC , AR, E ∈ C
(
[0, T );Hm

(
Rd

))
, n, V ∈ C

(
[0, T );Hm−1

(
Rd

))
,
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where T depends on ∥aC∥Hm , ∥aR∥Hm , ∥e∥Hm , ∥n0∥Hm−1 and ∥V0∥Hm−1 . More-
over, the solution satisfies the conserved quantities

Φ1(t) ≡ Φ1(0), Φ2(t) ≡ Φ2(0), Φ3(t) ≡ Φ3(0), Ψ(t) ≡ Ψ(0),

where

Φ1(t) :=∥AC(t)∥2L2 , Φ2(t) := ∥AR(t)∥2L2 , Φ3(t) := ∥E(t)∥2L2 ,

Ψ(t) :=α∥∇AC∥2L2 + β ∥∇AR∥2L2 + γ∥∇E∥2L2 +
b

4a
v2s∥n∥2L2 +

b

4a
∥V ∥2L2

+

∫
Rd

n(t)

(
b2

2
|AC(t)|2 +

bc

2
|AR(t)|2dx+

b

2
|E(t)|2

)
dx

+ Im

∫
Rd

(vC∂yACAC + vR∂yARAR)dx.

Theorem 1.2. In addition to the hypothesis of Theorem 1.1 with d = 2, assume
further

∥aC∥2L2 <
2αv2s

ab(b2 + c2 + 1)
∥ψ∥2L2 ,

∥aR∥2L2 <
2βv2s

ab(b2 + c2 + 1)
∥ψ∥2L2 ,

∥e∥2L2 <
2γv2s

ab(b2 + c2 + 1)
∥ψ∥2L2 ,

where ψ is the ground state solution of

∆ψ − ψ + ψ3 = 0.

Then system (1.1)-(1.5) possesses a unique global solution (AC , AR, E, n) satisfying

AC , AR, E ∈ C
(
R+;Hm(R2)

)
, n ∈ C

(
R+;Hm−1(R2)

)
.

The paper is organized as follows. In Section 2, we construct a regularized
system and give the existence and uniqueness result. In Section 3, local existence
and uniqueness theorem of smooth solution will be established. Finally, we will
consider global existence result of the solution in two-dimensional case.

2. Global solution for a regularized system

Theorem 1.1 will be proved via a limiting argument. To this end, we first introduce
an approximated system for (1.6)-(1.11) with a regularized parameter ε > 0

iAεCt + iε∆2AεCt = −α∆AεC − ivC∂yA
ε
C +

b2

2
nεAεC , (2.1)

iAεRt + iε∆2AεRt = −β∆AεR − ivR∂yA
ε
R +

bc

2
nεAεR, (2.2)

iEεt + iε∆2Eεt = −γ∆Eε + b

2
nεEε, (2.3)

AεC(0) = aεC , A
ε
R(0) = aεR, E

ε(0) = eε, (2.4)
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where nε in (2.1)-(2.3) is determined through the equations

nεt +∇ · V ε = 0,

V εt + v2s∇nε = −a∇
(
|Eε|2 + b|AεC |2 + c|AεR|2

)
,

nε(0) = nε0, V
ε(0) = V ε0 .

(2.5)

For ε > 0, we define the Fourier operator Λ : S ′(Rd) → S ′(Rd) by

Λ := (I + ε∆2)−1.

Note that for any s ∈ R, Λ : Hs(Rd) → Hs+4(Rd) is a bounded operator. Also, it
is easy to see that Λ satisfies the following properties:

(i) ∥Λf∥Hk ≤ ∥f∥Hk ,∀k ∈ R;

(ii) (Λf, f) =
∫
Rd(Λf) · fdx ≥ 0;

(iii) (Λf, g) = (f,Λg);

(iv) Λ commutes with Fourier multipliers such as Λs,∇,∆.

These properties will be frequently used in the succeeding energy estimates.
Now the solution of (2.1)-(2.3) can be rewritten in the integral form

AεC(t) = Uε1 (t)a
ε
C +

∫ t

0

Uε1 (t− τ)fε1 (τ)dτ, (2.6)

AεR(t) = Uε2 (t)a
ε
R +

∫ t

0

Uε2 (t− τ)fε2 (τ)dτ, (2.7)

Eε(t) = Uε3 (t)e
ε +

∫ t

0

Uε3 (t− τ)fε3 (τ)dτ, (2.8)

where the linear semigroups Uε1 (t), U
ε
2 (t), U

ε
3 (t) are defined by

Uε1 (t) = exp [(iαΛ∆− vCΛ∂y)t],

Uε2 (t) = exp [(iβΛ∆− vRΛ∂y)t],

Uε3 (t) = exp [iγΛ∆t],

and the nonlinear terms fε1 (t), f
ε
2 (t), f

ε
3 (t) are defined by

fε1 = −iΛ(
b2

2
nεAεC), f

ε
2 = −iΛ(

bc

2
nεAεR), f

ε
3 = −iΛ(

b

2
nεEε).

