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On the Analytical Approach of Codimension-Three
Degenerate Bogdanov-Takens (B-T) Bifurcation in
Satellite Dynamical System

Muhammad Marwan® and Muhammad Zainul Abidin*

Abstract In this paper, we have conducted parametric analysis on the dy-
namics of satellite complex system using bifurcation theory. At first, five
equilibrium points &£p,1,2,3,4 are symbolically computed in which £ 3 and €24
are symmetric. Then, several theorems are stated and proved for the existence
of B-T bifurcation on all equilibrium points with the aid of generalized eigen-
vectors and practical formulae instead of linearizations. Moreover, a special
case az = 0 is observed, which confirms all the discussed cases belong to a
codimension-three bifurcation along with degeneracy conditions.
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1. Introduction

A system of ordinary differential equations obeying the changes in its topology
with the variation in involved parameters can lead to the concept of bifurcation.
This term is further categorized into local and global bifurcations such as in the
study of Alle effect in predator prey models by Deeptajyoti et al., [39,40] and
Prahlad et al., [34]. However, if all parameters except one are set to be fixed, it is
considered as a codimension (codim) one bifurcation including Hopf [16,17, 32, 36,
38], zero-Hopf [18,31,37], saddle [3,42] and Homoclinic/Hetroclinic [14, 15, 19, 28].
The variation in more than one parameter at a time can lead to bifurcations with
a higher codimension. It is difficult to determine such bifurcations by using hit and
trial methods, and that is why several analytical techniques have been discovered
for achieving such a type of bifurcations, in which critical normal form on the
center manifold has gained much attention. Bogdanov-Takens is one of the higher
codimension bifurcations initiated with the work of Takens [11] and Bogdanov [12],
but Arnold [6] and Guckenheimer [21] in 1983 derived the following normal form

o = M1,
m = Z (cknts + Bemg~"m) (1.1)
k>2
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on the center manifold and discussed the exact qualitative attitude of trajectories
near B-T critical point. This technique created a new way and attracted researchers
by presenting the obtained normal form in a more simplified way [2,4, 20].

In equation (1.1), if ag X B2 # 0, then codim-2 bifurcation occurs and its bifur-
cation diagram can be seen in [29]. Cusp [33], Bogdanov-Takens [25,26] , Double
Hopf [23] and Bautin [22] are the main types in codim-2 bifurcation, which include
tedious computer based calculations. But when as or 82 equals to zero in equati-
ion (1.1), a complex situation termed as codim-3 bifurcation can occur. In 2011,
Kuznetsov [30] introduced a new way of getting the normal form by using general-
ized eigenvectors and practical formulae instead of linearization. This methodology
is not limited to numerical computation, but also useful in the analytic of symbolic
computation. In 2021, Darabsah [24] used B-T bifurcation from medical point of
view in the excitably class of neurons. Mondal et al., [9] used it in ecology for
predator-prey system, and the same analytical formulae for B-T bifurcation are
used by Mondal et al., [10] in the food chain model with two species. In 2022,
Xiang, Lu and Huang [41] explored the B-T bifurcation in host-parasitoid model
for the special case that the carrying capacity K equals to % Due to the advance-
ment in technology and craze of exploring cosmic dynamics, systems in mechanical
engineering can never lose its importance. In 2000, Sui et al., [1] considered six-
dimensional satellite system and reported its failure analysis in controlling chaos. A
negligible torque term was added into satellite system as a perturbed parameter and
analyzed its transversal line between stable and unstable manifolds by Kuang [27].
Similarly, Aslanov and Yudintsev [7] discussed dynamics of gyrostat in satellite by
bringing modification into Melnikov’s function. Whereas, for more information re-
lating dynamics and control in spacecraft, one can follow the results given by Liu
in his book [43]. In 2018, Chegini, Sadati and Salarieh [13] worked analytically
and numerically as well on tri-axial rigid body moving in elliptical orbit. Whereas,
Khan et al., [8] modified satellite double wing model in the following form

=% —ax+ ﬁ,
y=—zz+by, (1.2)
z=xy —cz — \/éx

Dynamics of system (1.2) shows chaos for parameter values a = 4, b = 0.17 and
¢ = 4 with initial conditions (0.1,0.1,0.1).
In our case, while analyzing dynamics of the satellite system, we have observed that

1. Khan et al., [8] fixed all involved parameters for finding its equilibrium points
and dynamical analysis;

2. recently, Anam et al., [5] have obtained their multi-scrolls;

3. the above cited literature shows that satellite system is enriched with a qual-
itative aspect and some research can be found on its stability.

