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Exponential Stability of Positive Conformable
BAM Neural Networks with Communication
Delays

Le Thi Hong Dzung! and Le Van Hien?T

Abstract In this paper, we consider a class of nonlinear differential equa-
tions with delays described by conformable fractional derivative. This type
of differential equations can be used to describe dynamics of various prac-
tical models including biological and artificial neural networks with hetero-
geneous time-varying delays. By novel comparison techniques via fractional
differential and integral inequalities, we prove under assumptions involving
the order-preserving property of nonlinear vector fields that, with nonnegative
initial states and inputs, the system state trajectories are always nonnega-
tive for all time. This feature, called positivity, induces a special character,
namely the monotonicity of the system. We then derive tractable conditions
in terms of linear programming and prove, by utilizing the Brouwer’s fixed
point theorem and comparisons induced by the monotonicity, that the system
possesses a unique positive equilibrium point which attracts exponentially all
state trajectories. An application to the exponential stability of fractional lin-
ear time-delay systems is also discussed. Numerical examples with simulations
are given to illustrate the theoretical results.
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works, positive equilibrium, M-matrix
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1. Introduction

Consider a class of nonlinear fractional differential delay equations of the form

epa (2O _ x(t) Af(y(t)) Bf(ys (1)) s
B <y“>> - <y<t>> : (Cg(w(t») : <D9<x7<t>>> : (J) S

where “Df represents the conformable fractional derivative (CFD). More details
on CFD and the description of system (1.1) will be presented in the next section.
System (1.1) can be used to describe dynamics of various practical models such as
fractional Hopfield-type neural networks or bidirectional associative memory (BAM)
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neural networks [1,2]. System (1.1) also encompasses important classes of time-delay
systems like fractional linear systems with delays.

The theory of fractional calculus is one of the most active research areas in the
past few years due to its demonstrated applications in numerous practical models
such as data analysis, intelligent control, associative memory or optimization [3].
It has been recognized that functional calculus and fractional differential equa-
tions (FrDEs) can more adequately describe many physical phenomena compared
to integer-order models. Several different approaches to fundamental concepts like
fractional derivatives (FrDs) or fractional integrals (Frls) have been developed in
the senses of the Riemann-Liouville, Caputo or Griinwald-Letnikov [3,4]. For ex-
ample, the approach of Riemann-Liouville is constructed based on iterating the
integral operator n times combining with the Cauchy formula, while the approach
of Griinwald-Letnikov is based on iterating the derivative n times combining with
the use of Gamma function in the binomial coefficients. The concepts of FrDs formu-
lated in this direction are quite complicated in applications and have some common
drawbacks. For instance, some basic properties of usual derivatives like product
rule or chain rule are not preserved for FrDs. In addition to this, the monotonicity
of a function f typically cannot be determined by FrDs of f in certain meanings.

To overcome some drawbacks of existing FrDs, the authors of [5] proposed a new
well-behaved simple derivative called the conformable fractional derivative (CFD).
Basic results in calculus of functions subject to CFD were also developed in [6,
7]. Recently, conformable fractional-order systems have also attracted considerable
research attention and a number of interesting results involving various aspects
of analysis and control of dynamical systems described by conformable fractional-
order differential equations with or without delays have been published. For a few
references, we refer the reader to recent works [8-15].

Positive systems form a particular class of dynamical systems, whose states and
outputs starting from nonnegative inputs are always nonnegative. This type of
systems is widely used to describe dynamics of many practical models in a variety
of disciplines from biology, ecology and epidemiology, chemistry, pharmacokinetics
to air traffic flow networks, control engineering, telecommunication and chemical-
physical processes [16]. In the past few decades, the theory of positive systems has
been intensively studied for various kinds of linear systems and nonlinear systems
in integer-order models (see, e.g., [17-19] and the references therein). However,
this area is still considerably less well-developed for fractional nonlinear systems, in
particular, for models arising in artificial and biological neural networks.

The research topic of fractional differential equations and fractional neural net-
works (FrNNs) has received growing attention in recent years [20-22]. Some impor-
tant issues in analysis such as stability, passivity, disspativity or identification and
H., control have also been extensively studied and developed for neural network
models with delays (see, e.g., [2,20,23-26] and the references therein). However,
there are only a few works concerning stability of conformable FrDEs. In partic-
ular, the positivity characterization and the existence, uniqueness and exponential
stability of conformable delay systems in the form of (1.1) have not been studied.
This motivates our present study.