Since nε satisfies the nonlinear wave equation, then it can be expressed by( [16,
Chapter2])

nε =cos(vst
√
−∆)nε0 +

sin(vst
√
−∆)

vs
√
−∆

nε1

+

∫ t

0

sin(vs(t− τ)
√
−∆)

vs
√
−∆

∆
(
a(|Eε|2 + b |AεC |

2
+ c |AεR|

2
)
)
dτ. (2.9)

The main result for (2.1)-(2.5) is stated as follows.
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Theorem 2.1. Assume that aεC , a
ε
R, e

ε ∈ Hk(Rd), nε0, V ε0 ∈ Hk−1(Rd) with k ≥
5. Then for any given ε > 0, system (2.1)-(2.5) has a unique solution AεC , A

ε
R, E

ε ∈
C(R+;Hk(Rd)) and nε, V ε ∈ C(R+;Hk−1(Rd)).

According to the integral system (2.6)-(2.9), the above theorem can be proved
by using the contractive mapping principle. The regularized operator ε∆2 in (2.1)-
(2.3) plays two important roles during the proof. On one hand, it counteracts the
difficulty in the nonlinear estimates caused by different regular conditions on the
solution. On the other hand, Proposition 2.1 below yields the L∞ estimate which
enables the solution to be extended globally. Since the proof is standard, we omit
further details and refer to similar arguments in [7, 14].

Proposition 2.1. The solution obtained in Theorem 2.1 admits the mass conser-
vation and the energy conservation

Φε1(t) ≡ Φε1(0), Φε2(t) ≡ Φε2(0), Φε3(t) ≡ Φε3(0), Ψε(t) ≡ Ψε(0),

where

Φε1(t) := ∥AεC∥
2
L2 + ε ∥∆AεC∥

2
L2 ,

Φε2(t) := ∥AεR∥
2
L2 + ε ∥∆AεR∥

2
L2 ,

Φε3(t) :=∥Eε∥2L2 + ε ∥∆Eε∥2L2 ,

Ψε(t) :=α∥∇AεC∥2L2 + β ∥∇AεR∥
2
L2 + γ∥∇Eε∥2L2 +

b

4a
v2s∥nε∥2L2 +

b

4a
∥V ε∥2L2

+

∫
Rd

nε(t)

(
b2

2
|AεC(t)|2 +

bc

2
|AεR(t)|2dx+

b

2
|Eε(t)|2

)
dx

+ Im

∫
Rd

(vC∂yA
ε
CA

ε
C + vR∂yA

ε
RA

ε
R)dx.

Proof. Multiplying both sides of (2.1)-(2.3) with AεC , A
ε
R and Eε, respectively,

integrating the resulted equations over Rd and comparing the imaginary parts of
the integral equations, we can obtain

d

dt

∫
Rd

(|AεC |
2
+ ε2 |∆AεC |

2
)dx = 0,

d

dt

∫
Rd

(|AεR|
2
+ ε2 |∆AεR|

2
)dx = 0,

d

dt

∫
Rd

(|Eε|2 + ε2 |∆Eε|2)dx = 0,

which gives the mass conservation. To obtain the conservation of energy, we multiply
both sides of (2.1)-(2.3) with AεCt, A

ε
Rt and Eεt , respectively, then integrate the

resulted equations over Rd and compare the real parts of the equations. There hold

α
d

dt

∫
Rd

|∇AεC |
2
t dx+

b2

2

∫
Rd

nε |AεC |
2
t dx+ 2 Im

∫
Rd

vC∂yA
ε
CA

ε
Ctdx =0, (2.10)

β
d

dt

∫
Rd

|∇AεR|
2
t dx+

bc

2

∫
Rd

nε |AεR|
2
t dx+ 2 Im

∫
Rd

vR∂yA
ε
RARtdx =0, (2.11)

γ
d

dt

∫
Rd

|∇Eε|2dx+
b

2

∫
Rd

nε|Eε|2tdx =0. (2.12)
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Taking the inner products of either side of the first and second equations of (2.5)
with nϵ and V ϵ, respectively, we can see that

1

2

d

dt

∫
Rd

|nε|2dx−
∫
Rd

V ε · ∇nεdx = 0,

(2.13)

1

2

d

dt

∫
Rd

|V ε|2dx+ v2s

∫
Rd

V ε · ∇nεdx+ a

∫
Rd

nεt

(
|Eε|2 + b |AεC |

2
+ c |AεR|

2
)
dx = 0.

(2.14)

Combining with the identities (2.10)-(2.14), we thus obtain the second conserved
law.

3. Local existence and uniqueness

This section is devoted to proving Theorem 1.1. The main steps of the proof are
the conclusions established by Proposition 3.1 and Proposition 3.2 below.

For given initial data aC , aR, e ∈ Hm(Rd) and n0, V0 ∈ Hm−1(Rd), we choose
aεC , a

ε
R, e

ε ∈ Hk(Rd) and nε0, V ε0 ∈ Hk−1(Rd) satisfying

∥aεC − aC∥Hm → 0, ∥aεR − aR∥Hm → 0, ∥eε − e∥Hm → 0 (3.1)

and

∥nε0 − n0∥Hm−1 → 0, ∥V ε0 − V0∥Hm−1 → 0 (3.2)

as ε→ 0. Here k can be selected large enough, for example k > m+10. According
to Theorem 2.1, the regularized system (2.1)-(2.5) has a unique smooth solution.
Hence, all the differential operations or integration by part appearing in Proposition
3.1 and Proposition 3.2 below are meaningful as the approximated solution is regular
enough and decays at infinity.