System (1.2) has complex dynamics due to the nonlinearity in each equation
and involved parameters. However, relevant literature on its bifurcation analysis
has not been identified. This gap has motivated us to work on the occurrence of
higher codimension bifurcation in satellite system (1.2) for all equilibrium points.
This parametric study leads us to the existence of degeneracy in B-T bifurcation as
well, where Hopf, Saddle and Homoclinic orbits meet. Moreover, these analytical
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results and theorems will not only be helpful from a mathematical perspective, but
also be of great interest for engineers.

This work is organized as follows. In Section 2, basic formulae are given for
achieving B-T bifurcation. Computation of generalized eigenvectors, normal forms
and multilinear functions for the satellite dynamical model on all equilibrium points
is discussed in Section 3, while Section 4 contains our concluding remarks.

2. Basic concepts for Bogdanov-Takens bifurcation

This section includes fundamentals for achieving B-T bifurcation in the system of
ordinary differential equations with order n > 2. We start with the expansion of
system including ordinary differential equations

t=Ar +F(x): zeR" (2.1)
through Taylor series near equilibria £ as

1

3!€(x,x,w), (2.2)

1
& =Ax + E‘B(x,x) +

where B and € are multilinear functions and are helpful in getting a normal form of
several bifurcations. Analytical formulae for the calculation of multilinear functions
are

nRRE)] %50 P°5©] )
B 5 = 5 3 ) Yk
o) j,kzzl (‘95185’“ =0 080k ley 08,0k 5—0> o (2.3)
93F2(8) 93F3(8)

n 3
C(z,y,2) = Z ( 0781()

T
TiYk2.
Pty 08;081,06; §_0>

Lemma 2.1 ( [35]). A dynamical system (2.1) has two zero eigenvalues if the
characteristic equation

5:0’ 0€;061,06; 5:07 0,060

A+ A2+ oo\ + 03
of its linearized matriz satisfies the following condition
0’1750, 0’2:0, 0’3:0. (24)

Lemma 2.2 ( [35]). If system (2.1) fulfills the condition (2.4) given in Lemma 2.1,
then there exist four generalized eigenvectors 5o 1, To,1 such that

< 8g,To >=1, <351, >=1,

o o (2.5)
< 59,71 >=0, < 3&1,79>=0.

Lemma 2.3 ( [35]). Suppose that system (2.1) has double zero eigenvalues with
generalized eigenvectors. Then such a system can be converted into the normal
form

o = 11,
M = agnp + Banom + aznp + Banany + aung + Bampmi- (2.6)
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In Lemma 2.3, as, B2 are quadratic, ag, 83 show cubic and oy, B4 present fourth-
order terms. In our case, tri-linear and quad-linear terms are zero. Therefore, «;,
B; for i = 2,3,4 can be reduced to

1
Qg = 2<817 B (7o, T0)>,

(2.7)
B2 = <817%(7‘07T1) - h20>,
and hog can be obtained by solving singular linearized system
Q‘BQQ = 20971 — sIﬁ(fo, 770). (28)

As the determinant of matrix 2 is zero in each case, the linearized matrices are
singular and cannot be solved using an inverse of 2. Coefficients of cubic terms in
the normal form can be computed as

1 _ _
ag = 2<51753(h207?:0) - 042h11>,

(2.9)
1 _ _ _ _ _
B3 = 2<«‘>‘17 2B (h11,70) + B(hoo, 1) — h3o — 2a2ho2 — 2ﬁ2h11>7

where ho2, h11 and hsy can be obtained by solving the following set of linearized
systems

Ah11 = 2B271 + hao — B(7o, 1),
Ahgz = 2h11 — B(F1,71), (2.10)
Qlilgo = 6rias + 6?L11Ck2 — 3%(520, fo).