In this paper, we consider a class of nonlinear delay differential equations de-
scribed by conformable fractional derivative as presented in Eq. (1.1). This type
of differential equations can be used to describe dynamics of various models in
practice. By novel comparison techniques via fractional differential and integral
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inequalities, we analyze the positivity of system (1.1) and derive tractable condi-
tions in terms of linear programming (LP) to ensure that the system possesses a
unique positive equilibrium point which attracts exponentially all state trajectories.
The decay rate is determiged by some fractional exponential function of the form
Eo(=\t—ty) = e A , where 0 < o < 1 is the fractional-order and A is some
positive scalar representing the fractional exponential decay rate (FEDR). For lin-
ear time-delay systems, the maximum allowable FEDR can be determined by an
LP-based procedure. Numerical examples with simulations are given to illustrate
the obtained analysis results.

Notation: R™ denotes the n-dimensional Euclidean space with the vector norm
|z]|oo = maxi<;<n |z;| and 1,, € R™ is the vector with all entries equal one. R™*"
is the set of m x n-matrices. o(A) is the set of eigenvalues of matrix A € R"*™ and
p(A) = max{|\| : X\ € 0(A)} is its spectral radius. v = vec(v1,v2,...,v) denotes
the augmented vector formulated by stacking components of vy, va, ..., vx. For any
vectors = (x;) € R" and y = (y;) € R", we write ¢ < y if x; < y; and = < y if
z; <y foralli€n]2{1,2,....,n}. R ={z € R" : 2 = 0} and |z| = (|z;]) € R}
for x = (x;) € R”. A matrix A = (a;;) € R™*" is nonnegative, A = 0, if a;; > 0
for all 4,j and A is an M-matrix if a;; < 0 for all ¢ # j. C([a,b],R™) denotes the
set of R™-valued continuous functions on [a,b] endowed with the supremum norm

[¢lle = sup,<;<p [9(B)] for a ¢ € C([a,b], R™).

2. Preliminaries of fractional calculus

Definition 2.1. The (left) conformable fractional derivative of order 0 < « < 1
starting from a of a function f : [tg, +00) — R™ is defined by

D2 £(t) — Tim Ft+e(t—to)' =) = f(t)

e—0 €

, T > 1.

If “Dy f(t) exists for t € (to,to + 0) with some J > 0 and exists finite limits
lim, ¢ °Dy f(t), then we define Dy f(to) = limy s Dy f(t).

Definition 2.2. A function f : [tg, +00) — R™ is said to be a-differentiable on the
interval (o, +00) if the derivative “Dy f(t) exists for all £ € (to, +00). We denote by
Ca([to, +00), R™) the set of a-differentiable functions x(t) on (to, +00) and “Dg x(t)
is continuous on (g, +00).

Remark 2.1. If a function f is differentiable on (tg, +00), then
D f(t) = (t = to)' = f'(t).

Thus, for a constant function, “Df f(¢) = 0. Conversely, if “Df’ f(t) = 0 for ¢t €
(to,to + J) then it can be shown by using the conformable fractional mean value
theorem [5] that f(¢) = 0 for all ¢ € (to,to + d) [6].

Proposition 2.1. If the functions f, g are a-differentiable at t > ty, then we have

(i) “Dg(Af(t) +pg(t)) =Dy f(t) + p Dy g(t) for A\, p € R.
(i) “Dg (f(t)g(t)) = g(t) “Dg f(t) + f(t) “Dg g(t).

o ema (TN _ 9() “DEf(t) — f(t) “Di g(t)
i) “Df, (g<t>) - 20 '
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Proposition 2.2 (Chain rule [6]). If the functions f and g are a-differentiable on
(to, +00), then h(t) = f(g(t)) is also a-differentiable fort € (to, +o0) with g(t) # 0,
and we have

“Dy,h(t) = “Dfy f(g(t))g(t)* ™" “Diig(t), t € (to, +00).

Remark 2.2. As an application of the chain rule given in (2.2), if ¢ : [tg, +00) = R
is an a-differentiable function, then f(t) = p?(t) is also a-differentiable on (¢, +00)
and we have

Dt (¢*(1)) = 2¢(t) “Die (1), t > to.