Proposition 3.1. Assume that (3.1) and (3.2) hold with m ≥ 4 be an integer, then
there exist T > 0 and C > 0 such that

∥AεC∥Hm + ∥AεR∥Hm + ∥Eε∥Hm + ∥nε∥Hm−1 + ∥V ε∥Hm−1 ≤ C, ∀t ∈ [0, T ],

where both C and T are independent of ε.

Proof. To make the proof clear, we only prove the case m = 4. Moreover, for sake
of simplicity, the superscript ε is omitted in this proof. By the mass conservation
of Proposition 2.1, we see

∥AC∥L2 + ∥AR∥L2 + ∥E∥L2 ≤ C, t ≥ 0. (3.3)

Also, it follows from (2.13) and (2.14) that

d

dt
(v2s∥n∥2L2 + ∥V ∥2L2) ≤ C∥∇V ∥L2(∥AC∥H2 + ∥AR∥H2 + ∥E∥H2). (3.4)

(3.3) and (3.4) give the lowest order estimates of the solution. Now we deal with
the highest order estimates which should be treated precisely.
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Taking the inner product of (∂2t − v2s∆)n = a∆
(
|E|2 + b |AC |2 + c |AR|2

)
with

∆2nt yields

d

dt
(∥∆nt∥2L2 + v2s∥∇∆n∥2L2 + 2ab

∫
Rd

∇∆|AC |2∇∆ndx

+ 2ac

∫
Rd

∇∆|AR|2∇∆ndx+ 2a

∫
Rd

∇∆|E|2∇∆ndx)

=2ab

∫
Rd

∇∆|AC |2t∇∆ndx+ 2ac

∫
Rd

∇∆|AR|2t∇∆ndx+ 2a

∫
Rd

∇∆|E|2t∇∆ndx.

Since AC , AR and E satisfy

|AC |2t = 2 Im((−α(Λ∆AC) +
b2

2
Λ(nAC)− ivCΛ∂yAC) ·AC), (3.5)

|AR|2t = 2 Im((−β(Λ∆AR) +
bc

2
Λ(nAR)− ivRΛ∂yAR) ·AR), (3.6)

|E|2t = 2 Im((−γ(Λ∆E) +
b

2
Λ(nE)) · E), (3.7)

respectively, then using identities (3.5)-(3.7), we can obtain∫
Rd

∇∆|AC |2t∇∆ndx =− 2α Im

∫
Rd

∇∆
(
(Λ∆AC) ·AC

)
∇∆ndx

+ b2 Im

∫
Rd

∇∆
(
Λ(nAC) ·AC

)
∇∆ndx

− 2vC Im i

∫
Rd

∇∆
(
Λ∂yAC ·AC

)
∇∆ndx, (3.8)∫

Rd

∇∆|AR|2t∇∆ndx =− 2β Im

∫
Rd

∇∆((Λ∆AR) ·AR)∇∆ndx

+ bc Im

∫
Rd

∇∆(Λ(nAR) ·AR)∇∆ndx

− 2vR Im i

∫
Rd

∇∆
(
Λ∂yAR ·AR

)
∇∆ndx, (3.9)

and ∫
Rd

∇∆|E|2t∇∆ndx =− 2γ Im

∫
Rd

∇∆((Λ∆E) · E)∇∆ndx

+ b Im

∫
Rd

∇∆(Λ(nE) · E)∇∆ndx.

Using Hölder’s inequality and Sobolev’s inequality, the terms in (3.8) are estimated
by

−2α

∫
Rd

∇∆((Λ∆AC) ·AC)∇∆ndx

= −2α

∫
Rd

(Λ∇∆2AC) ·AC∇∆ndx− 6α

∫
Rd

(Λ∆2AC) · ∇AC∇∆ndx

− 6α

∫
Rd

Λ∇∆AC ·∆AC∇∆ndx− 2α

∫
Rd

Λ∆AC · ∇∆AC∇∆ndx
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≤ −2α

∫
Rd

(Λ∇∆2AC) ·AC∇∆ndx+ C
∥∥∆2AC

∥∥
L2 ∥∇AC∥L∞ ∥∇∆n∥L2

+ C ∥∇∆AC∥L2 ∥∆AC∥L∞ ∥∇∆n∥L2

≤ −2α

∫
Rd

(Λ∇∆2AC) ·AC∇∆ndx+ C∥n∥H3 ∥AC∥2H4 , (3.10)

b2
∫
Rd

∇∆(Λ(nAC) ·AC)∇∆ndx

= b2
∫
Rd

∇∆Λ(nAC) ·AC∇∆ndx+ 3b2
∫
Rd

∆Λ(nAC) · ∇AC∇∆ndx

+ 3b2
∫
Rd

∇Λ(nAC) ·∆AC∇∆ndx+ b2
∫
Rd

Λ(nAC)∇∆AC∇∆ndx

≤ C∥∇∆(nAC)∥L2∥AC∥L∞∥∇∆n∥L2 + C∥∆(nAC)∥L2∥∇AC∥L∞∥∇∆n∥L2

+ C∥∇(nAC)∥L2∥∆AC∥L∞∥∇∆n∥L2 + C∥nAC∥L4∥∇∆AC∥L4∥∇∆n∥L2

≤ C∥n∥2H3∥AC∥2H4 , (3.11)

and ∣∣∣∣2vC Im i

∫
Rd

∇∆
(
Λ∂yAC ·AC

)
∇∆ndx

∣∣∣∣ ≤ C∥n∥H3∥AC∥2H4 . (3.12)