In the similar way,

=5 <81,8%(h307r0) + 6B (hao, hao) — a2h21> (2.11)
and
Bs = é<§1,3% (ho1,70) + 3B (h11, hao) + B (hso,71) >
- <S1, % + ﬁ2321> - <31,a2h12 + azhoz + 53h11> (2.12)

can be achieved by solving the corresponding singular linearized systems given in
Eq. (2.13)

Ah12 = 2ha1 + 2B2h02 — B(hoz, 7o) — 2B(hi1,71),
Ahot = hgo + 28371 + 2a0ho2 + 2P2h11 — 2B (ha1, 7o) — B(hao, 1), (2.13)
Q[h40 = 24o471 + 120&2]121 + 24azh11 — 453(h30,’l:0> — 3%(h20, hgo).
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3. Existence of Bogdanov-Takens bifurcation in satel-
lite dynamical system (1.2)

In bifurcation theory, discussion mostly starts with the stationary point of dynam-
ical systems. Solving system (1.2) yields

50 = (07 07 O)a

13 = :l:\/TbJ\;[Z(\J\f?-&-?))’ \/6(]\:{14‘1)’:‘:\/73?/]\642) 7 (3.1)
_ V2bM5(M1—3) _ V6(Mi—1) | \/3bMs5

8274_ + SZ\ﬁ s 4 7i 2ﬁ3)’

in which M; = +/8ac+ 9, My = \/4ac+ 3 — M; and M3 = +/4ac + 3 + M.

Theorem 3.1. System (1.2) exhibits double zero eigenvalues at equilibria &y, for
a=1,b#0 and c=—1.

Proof. The Jacobian matrix of system (1.2) is

z 1
—a 35t
J= —2 b -z , (3.2)
y—vV6 z —c
and the Jacobian matrix (3.2) at & gives
1
—a 0 %
3l =1 0o bol. (3.3)
Eo
—\/6 0 —c
The characteristic equation of matrix (3.3) is
)\03 +O’01)\02 +O’02)\0 + 003, (34)

where

opr1=a—b+ec,
o092 = —ab+ac—be+1, (3.5)
gpo3 — — (abc+b) .

According to Lemma 2.1, there exist double zero eigenvalues in system (1.2) for &,
if 091 # 0, 092 = 0 and 093 = 0, which yields a = —1, b # 0 and ¢ = 1. Substituting
these values back into equations (3.4)—(3.5) yields

which is our desired result. O ]

Theorem 3.2. There exist four generalized eigenvectors

po = (ﬁ?aoa_\/?> , 1= <\/?,07\/6472> )

(3.7)
. (xﬁ @) . <6ﬁ0\/4§>

1=

0= aoa_i E7 ’ 49

T 7
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in system (1.2) at &, fora=—1,b#0 and ¢ = 1.

Proof. In Theorem 3.1, it is proved that double zero eigenvalues exist in the
considered satellite system. Next, we need to find generalized eigenvectors which
satisfy orthogonal conditions (2.5) given in Lemma 2.2. However, these vectors are
not unique, but one can follow the technique given by Kuznetsov [30]. For this
purpose, let us suppose that Ay, = 3|£0. Then, (y and (; in equation (3.7) can be
achieved by solving

—a 0 % Co1 0 —a 0 % Ci1 Co1
0 b0 C2 | =10, 0 b0 Ciz | = | Co2 | > (3.8)
—/60 —c Co3 0 -6 0 —c €13 Co3

Where 4_-0 = (C()17C(]27<()3)T and 51 = (411,C12,<13)T. IH a similar fashion fOI‘ ﬁo =
(po1, poz, po3)T and p; = (p11,p12,p13)7 with the transpose of g, the following
matrix equalities can be solved

T T
—a 0 % P11 0 —a 0 % po1 P11
0 b O prz | =10]: 0 b0 poz | = | P12 | - (3.9)
60 —c P13 0 —60 —c P03 P13

Vectors achieved from the solution of equations (3.8) and (3.9) are generalized
eigenvectors, and can satisfy the orthonormality condition given in Lemma 2.2.
O

Theorem 3.3. System (1.2) exhibits double zero eigenvalues at equilibria &, for

b b=candc= =

a = ~ 3¢’ VS
Proof. Jacobian matrix of system (1.2) at & gives
—u 3003 (M1+3)
61/c 26
3 e = | - 1/23?/1\6/[2 b _ \/2b1\/128(aM1 +3) | . (3.10)
3(M1—3) VZbMa(M1+3) .
26 8a ¢

The characteristic equation of matrix (3.10) is
AP+ 01”4 o2 + o, (3.11)
where
o1 =a—b+c,

_ —32¢(b—c)a®+((—32c*+8Mo)b+(—4M:436)c)a®+ (M +3)%b Mo
012 = 32a2¢ 9

o135 = —96 (agcg _ o(MP+2M3—9)a (3M2(Ml—§g,)(M1+1))) ab.