Let & : [tg,+0o0) — R™ be an a-differentiable function and [|£(2)||2 = €T (£)&(¢).
Then, we have

“Df; (I€@)I?) = 267 (1) “Dy&(t), t > to.

Moreover, for any symmetric positive definite matrix P € S7, the following deriva-
tive rule holds

Dy, (€T (1)PE(t)) = T (P D &(1) + Dy £ (H)PE(L), t > to.

0 0

The following monotone property can be derived with the help of conformable
fractional mean value theorem proven in [5].

Lemma 2.1. Let [ be a continuous, a-differentiable function on (to,+o00). If
“Dg f(t) > 0 (respectively “Dg f(t) < 0) for all t € (to,+00), then the function
f is increasing (decreasing) on [tg,+00).

Definition 2.3 (see [27]). The conformable integral of order 0 < a < 1 of a function
f starting from a is given by

i) = [ A

if the concerned integral is well defined.

The following properties that are similar to fundamental theorems of calculus
can be obtained [7]. Let f : [a,+00) — R™ be a continuous function. Then, we have

13 (“Dg f(t) = f(t) — f(a).
If, in addition, the function f is a-differentiable function on (a,+00), then
Dy (I3 f(t) = f().

Finally, the following auxiliary result will be used in our next derivation. For
given @ € (0,1) and A € R, the fractional conformable exponential function E, (A, s),
s >0, is defined as

E.()\ s) =exp (/\S> .
a

Lemma 2.2. For a given o € (0,1), the solution x € C([tg, +00),R) of the follow-
ing problem

x(to) = Xy,
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can be represented in the form

2(t) = exp <_M(tof0)a> {xo + /t: exp (M (s ato)a> ; —qijil_“ ds]

t
Ea(p,5 —to)q(s)
= Eo(—p,t—t ds), t>to,
(—p 0) <m0+ M e s 0

where [ s some real constant.

Proof. The proof can be deduced using a type of fractional constant variation
formula proposed in [27]. We omit it here. O

2.1. Model description

Consider system (1.1). This system can be written in the componentwise form as
follows

‘DR xi(t) = —Bimi(t) + Y aii fi(yi () + Y bij fi(ys(t — ;1) + I
j=1 j=1
- (2.1)

Diy;(t) = —vyi(t) + > ciigi(zi(t) + Y djigi(zi(t — mi(t))) + J
=1 =1

where f3;, i € [n], and v;, j € [m] are given positive scalars; A = (a;5), B = (bsj),
C = (¢ji) and D = (dj;) are known real matrices of appropriate dimensions; delays
7,(t) € [0,7], o;(t) € [0,5] are continuous functions, where & and 7 are known
positive constants. System (1.1) is typically used to describe dynamics of neural
networks in bidirectional associative memory (BAM) model. For more detail biology
description of system (1.1), we refer the reader to [18].

For a given tg > 0, the initial condition of system (1.1) is specified as

Ty, = To € C([_?> O]a Rn)> Yto = Yo € C([_E7 O]a Rm)a (2'2)

that is,

2.2. Preliminaries

Assumption (A): We assume that nonlinear functions (which represent neuron
activation functions) f;(-) and g;(-) are continuous; f;(0) =0, ¢;(0) = 0, and there

exist positive scalars lf , 1Y such that

o< L) o -
uU—v J ¢

for all u,v € R, u # v.

Proposition 2.3. Let Assumption (A) hold. Then, for each initial condition
(z0,Yy0), the problem governed by system (1.1) and (2.2) possesses a unique solution

a(t)

x(t) = , which is continuous in t on [to, +00).

y(t)
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Proof. We define the function space

ﬁdz{a;:

and a function G : [tg, +00) x Fy — R (t,¢) — G(t, ¢), given by

Yo

$0‘| 1 Zg € C([—?, 0],R”)7y0 € C([—E7 0],Rm)} s

—Dpo(0) + Af(%0(0)) + Bf (yo(=0 () + 1

9= D, u(0) + Clan(0)) + Dglao(~r(1))) + 7|

where

Dg = diag{f1,B2,...,6n}, Dy =diag{v1,72,.--,Ym}s
F0) = veel 55 0)),  Fu(t — o(6))) = veel s (t — 750))),
9(a(t)) = veelgi(w:(t))),  gla(t — () = veelga(i(t — 7(2))))

I=(L)eR", J=(J;)eR™

Then, the problem (1.1) and (2.2) can be written in the from of functional differ-

ential equation
CD%X(t) = 7Dﬁ,’YX(t) + G(tvxt)a t> th

Xtozquﬁda

where Dg . = diag{Dg,D~}, x¢t = vec(ay,y:) € %4 and z, € C([-7,0),R"),
yt € C([—7,0),R™) are defined as z:(s) = z(t + s), s € [-7,0], y:(0) = y(t + ),
6 € [7,0].