From the bounds (3.10)-(3.12), we get

2ab

∫
Rd

∇∆|AC |2t∇∆ndx ≤C
(
∥n∥H3 ∥AC∥2H4 + ∥n∥2H3 ∥AC∥2H4

)
− 4abα Im

∫
Rd

(Λ∇∆2AC) ·AC∇∆ndx. (3.13)

Note that the last term in (3.13) contains the fifth order derivative for AC . For the
terms in (3.9) and (3.10), we apply similar arguments to obtain

2ac

∫
Rd

∇∆|AR|2t∇∆ndx ≤C
(
∥n∥H3 ∥AR∥2H4 + ∥n∥2H3 ∥AR∥2H4

)
− 4acβ Im

∫
Rd

(Λ∇∆2AR) ·AR∇∆ndx, (3.14)

2a

∫
Rd

∇∆|E|2t∇∆ndx ≤C
(
∥n∥H3 ∥E∥2H4 + ∥n∥2H3 ∥E∥2H4

)
− 4aγ Im

∫
Rd

(Λ∇∆2E) · E∇∆ndx. (3.15)

To cancel the integral terms in (3.13)-(3.15), we first take the fourth order energy
estimate for the equation

iACt
= −αΛ∆AC +

b2

2
Λ(nAC)− ivCΛ∂yAC

to get

d

dt
∥∆2AC∥2L2 =− b2 Im

∫
Rd

Λ∇∆(nAC)∇∆2ACdx
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=b2Im

∫
Rd

Λ∇∆
(
nAC

)
∇∆2ACdx

=b2Im

∫
Rd

Λ
(
AC∇∆n

)
∇∆2ACdx+3b2Im

∫
Rd

Λ(∇AC∆n)∇∆2ACdx

+ 3b2 Im

∫
Rd

Λ(∆AC∇n)∇∆2ACdx+b
2 Im

∫
Rd

Λ(n∆AC)∇∆2ACdx

≤C∥n∥H3 ∥AC∥2H4 + b2 Im

∫
Rd

Λ(AC∇∆n)∇∆2ACdx. (3.16)

In the same way, we can obtain

d

dt
∥∆2AR∥2L2 ≤C∥n∥H3 ∥AR∥2H4 + bc Im

∫
Rd

Λ(AR∇∆n)∇∆2ARdxdx, (3.17)

and

d

dt
∥∆2E∥2L2 ≤C∥n∥H3 ∥E∥2H4 + b Im

∫
Rd

Λ(E∇∆n)∇∆2Edx. (3.18)

Combining (3.13)-(3.18) gives

d

dt
(∥∆nt∥2L2 + v2s∥∇∆n∥2L2 +

4aα

b
∥∆2AC∥2L2 +

4aβ

b

∥∥∆2AR
∥∥2
L2 +

4aγ

b
∥∆2E∥2L2

+ 2ab

∫
Rd

∇∆ |AC |2 ∇∆ndx+ 2ac

∫
Rd

∇∆ |AR|2 ∇∆ndx

+ 2a

∫
Rd

∇∆|E|2∇∆ndx)

≤C
(
1 + ∥n∥2H3 + ∥AC∥2H4 + ∥AR∥2H4 + ∥E∥2H4

)2
,

namely,

b

4a
∥∆nt∥2L2 +

bv2s
4a

∥∇∆n∥2L2 + α∥∆2AC∥2L2 + β
∥∥∆2AR

∥∥2
L2 + γ∥∆2E∥2L2

≤C + C

∫ t

0

(
1 + ∥n∥2H3 + ∥AC∥2H4 + ∥AR∥2H4 + ∥E∥2H4

)2
dτ

+
b2

2

∣∣∣∣∫
Rd

∇∆ |AC |2 ∇∆ndx

∣∣∣∣+ bc

2

∣∣∣∣∫
Rd

∇∆ |AR|2 ∇∆ndx

∣∣∣∣
+
b

2

∣∣∣∣∫
Rd

∇∆|E|2∇∆ndx

∣∣∣∣
≤C + C

∫ t

0

(
1 + ∥n∥2H3 + ∥AC∥2H4 + ∥AR∥2H4 + ∥E∥2H4

)2
dτ + I. (3.19)

Note that

I :=
b2

2

∣∣∣∣∫
Rd

∇∆|AC |2∇∆n

∣∣∣∣+ bc

2

∣∣∣∣∫
Rd

∇∆|AR|2∇∆n

∣∣∣∣+ b

2

∣∣∣∣∫
Rd

∇∆|E|2∇∆n

∣∣∣∣
≤3ε∥n∥2H3 +

4

ε

(
b4

4
∥∇∆|AC |2∥2L2 +

b2c2

4
∥∇∆|AR|2∥2L2 +

b2

4
∥∇∆|E|2∥2L2

)
.
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Using Hölder’s inequality and Sobolev’s inequality, it is easy to see

d

dt
∥∇∆|AC |2∥2L2

=2

∫
Rd

∇∆|AC |2∇∆|AC |2tdx

=4

∫
Rd

∇∆Im((−α(Λ∆AC) +
b

2
Λ(nAC)− iΛvC∂yAC) ·AC) · ∇∆|AC |2dx

≤C
(
∥AC∥4H4 + ∥n∥H3∥AC∥4H4

)
.