(3.12)

8
According to Lemma 2.1, we have to solve 015 and 013 by equating zero. First, we

use b = ¢, My = 0 which implies a = —%, and Ms = 0 in equation (3.12) to obtain

011 = a,
o2 =—c"+3%, (3.13)

013 — 0.
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Now, we only need to select an appropriate value for ¢ such that 015 becomes zero.

Therefore, we select ¢ = %. Hence, our desired result

All = 0, )\12 = 0, )\13 =a (314)
of double zero eigenvalues in system (1.2) is achieved. OJ O

Corollary 3.1. Equilibrium point £ shows the symmetry with €, and that is why
double zero eigenvalues condition can be fulfilled in satellite system (1.2) at a = — 2

-2,
b=candc= %.
Theorem 3.4. There exist four generalized eigenvectors
oo (Lo Y3) (3 Y6
90—2772791—\/5’,27
(3.15)

(1 B L (VB
i CA N R R T

in system (1.2) at &, fora=—3,b=c and c = %.

Proof. In Theorem 3.3, it can be observed that there exist double zero eigenvalues
on equilibria £&. Now, we need to find its generalized eigenvectors which satisfy
orthogonal conditions (2.5) given in Lemma 2.2. For this purpose, let us consider
A = 3|81' Then, ¢y and @; in equation (3.15) can be achieved by solving

220 P\ [en 0 220 P [(en o1
0 % 0 wo2 | = |01 0 3%? 0 p12 | = | Yoz | »
-6 0 —¥ ©03 0 —¥ 0 —¥ 13 ©03
(3.16)

where @9 = (o1, @02, po3)T and @1 = (p11, 12, ¢13)7. In a similar fashion for
@0 = (9017 002, Qog)T and @1 = (Q117 012, ng)T with the transpose of 9117 the fOHOWiI’lg
matrix equalities can be solved

T T
% 0 @ 011 0 S\T@ 0 % o1 011
0 22 o o2 | = |01 0 22 o 002 | = | 012
6 g 32 013 0 —BE 0 22 Qo3 013
(3.17)

Vectors achieved from the solution of equations (3.16) and (3.17) are generalized
eigenvectors and can satisfy the orthonormality condition given in Lemma 2.2. [J

Theorem 3.5. System (1.2) has double zero eigenvalues at equilibria &, for a =

_9 p= - 3
s, b=candc= 7

Proof. The Jacobian matrix of system (1.2) at & gives

—a /3005 _ (M1-3)
6/c 26
~ _ b _
e, = | -k b VIIECL-Y | (3.18)

—3(Mi+3)  /2bM3(M;—3)
2v/6 8a+/c

—C
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The characteristic equation of matrix (3.18) is
X% + 02100 + 022Xs + 023, (3.19)
where

o921 =a—b+ec,
—32¢(b—c)a’ 4+ ((—32¢% +8M3z)b+(—4MZ436)c)a®+ (M —3)%b M3
32a2c 5
_ (MP42M5—9)  (3M3(M1—3)(M1-1))
b (ac 3 T30 ab.

(3.20)

022

023

According to Lemma 2.1, we have to solve 099 and o3 for achieving suitable pa-
rameter values. First, we use b = ¢, M7 = 0 which implies a = —%, and M3 =0 in
equation (3.20) to obtain

021 = @,
o920 = —c*+ 3, (3.21)
0923 — 0.

Then, we need to select an appropriate value for ¢ such that o9 become zero.
Therefore, we select ¢ = %. Hence, our desired result

/\21 = 0, /\22 = O7 )\23 =a (322)

is obtained that system (1.2) exhibits double zero eigenvalues at equilibria & for
suitable values of a, b and ¢. [J O

Corollary 3.2. FEquilibrium point &5 shows the symmetry with €4, and that is why
double zero eigenvalues condition can be fulfilled in satellite system (1.2) at &, for
9 3

g,b:candc:%.