By assumption (2.3), the function G(¢,¢) is continuous and satisfies Lipschitz
condition with respect to ¢. By the fundamental results of functional differential
equations, and similar to the method of [11], the existence and uniqueness of a
global solution x(¢) of the problem (1.1)-(2.2) can be obtained. In addition, such a
solution is absolutely continuous in ¢ on [tg, +00). The proof is completed. O

Similar to [18], we say that the solution x(t) is a positive solution of system
(2.2) is x(t) = 0 for all ¢ > to. Thus, to characterize the positivity of system (2.2),
we define the following admissible set of initial conditions

(2.4)

j;_ = {¢ = lzs] X € O([i?a O]aRi)a Yo € C([*E, 0]7RT)} .

Definition 2.4. System (1.1) is said to be positive if for any initial function ¢ € .75
and nonnegative input vectors I = 0, J = 0, the corresponding solution x(t) =
vec(z(t), y(t)) of system (1.1) is positive.

The concept of equilibrium points (EPs) of system (1.1) is defined as usual,
which is also given the following definition.

Definition 2.5. A (constant) vector x, = vec(zx, ys), where z, € R"™ and y, € R™,
is said to be an EP of system (1.1) if it satisfies the following algebraic system

{—Dﬁx* +(A+B)f(y.) +1=0, (2.5)

—Dyy. + (C + D)g(z) +J =0.

Moreover, x* is called a positive EP if x, = 0.
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Definition 2.6. An EP y, = vec(x,,y.) of system (1.1) is said to be globally
fractional exponentially stable (GFES) if there exist positive scalars C, which is
independent of initial conditions, and A such that any solution x(t) = vec(z(t), y(t))
of system (1.1) satisfies the following inequality

HX(t) _X*Hoo S CH(ZS_X*HCEQ(_)Ht_tO)a t2t0~

2.3. Auxiliary results

In this section, we recall some results in nonlinear analysis and nonnegative matrix
theory that will be useful for our next derivation in this paper. First,let f: V — V
be a mapping from a metric space V into itself. A point x € V is called a fixed
point of f if it is unchanged under the effect of f, that is, f(z) = . The following
result is a form of Brouwer’s fixed point theorem [28].

Proposition 2.4. Suppose that V is a nonempty, convex and compact subset of R™
and f 'V — V is a continuous mapping. Then, f possesses at least a fixed point
n V.

Next, we list some properties of nonsingular M-matrices [29]. A matrix P =
(pij) € R™™ is an M-matrix if it can be expressed in the form P = sI,, — @, where
Q = (Qi;) = 0 and s > p(Q). In addition, P is a nonsingular M-matrix if and only
if s > p(Q).

Proposition 2.5 ( [29]). Let P € R"*™ be an M-matriz. The following statements
are equivalent.

(i) P is a nonsingular M-matriz.

(ii) All principal minors of P are positive.
(iii) P is inverse-positive, that is, the inverse P~ exists and P~ = 0.
(iv) There exists a vector v € R™, v = 0, such that Pv > 0.

It follows from Proposition 2.5 that if H = (h;;) € R™*" is a nonnegative matrix
whose spectral radius satisfies p(H) < 1, then (I, — H)~! = 0 and there exists a
positive vector £ = (§;) such that (I,, — H)¢ > 0. Therefore,

Zhijfj < fi, Vi € [n]

j=1
3. Main results

3.1. Positive solutions

In this section, we will prove that, with nonnegative initial states and weighted coef-
ficients, and under the assumption given in (2.3), any solution x(¢) = vec(z(t), y(t))
of system (1.1) is positive. First, by extending Lemma 2.3 in [30], we obtain the
following result.

Lemma 3.1. For a given function r(-) € C([to, +o0), R") and a real number p, the
corresponding solution of the problem

CDf;x(t) = —pzx(t) + r(t), t > to,

z(to) = zo, 31)
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is nonnegative for all t >ty provided that o > 0.