The estimates for ∥∇∆|AR|2∥2L2 and ∥∇∆|E|2∥2L2 can be treated similarly. Inserting
these estimates into (3.19) and using also (3.3)-(3.4), we actually obtain

∥AC∥2H4 + ∥AR∥2H4 + ∥E∥2H4 + ∥n∥2H3 + ∥V ∥2H3

≤ C + C

∫ t

0

(
1 + ∥AC∥2H4 + ∥AR∥2H4 + ∥E∥2H4 + ∥n∥2H3

)3
dτ. (3.20)

Hence, it follows from (3.20) that there exist C, T > 0 (independent of ε) such that

∥AC∥2H4 + ∥AR∥2H4 + ∥E∥2H4 + ∥n∥2H3 + ∥V ∥2H3 ≤ C, ∀t ∈ [0, T ].

This ends the proof of Proposition 3.1.

Proposition 3.2. Under the same assumptions as Proposition 3.1, for 0 < ε′ < ε,
there exists a constant C > 0 independent of ε and ε′ such that

max
t∈[0,T )

(∥AεC −Aε
′

C∥H2 + ∥AεR −Aε
′

R∥H2 + ∥Eε − Eε
′
∥H2) ≤ Cε

1
4 + CIε,ε

′

0 , (3.21)

max
t∈[0,T )

(∥nε − nε
′
∥H1 + ∥V ε − V ε

′
∥H1) ≤ Cε

1
4 + CJε,ε

′

0 , (3.22)

where T is obtained by Proposition 3.1, and Iε,ε
′

0 , Jε,ε
′

0 are defined by

Iε,ε
′

0 := ∥aεC − aε
′

C∥H2 + ∥aεR − aε
′

R∥H2 + ∥eε − eε
′
∥H2 ,

Jε,ε
′

0 := ∥nε0 − nε
′

0 ∥H1 + ∥V ε0 − V ε
′

0 ∥H1 .

Proof. In this proof, we recover the superscript ε and also denote Λε = Λ =
(1 + ε∆2)−1 to emphasize the reliance on ε. To prove the property of Cauchy
sequence for the approximate solution, we first write out the equation for nε − nε

′

and V ε − V ε
′
. Indeed, from (2.5), one has

(nε − nε
′
)t +∇ · (V ε − V ε

′
) = 0,

(V ε − V ε
′
)t + v2s∇(nε − nε

′
) = −a∇(|Eε|2 − |Eε

′
|2

+ b|AεC |2 − b|Aε
′

C |2 + c|AεR|2 − c|Aε
′

R |2).

(3.23)

Performing the energy estimate for (3.23) at H1 level and using the uniform bound
of Proposition 3.1, we have

1

2

d

dt
(v2s∥nε − nε

′
∥2H1 + ∥V ε − V ε

′
∥2H1)
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≤C(∥AεC −Aε
′

C∥H2 + ∥AεR −Aε
′

R∥H2 + ∥Eε − Eε
′
∥H2)∥V ε − V ε

′
∥H1 . (3.24)

Next we turn to deal with the estimate for AεC −Aε
′

C whose equation is given by

i(AεC −Aε
′

C )t + α(Λε − Λε
′
)∆AεC + αΛε

′
∆(AεC −Aε

′

C )

+ ivC(Λ
ε − Λε

′
)∂yA

ε
C + ivCΛ

ε′∂y(A
ε
C −Aε

′

C )

=
b2

2
(Λε − Λε

′
)(nεAεC) +

b2

2
Λε

′
[(nε − nε

′
)AεC + nε

′
(AεC −Aε

′

C )]. (3.25)

Note that

1

1 + ε′|ξ|4
− 1

1 + ε|ξ|4
≤ ε|ξ|4

(1 + ε′|ξ|4)(1 + ε|ξ|4)
≤ ε

1
4 |ξ|,

where we have used Young’s inequality to get

ε|ξ|4 = (ε
1
4 |ξ|)3ε 1

4 |ξ| ≤ (
3ε|ξ|4

4
+

1

4
)ε

1
4 |ξ| ≤ (1 + ε|ξ|4)ε 1

4 |ξ|.

Hence, we have
∥(Λε − Λε

′
)f∥Hs ≤ ε

1
4 ∥f∥Hs+1 .