Remark 3.1. The generalized eigenvectors for system (1.2) at equilibria & are
the same as those given in equation (3.15), because the Jacobian matrix at &, for
specific values of a, b and c¢, yields s = 2A; as well.

a=—

3.1. Normal form for B-T bifurcation

Theorem 3.6. Let us suppose that there exist generalized eigenvectors po, pi, o
and (1 in system (1.2). Then the normal form for B-T bifurcation is

1o = N1,
: 3 2 4 3 (3.23)
n1 = Banom + asng + B3ngnt + aang + Bangn,

where

ﬁ? :_\/?"' %7
1

a3 =

b
By = 102900+/7b4-823543b%+352947b+213698
3= 82354352 ’
_0.000011244(—45619b+1905)
Qg = b2 )

1.3229(—9.9252b* +3.2048b° —0.038148b% —0.54120b+0.037782)

64 = e
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Proof. Jacobian matrix of system (1.2) at & can be found in equation (3.3),
whereas, its generalized eigenvectors are calculated in Theorem 3.2. Using analytical
formula of multilinear functions (2.3) for satellite dynamical system (1.2) gives

T
T +x
%('/an) = (Ma_(l‘ly3 +$3y1) y L1Y2 +Z‘2y1) ) (324)
¢=(0,0,00" and ® =(0,0,0)7. (3.25)

After that, we need coefficients of quadratic, cubic and fourth-order terms. Hence,
for i, we need to substitute {p and (; into equation (3.24)

%(60750) = <012\7/670> ) sB(EOag_l) = (Qifa()) ) (326)

and its dot product with p; yields orthogonality such that
ag = 0. (3.27)

Substituting as and equation (3.26) into equation (2.8), we get
T
- 2v/6
hao = (1,—%{,—%) . (3.28)

Whereas, substituting hgg, oo and B((p, (1) into equation (2.7) gives

60
343b°

Since ag * B2 = 0, this case refers to the existence of codim-3 bifurcation in satellite
system. Hence, we need cubic and fourth-order terms to check non-degeneracy
as well. For cubic and fourth-order terms, we find B(hag, (o), B(hao,(1) and
B(h11,Co):

Bo=—VT+ (3.29)

_ T
%(hZOaCO) = (%91;77 %7_247\{)?) )
- T
Blhao, () = (— 25, 2, - 22 (3.30)
7 = 2(5b4+14)v/7  V42(—31213b+360v/7 5b414)va2\ T
B(hi1,Co) :< ( 343b2) ,— e 1176495 , - 343132 ) .

Substituting equation (3.30) back into equation (2.9), we get

1

= (3.31)

Bs = 102900v/7b+823543b%+352947b+213698 :
3= 823543b2 :

Vectors 7111, hso and hgo

_ 2 oy T
h02 = (]-7 2\/6(6%435351) %) ) \/6> )

- 17\/6(5b+14) 6(—2401b+60/7)\6 T
11 =15 4902 16807b

hiag = (1 _ 6V42 _(48\ﬁ+343b)\/6)T

(3.32)

™ 343b
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are involved in finding equation (3.31), which are calculated by solving a set of
linearized systems given in equation (2.10). Similarly, using equations (2.11) and
(2.12), one can get

__ 0.000011244(—45619b+1905)
Qy = b2 )
1.3229(—9.9252b* +3.2048b° —0.038148b* —0.541205+-0.037782) (3.33)
64 = A
with
1
_ 2160(b—2) (L +b)2
hug = | _ 5800 + 22548 - 52) T BRSO E |
34305
(—4802b° +44b° —84b—392)v/42+2401b% (b+122)1/6
240163
1
T —10633bv/6(b*+ 22 — 28)/7T+720(b—2) (b+ %) V6
ha1 = 1680757 ) (3-34)
(—70824698b+2352980b—4023968)/42422761480b+/6
4035360752
1
g = _2v/6(196V/7b®4+1029b°+-96b%+60b+168)
0 34363
_ (823543b>+51840V/7+2362584b)v/6
82354302

as resultant vectors by solving equation (2.13). Finally, we get our desired result
by substituting equations (3.27)—(3.34) into normal form (1.1). O

Corollary 3.3. S’ystem (1.2) exhibits degenerate Bogdanov-Takens bifurcation at
equilibria &y forb # 343f and solution of 41160/7b—823543b>—151263b—3600 # 0.