Proof. It suffices to prove for the case zp > 0 that z(¢) > 0 for ¢t > ¢y. On the
contrary, assume that there exists a ¢, > to such that z(¢,) = 0 and x(¢) > 0 for
t € [to,t,). For any t > tg, we have

/f ds i ¢ ds
™" — lim %
o (5= 10)10 30+ Jyye (5 fo)10
_ hm (t — to)a — Ea _ (t — to)a
e—0t (0% (%

> 0.

Thus, for a continuous function ¢(s) > 0, the integral ft (s‘p(ts% is well-defined
and nonnegative for ¢ € (tg, t,). By Lemma 2.2, it follows from (3.1) that

B ' Eo(p,s —to)r(s)
x(t) = Eo(—p,t — to) (mo + e to)lo_a ds)

> Ea(ipat - tO)I07 te (t(]vtT)' (32)

Let t 1 t,, and the last inequality in (3.2) gives

o r—tg)®
0==x(t,) >zee =  >0.
This contradiction shows that z(t) > 0 for ¢ € [tg, +00). The proof is completed.
O
We now prove the positivity of system (1.1) as presented in the following theo-
rem.

Theorem 3.1. Let Assumption (A) hold and assume that the weight coefficient
matrices A, B, C and D are nonnegative (equivalently, the augmented matriz

is nonnegative). Then, system (1.1) is positive. More precisely, for any initial
function ¢ € ﬂj and nonnegative input vectors I > 0, J = 0, the corresponding
solution x(t) = vec(x(t),y(t)) is nonnegative, x(t) = 0, for all t > t,.

Proof. Let x(t) = vec(x(t),y(t)) be a solution of system (1.1) with initial condi-
tion ¢ € 55; and input vector ¢ = vec(l,J) € Rfrm. We first recall here that
a vector field F' : R — R™ is said to be order-preserving (see [16]) on R’ if for
any y',y? € R, y' <42, then F(y') < F(y?). By assumption (2.3), if y' = (yjl)7
y? = (y7) € RY, y' <92, then we have f;(yj) < f;(y3) for all j € [m]. Thus,

Zau.f] y] SZ l]f] y] [TL}

Similarly, we also have 37" bi; fj(y;) < >_7%, bij fj(y7), i € [n]. This shows that
the vector fields Fa(y) = Af(y) and Fp(y) = Bf(y) are order-preserving on R
Consequently, if y(t) > 0, t € [—7, 1), for some t; > tg, then by taking into account
the ith components of the vector fields F4(y) and Fp(y), we have

ri(t) = (Af(y(®)); + (Bf (s (1))); + Ii
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=2 aiafiWi(0) + b iyt = o) + 120, L€ [to,t).

j=1
It follows from (2.1) that
CDtO:JJL‘i(t) = —,Bil‘i(t) +’/‘¢(t), t>1p, 1€ [n],

and 7;(t) > 0 for t > ty. By Lemma 3.1, we have z;(t) > 0 for all t € [tg,t1), i € [n].
Therefore, x(t) = 0 for t € [to,t1).

We now prove that x(¢) > 0 for all ¢ > tyg. For this, by the idea of modifying
initial conditions, let x.(t) = vec(z(t),y.(t)) be the solution of system (1.1) with
initial condition ¢. = ¢ + €l,,4m, where € > 0 is sufficiently small. Due to the
continuity dependence, there exists a t; > to such that x.(t) > 0 for ¢ € [to,t1).
We will show that y.(¢) > 0 for all ¢ > ¢y. In contrast, suppose that there exists a
t >ty and an index j € [m] such that

yje(f) =0and y;c(t) >0, te [toﬂg),

and y.(t) = 0 for t € [to,?]. Then, we have z(t) = 0 for t € [-7,#]. Similar to the
first part of the proof, we have

75(t) = (Cg(e(t); + (Dg(a-e(1)));

= ciigi(mic(t) + > djigi(wie(t — mi(t))) + J; > 0, t€ [to,1].
i=1 i=1
By similar lines in the proof of Lemma 3.1, we also obtain

e e e =)

> €Eo(—v;,t —to), tE€ [to,t). (3.3)

Let t 1 £, from (3.3), we obtain

(E—tg)®

Yje(t) = ee™ = >0,

which yields a contradiction. By this we can conclude that y.(t) > 0 and thus
ze(t) = 0 for t > tg. Let € | 0 we obtain