Now we take L2 estimate for the equation (3.25) to get

1

2

d

dt
∥AεC −Aε

′

C∥2L2

≤C(ε 1
4 ∥AεC∥H3 + ε

1
4 ∥nεAεC∥H1)∥AεC −Aε

′

C∥L2

+ C(∥nε − nε
′
∥L2∥AεC∥L∞ + ∥nε

′
∥L∞∥AεC −Aε

′

C∥L2)∥AεC −Aε
′

C∥L2

≤Cε 1
4 + C(∥nε − nε

′
∥L2 + ∥AεC −Aε

′

C∥L2)∥AεC −Aε
′

C∥L2 . (3.26)

Taking the derivative of equation (3.25) with respect to t and doing L2 energy
estimate for AεCt −Aε

′

Ct, then we can obtain

1

2

d

dt
∥AεCt −Aε

′

Ct∥2L2

≤C(ε 1
4 ∥∆AεCt∥L2 + ε

1
4 ∥∇AεCt∥L2 + ε

1
4 ∥(nεAεC)t∥H1)∥AεCt −Aε

′

Ct∥L2

+ C(∥nεt − nε
′

t ∥L2∥AεC∥L∞ + ∥nε − nε
′
∥H1∥AεCt∥H1)∥AεCt −Aε

′

Ct∥L2

+ C(∥nε
′

t ∥H1∥AεC −Aε
′

C∥H1 + ∥nε
′
∥L∞∥AεCt −Aε

′

Ct∥L2)∥AεCt −Aε
′

Ct∥L2

≤Cε 1
4 + C(∥V ε − V ε

′
∥L2 + ∥nε − nε

′
∥H1)∥AεCt −Aε

′

Ct∥L2

+ C(∥AεC −Aε
′

C∥H1 + ∥AεCt −Aε
′

Ct∥L2)∥AεCt −Aε
′

Ct∥L2 . (3.27)

Remarked in (3.27), the problematic term is

I := αIm

∫
Rd

(Λε − Λε
′
)∆AεCt · (AεCt −Aε

′

Ct)dx,

in which ∆AεCt contains a fourth order term. This term can be estimated as

|I| ≤ C∥(Λε − Λε
′
)∇AεCt∥L2∥∇(AεCt −Aε

′

Ct)∥L2
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≤ Cε
1
4 ∥∆AεCt∥L2∥∇(AεCt −Aε

′

Ct)∥L2

≤ Cε
1
4 .

In addition, it is obvious that (see (3.25))

α∥∆(AεC −Aε
′

C )∥L2 ≤Cε 1
4 + ∥AεCt −Aε

′

Ct∥L2 + C∥nε − nε
′
∥L2

+ C∥AεC −Aε
′

C∥L2 + C∥∂y(AεC −Aε
′

C )∥L2 ,

and by interpolating for the last term, we get

∥∆(AεC −Aε
′

C )∥L2 ≤Cε 1
4 + C∥AεCt −Aε

′

Ct∥L2 + C∥nε − nε
′
∥L2 + C∥AεC −Aε

′

C∥L2 .
(3.28)

Similar estimates as (3.26)-(3.28) hold for AεR−Aε
′

R and Eε−Eε
′
, namely, we have

1

2

d

dt
∥AεR −Aε

′

R∥2L2 ≤ Cε
1
4 + C(∥nε − nε

′
∥L2 + ∥AεR −Aε

′

R∥L2)∥AεR −Aε
′

R∥L2 ,

(3.29)

1

2

d

dt
∥AεRt −Aε

′

Rt∥2L2 ≤ Cε
1
4 + C(∥V ε − V ε

′
∥L2 + ∥nε − nε

′
∥H1)∥AεRt −Aε

′

Rt∥L2

+ C(∥AεR −Aε
′

R∥H1 + ∥AεRt −Aε
′

Rt∥L2)∥AεRt −Aε
′

Rt∥L2 ,
(3.30)

∥∆(AεR −Aε
′

R)∥L2 ≤Cε 1
4 + C∥AεRt −Aε

′

Rt∥L2 + C∥nε − nε
′
∥L2 + C∥AεR −Aε

′

R∥L2 ,
(3.31)

and

1

2

d

dt
∥Eε − Eε

′
∥2L2 ≤ Cε

1
4 + C(∥nε − nε

′
∥L2 + ∥Eε − Eε

′
∥L2)∥Eε − Eε

′
∥L2 ,

(3.32)

1

2

d

dt
∥Eεt − Eε

′

t ∥2L2 ≤ Cε
1
4 + C(∥V ε − V ε

′
∥L2 + ∥nε − nε

′
∥H1)∥Eεt − Eε

′

t ∥L2

+ C(∥Eε − Eε
′
∥H1 + ∥Eεt − Eε

′

t ∥L2)∥Eεt − Eε
′

t ∥L2 , (3.33)

∥∆(Eε − Eε
′
)∥L2 ≤Cε 1

4 + C∥Eεt − Eε
′

t ∥L2 + C∥nε − nε
′
∥L2 + C∥Eε − Eε

′
∥L2 .
(3.34)

Finally, collecting the estimates (3.24) and (3.26)-(3.31) together, we thus arrive
at

d

dt
F (t) ≤ C(ε

1
4 + F (t))

with

F (t) :=∥AεC −Aε
′

C∥2L2 + ∥AεR −Aε
′

R∥2L2 + ∥E − Eε
′
∥2L2 + ∥AεCt −Aε

′

Ct∥2L2

+ ∥AεRt −Aε
′

Rt∥2L2 + ∥Eεt − Eε
′

t ∥2L2 + ∥nε − nε
′
∥2H1 + ∥V ε − V ε

′
∥2H1 .