Proof. A case arises for non-degenerate Bogdanov-Takens bifurcation, when oy =
0 but B2(83 + 9as3) # 0. In Theorem 3.6, it is observed that az = 0 which confirms
the existence of non-degeneracy in codim-3 bifurcation. Hence,

(343V/7b — 60)(41160+/7b — 823543b2 — 151263b — 3600)
40353607b3

B2(83 + 9a3) = (3.35)

is non-zero, when b # 343\[ and 41160+/7b — 823543b% — 151263b — 3600 #0. O

Theorem 3.7. Let us suppose that there exist generalized eigenvectors oo, 01, o
and ¢y in system (1.2). Then the normal form for B-T bifurcation is

To = M1,

. 77,/(2 35\/(2 (3.36)
= (=32 + Lo +( */) )770771+( *5)—2201261>778’771.

Proof. Jacobian matrix of system (1.2) at & can be found in equation (3.10).
Whereas, its generalized eigenvectors and multilinear functions are calculated in
Theorem 3.4 and equation (2.3) respectively. After that, we need coefficients of
quadratic, cubic and fourth-order terms. Hence, for as, we need to substitute @q
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and @; into a bilinear function obtained in equation (3.24)
v\’ V6
%(@07 @0) = <Oa 77 O) 9 sB(@Oa @1) = <O7 E (337)
and its dot product with p; yields orthogonality such that
as = 0. (3.38)
Substituting as and equation (3.37) into equation (2.8), we obtain
5 T
hoo = (1,—\/;,—\@) ) (3.39)
Whereas, substituting hgg, as and B(@g, 1) into equation (2.7) yields
3v2 1
By = —Tf + 5 =~ 19546 (3.40)

Since asg * B2 = 0, this case refers to the existence of codim-3 bifurcation in satel-
lite system for & . Further, we need cubic and fourth order terms to check non-
degeneracy as well. For cubic and fourth-order terms, we find B (hzo, @o), B(ha0, ¢1)

and %<B117 (,50):

Vectors hi1, hso and hga

hoa = (1, —1.6784,1.5340)"
iy = (1,-0.96229, —1.2276)" |

hao = (1,—2%6),—%)T

(3.41)

(3.42)

(3.43)

are involved in finding equation (3.42), which are calculated by solving the set of
linearized systems given in equation (2.10). Similarly, using equations (2.11) and

(2.12), one can get

Qy = 0,
By =352 — 22 — 31604

(3.44)
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with

his = (1,-2.3502, —5.4271)"
hoy = (1,—4.2478, —5.3607)" (3.45)
hao = (1, —18.507, —15.589)"

as resultant vectors by solving equation (2.13). Finally, we get our desired result
by substituting equations (3.38)—(3.45) into normal form (1.1). O

Corollary 3.4. System (1.2) exhibits degenerate Bogdanov-Takens bifurcation at
equilibria & with the case ag = 0 and B2(B35 + 9a3z) = —7.4675 # 0.

Corollary 3.5. Degenerate Bogdanov-Takens bifurcation for equilibria Es is the
same as that in Theorem 3.7 for obeying the symmetric property in equilibrium
points £ and E3.

Corollary 3.6. Theorem 3.1 reveals that generalized eigenvectors of equilibria E;
are the same as those obtained for £,. Therefore, all conditions related to Bogdanov-
Takens bifurcation will also be the same.

4. Conclusion

In this study, satellite system was considered for bifurcation analysis. A special
case, ap = 0 was raised, which confirmed the existence of codim-3 bifurcation for
all equilibrium points in system (1.2) for the first time. These symbolic computa-
tions were carried out through generalized eigenvectors and multilinear functions,
for which several theorems and remarks were stated and proved. A symmetry in
nonzero equilibrium points was observed, which made it more feasible and helpful
in the analytical results obtained for such a type of bifurcation. Finally, several
conditions were obtained for non-degeneracy in the existence of Bogdanov-Takens
bifurcation. In the future, our aim is to work on other codim-2 bifurcations such as
Bautin and Cusp. We have also targeted its numerical approach by using Matcont
to apply such analytical work in engineering-based applications.
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