=i -
x(1) lelfgxe(t)f()

for all ¢ € [tg, +00). The proof is completed. O

3.2. Positive equilibria

In this section, by utilizing the Brouwer’s fixed point theorem, we derive conditions
for the existence of positive EP of system (1.1). First, it can be verified from (2.5)
that a vector y. = vec(z.,ys) € R""™ is an EP of system (1.1) if and only if it
satisfies the algebraic system

(3.4)
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From (3.4), we define the functions s;(y), §;(z) and a mapping .7 : R*t™ — R+™
as

m

ily) = [Zw,»j b)) + z] i€ lnl,

5j(x) = e [zn:(cﬁ + dji)gi(wi) + Jj:| j € [m],

and

.
Z0) = (510) $2(0) -+ 50() 51(2) 52(2) -+ 5n())

_ (D?((A+B)f(y)+1)> (3.5)
DI'((C+D)glx) + 7))

where x = vec(z,y), z € R” and y € R™.

Regarding (3.4) and (3.5), a vector x. € R"*™ is an EP of system (1.1) if and
only if it is a fixed point of the mapping ., that is, (x«) = Xx+. Based on the
Brouwer’s fixed point theorem, we have the following result.

Theorem 3.2. Let Assumption (A) hold and assume that
o) <1, H = ( ffffff ) , (3.6)

where the matrices Fy = (h{]) € R™™, Sty = (h];) € R™*™ are defined by
entries
! 1 f 9 1 g ;
hiy = g, el + 1D b gy = = el + i) B 3 € [nl, 5 € [m].
i J

Then, for a gwen input vector ¢ = vec(I,J) € R"™™ system (1.1) has at least
one EP.

Proof. By Proposition 2.5, it follows from (3.6) that I, 1, — 7 is a nonsingular
M-matrix. Thus, there exists a vector & = vec(£1,&) € R, £ = 0, such that
(Inym — )€ = 0. In addition, the inverse matrix (I,,4m — )~ ! exists and is
nonnegative.

For given input vectors I € R™ and J € R™, we define the vectors

Gu=(Dp) 'l €RY, G = (D)) '|J| €RY

P\ . -1 Cl 51
(PQ) = Untm = ) (Cz) " <§2> . (37)

It is clear that p = vec(p1, p2) = 0 and, from (3.7), we have

(Pl) _ (f’) ; <<> § Ly — . (38)
P2 P2 G2

and
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Revealed by the decomposition (3.8), we define the convex compact subset Z C
R™*™ as follows

B = {X = Vec(x,y)‘x eR™ y e R",|z| < p1 and |y| < pg}.

For any x = vec(z,y) € %, where z = (x;) € R” and y = (y;) € R™, we have
|| < p1; and |y;| < pa;. Thus, together with condition (2.3), we have the following
estimate

l54(y)| = ;(Zm b)) + L-)
K3 J:1
< ;( S (ass| + i )1 5 )] + |Ii)
7 i=1
< ;_(Zlf(aiﬂ + b)) y;| + Ii|>
K3 ]:1
< Zh{jpgj + (14, 1€ [n] (39)

1

<.
Il

Similarly, we also have

13;(2)] < hpri+ Coyy G € M) (3.10)

=1

It follows from (3.9) and (3.10) that

()| = A (”) + <<> < <p> . (3.11)
P2 C2 P2

This shows that .7 (x) € £ for any x € %. In other words, . is a continuous
mapping that maps the convex compact set £ into itself. By the Brouwer’s fixed
point theorem [28], . possesses at least a fixed point x. € %, which is an EP of
system (1.1). The proof is completed. O

Remark 3.1. If

then, according to condition (2.3), we have

$; = ;(Z(% +bi5) fi(y;) + Ii) >0,
1 J:1

85 = ;,(Z(Cﬁ + dji)gi(xi) + Jj) >0,
J

i=1

for any z = (z;) € R? and y = (y;) € R7. Thus, .%(x) = 0 for any y € R’;"™. This
shows that the mapping . keeps the convect cone #, = % ﬂRT‘m invariant. Once
again, the Brouwer’s fixed point theorem ensures that the mapping .% possesses at
least a positive fixed point x; € %, which is a positive EP of system (1.1). We
summarize this result in the following corollary.
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Corollary 3.1. Let Assumption (A) hold. Assume that the matriz W = ( 77777 )

is nonnegative and condition (3.6) is satisfied. Then, for a given nonnegative input
vector ¢ = vec(I,J), system (1.1) has at least a positive EP x| € Ri"'m.