Therefore, the desired bounds follow by Gronwall’s inequality.
Once Proposition 3.1 and Proposition 3.2 are proved, the existence part of The-

orem 1.1 is then established by a limiting argument, while the uniqueness part can
be proved by using the similar strategy as Proposition 3.2. For simplicity, we thus
omit further details. This completes the proof of Theorem 1.1.
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4. Global smooth solution for d = 2

In this section, we show that the smooth solution exists globally in the two-dimensio-
nal case provided that the L2 norms of the initial data aC , aR, e are less than
certain given constants. To this end, we introduce the following Gagliardo-Nirenberg
inequality with the sharp constant ( [17])

∥f∥4L4(R2) ≤ C∥f∥2L2(R2)∥∇f∥
2
L2(R2), (4.1)

where C = 2
∥ψ∥2

L2(R2)

and ψ is the ground state solution of ∆ψ − ψ + ψ3 = 0. Also,

one needs the following logarithmic embedding inequality ( [3, 4])

∥u∥L∞(R2) ≤ C∥u∥H1(R2)

(
1 + ln

(
1 +

∥u∥H2(R2)

∥u∥H1(R2)

)) 1
2

. (4.2)

Proof of Theorem 1.2. Let T ∗ be the maximal existence time of the solution
obtained by Theorem 1.1. Then in order to prove Theorem 1.2, we only need to
show for every t ∈ [0, T ∗) there holds

∥AC(t)∥Hm + ∥AR(t)∥Hm + ∥E(t)∥Hm + ∥n(t)∥Hm−1 + ∥nt(t)∥Hm−2 ≤ C. (4.3)

Firstly, the mass conservation law gives

∥AC∥L2 + ∥AR∥L2 + ∥E∥L2 = ∥aC∥L2 + ∥aR∥L2 + ∥e∥L2 ≤ C. (4.4)

Meanwhile, the energy conservation law (see Theorem 1.1) implies

α∥∇AC∥2L2 + β∥∇AR∥2L2 + γ∥∇E∥2L2 +
b

4a
v2s∥n∥2L2 +

b

4a
∥V ∥2L2

≤ |Ψ(0)|+
∣∣∣∣b22

∫
R2

n(t)|AC(t)|2dx
∣∣∣∣+ ∣∣∣∣bc2

∫
R2

n(t)|AR(t)|2dx
∣∣∣∣+ ∣∣∣∣ b2

∫
R2

n(t)|E(t)|2dx
∣∣∣∣

+

∣∣∣∣∫
R2

vC∂yACAC

∣∣∣∣+ ∣∣∣∣∫
R2

vR∂yARARdx

∣∣∣∣
≤ |Ψ(0)|+ b4 + b2c2 + b2

16
ε1∥n∥2L2 +

1

ε1

(
∥AC∥4L4 + ∥AR∥4L4 + ∥E∥4L4

)
+

1

4ε2

(
vC∥AC∥2L2 + vR∥AR∥2L2

)
+ ε2

(
∥∇AC∥2L2 + ∥∇AR∥2L2

)
≤ |Ψ(0)|+ 1

ε1

2

∥ψ∥2L2

(
∥aC∥2L2∥∇AC∥2L2 + ∥aR∥2L2∥∇AR∥2L2 + ∥e∥2L2∥∇E∥2L2

)
+
b4 + b2c2 + b2

16
ε1∥n∥2L2 +

C

4ε2
+ ε2

(
∥∇AC∥2L2 + ∥∇AR∥2L2

)
, (4.5)

where we have used (4.1) in the last step. If the sizes of ∥aC∥L2 , ∥aR∥L2 and ∥e∥L2

satisfy

α >
ab(b2 + c2 + 1)

2v2s∥ψ∥2L2

∥aC∥2L2 ,

β >
ab(b2 + c2 + 1)

2v2s∥ψ∥2L2

∥aR∥2L2 ,
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γ >
ab(b2 + c2 + 1)

2v2s∥ψ∥2L2

∥e∥2L2 ,

then we can take ε1 <
4v2s

ab(b2+c2+1) (close to
4v2s

ab(b2+c2+1) ) and ε2 sufficiently small.

Thus, from (4.4) and (4.5), we can get

∥AC∥H1 + ∥AR∥H1 + ∥E∥H1 + ∥n∥L2 + ∥V ∥L2 ≤ C. (4.6)

Secondly, we apply energy estimate for equation (1.4) with nt to obtain

d

dt
(∥nt∥2L2 + v2s∥∇n∥2L2) =2a

∫
R2

(bnt∆|AC |2 + cnt∆|AR|2 + nt∆|E|2)dx

≤4ab

∫
R2

|nt|
(
|AC | · |∆AC |+ |∇AC |2

)
dx

+ 4ac

∫
R2

|nt|
(
|AR| · |∆AR|+ |∇AC |2

)
dx

+ 4a

∫
R2

|nt|
(
|E| · |∆E|+ |∇E|2

)
dx

≤C ∥nt∥L2

(
∥AC∥L∞∥∆AC∥L2 + ∥∇AC∥2L4

)
+ C ∥nt∥L2

(
∥AR∥L∞∥∆AR∥L2 + ∥∇AR∥2L4

)
+ C ∥nt∥L2

(
∥E∥L∞∥∆E∥L2 + ∥∇E∥2L4

)
≤C ∥nt∥L2 ∥∆AC∥L2 (∥AC∥L∞ + 1)

+ C ∥nt∥L2 ∥∆AR∥L2 (∥AR∥L∞ + 1)

+ C ∥nt∥L2 ∥∆E∥L2 (∥E∥L∞ + 1) . (4.7)

Notice that equation (1.1) implies

∥∆AC∥L2 ≤ C
(
∥ACt∥L2 + ∥n∥L4 ∥AC∥L4 + ∥∂yAC∥L2

)
≤ C

(
∥ACt∥L2 + ∥n∥

1
2

L2∥∇n∥
1
2

L2∥AC∥H1 + ∥∇AC∥L2

)
≤ C (∥ACt∥L2 + ∥∇n∥L2 + 1) .