Remark 3.2. Let /7 = Ho ) = (,9%:]) € R"*" where

m

=~ 1 1 .
Hig ==y — (law] + [bar]) (leng] + |dig) 119, 4,5 € [n].
Bi &=
By the Schur identities (see [18, Remark 4] for more details), we have
M,
det( My — ) =det |- 22122712
*%11 >\Im

— A" det ()\In - iﬁ)
— A" det (/\QI,L - ,;?) (3.12)

for any A € C, A\ # 0. Therefore, A € o()\{0} if and only if = \? € U(%\{O}
and, consequently, p(#°) < 1 if and only if p(7#) < 1. By this, condition (3.6)

holds if and only if p(%ﬁ ) < 1. Slmllalrly7 we can also conclude that condition (3.6)
holds if and only if p(,%”) < 1, where A = o 59 = (%ﬂ ) € R™*™ and

—~ 11 o
Hij = po > o (lirl + |dik]) (Jars| + 1bri ) 12, 4,5 € [m].
k=1

Corollary 3.2. Let condition (2.3) hold and assume that the weight coefficient
matrices A, B, C, and D are nonnegatwe pr( ) <1or p(%”) < 1, then system
(1.1) has at least one positive EP x R’frm for any monnegative input vector

F =vec(I,J).

3.3. Fractional exponential stability

In this section, we focus on the (fractional) exponential stability of the unique
positive EP of system (1.1). The main result of this section is presented as in the
following theorem.

Theorem 3.3. Let Assumption (A) hold. Assume that the weight coefficient ma-
trices are nonnegative and one of the three following conditions is satisfied
(i) The spectral radius of the matrix J€ satisfies p(%ﬂ) <1
(i) there exists a vector n = (n;) € R™, n = 0, such that
1o~ - ,
B Z azk +bzk Z ij +dkj l 77] < i, 1€ [TLL
A j=1
(iii) there ewxists a vector ¢ = (¢;) € R™, ¢ = 0, such that

m

n g
: Z; (con +din) 3 (as + b ¢ < G, i € [m).

Vi j=1
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Then, for any nonnegative input vector ¢ = vec(I,J) € RT‘m, system (1.1) has
a unique positive EP xi € R'\™™, which is GFES for any delays 7;(t) € [0,7],
o;(t) € 10,5].

Proof. As discussed in Remark 3.2, the three conditions (i), (ii), and (iii) are
equivalent. Thus, in what follows, we only consider condition p(jf ) < 1. The rest
of the proof will be divided into some steps.

(a) The existence of positive EP: By Corollary 3.1, for any input vector ¢ =
vec(I,J) € Ri“", system (1.1) possesses a positive EP x = vec(z., y«) € Ri*m,
which satisfies the following algebraic system

{—Dﬁx* +(A+B)f(y.) +1=0, (3.13)
~D.y. + (C+ D)g(a.) +J = 0.
Then, we have
‘D (x(t) — x.) = — Dg(a(t) —z.) + A[f(y(t) — f(y.)]
+B[f(ys (1)) — f(y-)], (3.14)

D (y(t) —ye) = = Dy(y(t) = y.) + Alg(x(t)) — g(.)]
+Dg(z- (1) — g(x.)] -

(b) Upper differential inequalities: We define the following functions
pu(t) = lo(t) — 2" = (ui(t)) and n(t) = [y(t) — y*| = (n;(t)), t > to.

Let

Dt f(t) = limsup 1L =0T — /()
e—0t €

denote the fractional upper-right Dini derivative of order «, starting from a of a
function f. It follows from (3.14) that

CDtD(‘f,ui (t) = sgn(x;(t) — x4) “Dj, (xz(t) — mf)
= —Bisgn (z;(t) — xxi) (2i(t) — i)

+3 bysen (u(t) — ) (£ s = 0,(0) = £(052)

< _ﬁiﬂi(t> + Z ljf <aij77j (t) + bijnj (t — 0y (t))) (315)
j=1
Similarly, we have
Dy tni(t) < —vm;(t) + Z 1y (Cji,ui(t) + djipi(t — Ti(t))) (3.16)

i=1

(¢) Frational exponential domination: It is noticed at first that condition (i), p(27) <
1, holds if and only if I,,4,, — 7 is a nonsingular M-matrix. By Proposition 2.5,
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there exists a vector £ = vec(&1,&2) > 0, where & = (§1;) € R™ and & = (&25) € R™,
such that