(4.8)

Similarly, we can deduce from (1.2) and (1.3) that

∥∆AR∥L2 ≤ C (∥ARt∥L2 + ∥∇n∥L2 + 1) , ∥∆E∥L2 ≤ C (∥Et∥L2 + ∥∇n∥L2 + 1) .
(4.9)

Now differentiating (1.1)-(1.3) with respect to t gives

(i(∂t + vC∂y) + α∆)ACt −
b2

2
(ntAC + nACt) = 0, (4.10)

(i(∂t + vR∂y) + β∆)ARt −
bc

2
(ntAR + nARt) = 0, (4.11)

(i∂t + γ∆)Et −
b

2
(ntE + nEt) = 0, (4.12)

from which we can obtain

d

dt
(∥ACt∥2L2 + ∥ARt∥2L2 + ∥Et∥2L2)
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≤C ∥nt∥L2 (∥ACt∥L2 ∥AC∥L∞ + ∥ARt∥L2 ∥AR∥L∞ + ∥Et∥L2 ∥E∥L∞) . (4.13)

Letting

G1(t) := ∥nt∥2L2 + v2s∥∇n∥2L2 + ∥ACt∥2L2 + ∥ARt∥2L2 + ∥Et∥2L2 + 1,

then it can be obtained by combining (4.6)-(4.9) and (4.13) that

d

dt
G1(t) ≤ CG1(t)

(
1 + ∥AC∥2L∞ + ∥AR∥2L∞ + ∥E∥2L∞

)
≤ CG1(t) (1 + ln (1 + ∥∆AC∥L2) + ln (1 + ∥∆AR∥L2) + ln (1 + ∥∆E∥L2))

≤ CG1(t) (1 + lnG1(t)) ,

where we have used (4.2) in the second step. By Gronwall’s inequality, there holds
G1(t) ≤ C which implies

∥AC(t)∥H2 + ∥AR(t)∥H2 + ∥E(t)∥H2 + ∥n(t)∥H1 + ∥nt∥L2 ≤ C, ∀t ∈ [0, T ∗).
(4.14)

Next, we will show

∥AC(t)∥H3 + ∥AR(t)∥H3 + ∥E(t)∥H3 + ∥n(t)∥H2 + ∥nt∥H1 ≤ C, ∀t ∈ [0, T ∗).
(4.15)

Since the L∞ estimates of AC , AR and E have already been established, it is not
hard to obtain the bound (4.15). Indeed, from the equation (1.4), we have

d

dt

(
∥∇nt∥2L2 + v2s∥∆n∥2L2

)
=2a

∫
(−∆nt)∆

(
|E|2 + b|AC |2 + c |AR|2

)
dx

≤2a

∫
|∇nt|

(∣∣∇∆|E|2
∣∣+ b

∣∣∇∆|AC |2
∣∣+ c

∣∣∇∆|AR|2
∣∣) dx

≤C ∥∇nt∥L2

(∥∥∇∆|E|2
∥∥
L2 +

∥∥∇∆|AC |2
∥∥
L2 + ∥∇∆|AR|2∥L2

)
≤C ∥∇nt∥L2 (∥∇∆E∥L2 + ∥∇∆AC∥L2 + ∥∇∆AR∥L2 + 1) , (4.16)

and by (1.1)-(1.3) and (4.14),

∥∇∆AC∥L2 ≤ C (∥∇ACt∥L2 + ∥∇n∥L2∥AC∥L∞ + ∥n∥L4∥∇AC∥L4+∥∇(∂yAC)∥L2)

≤ C (∥∇ACt∥L2 + 1) , (4.17)

and

∥∇∆AR∥L2 ≤ C (∥∇ARt∥L2 + 1) , ∥∇∆E∥L2 ≤ C (∥∇Et∥L2 + 1) . (4.18)

On the other hand, it follows from (4.10)-(4.12) that

d

dt

(
∥∇ACt∥2L2 + ∥∇ARt∥2L2 + ∥∇Et∥2L2

)
≤C

(
∥∇ACt∥2L2 + ∥∇ARt∥2L2 + ∥∇nt∥2L2 + ∥∇Et∥2L2 + ∥∆n∥2L2 + 1

)
. (4.19)

Let

G2(t) := ∥∇nt∥2L2 + v2s∥∆n∥2L2 + ∥∇ACt∥2L2 + ∥∇ARt∥2L2 + ∥∇Et∥2L2 + 1.
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Now combining the estimates (4.16)-(4.19) gives

d

dt
G2(t) ≤ CG2(t),

which proves (4.15) as desired.
Finally, we can apply similar strategy to obtain (4.3). Since the proof is similar,

we omit further details. This ends the proof of Theorem 1.2.
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