Thus, for sufficiently small € > 0, we have

H1282 < &1 — €ly, (3.17)
Ho181 < & — €lyy,.
Let é = emin, ;{f;,v;} > 0. It follows from (3.17) that
— Bi&ui + Zl;(aij +bij)&a; < —¢, i € [n],
7 (3.18)
- ’ijzj + Zlg(cjk + djk)flk < —é, j€ [m]
k=1

We now define functions ¢;,9; : [0,4+00) = R, i € [n], j € [m], by

m

0i(\) = (A= B + > 1 (aij + b Ea(\, 7)) &;.

j=1
Di(N) = A= 7))6a5 + Y1 (cji + djiBa(AT)) &1s.
=1

Clearly, the functions ¢;(-), ¥;(-) are continuous and strictly increasing, ¢;(0) < —é,
1;(0) < —€ and ¢;(A) — 400, ¥;(A) = +00 as A — 4o00. Thus, there exist positive
constants \;, 5\j such that ¢;(A\;) = 0, wj(j\j) =0 and @;(\) < 0 for A € [0,\),
Pi(\) < 0 for A € [0, };).

Let A\, = min{j\i,j\j :i€nl,j€ [m]} Then, ¢;(A:) <0, ¥j(A) < 0 and, for
any A € (0, \,), we have

— Bi&ui + Z l{ (aij + bijEa(X,0)) &2j < =X,
7 (3.19)
— ’Yj€2j + Z lf (Cji + djiEa()\,7)) &1 < _>\§2j-

i=1
For a fixed A € (0, A\*), we define the following comparative functions
(t) = CE)ld — XL llcEa(=Xt —to)é2, t = to,

where C(§) = 1/min; j{&1s, &25}-
Let

(3.20)

’i“”) = CO16 — X leBal-At — to) <5> .
7(t) &
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By direct calculation using the properties of conformable fractional derivative, we
get . A
‘DetY(t) = =AY(t), t>to.

Ifte [t0,+00) n {t >ty t— Tl(t) < t()}, then
fui(t = 7:(t)) = fui(to) = C(E)llg — xFllcéus
Ea()‘a?)ﬂi(t)'
If t — 7;(t) > to, then we have

(t — ’/"z(t) — to)a +?a

(t =7i(t) —to)™ +77(1)

>
> (t—to)™.

Therefore,

fui(t — Ti(t)) CON¢ = X lleBa(=At = 7i(t) — to)1s
( )”d’ - X*+||CE(1(_/\7 t— tO)Ea()H?)fli
= Ea(A,?)ﬂi(t)- (3.21)

Similarly, for any t > to, we also have
0 (t — 05 (t)) < Ea(X,0)0;(t). (3.22)

We now show that Y (¢) < T(t) for all t > to. To this end, we notice at first that
C(&)¢ = 14 and
Y(to) < C(E)llé — xFlle€ = T(to).
Thus, for given ¢ > 1, we have Y(to) < ¢T(to). If T(t) < ¢Y(t) does not hold for
all ¢t > tg, then there exists an index k£ and a ¢t > ¢y such that

Te(M) = qTe(®),  Tilt) < aTr(t), t € [to,7), (3.23)
and T(t) < ¢Y(¢) for all ¢ € [to, 1.
If 1 < k < n, then from (3.15), (3.18) and (3.22), for t € [to, ), we have

m

CD?oJer( ) < —BrTk(t Z (arjn;(t) + bijn;(t — 0;(t)))

—BrLu(t +q21 ar;ij (t) + i (t — 0;(t)))

IN

IN

—BeYk(t) +4q Z 1 (arj + b Ba(X, 7)) 05(t)

j=1
= —BYk(t) + aCE)|l¢ — X lcEal=A,t —to)

X Zz;‘ (ar; + bij Ea(N, 7)) &2

j=1
—BeLr(®) +qC )¢ — Xi lleEa(=At —to) (=X + Br) &1k

— B (Tk(t) - qu(t)) —gATy(1)

= =B (Tk(t) = aTh()) + a D35 Tu(t). (3.24)

IN
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The last inequality in (3.24) implies that
"Dt (Th(t) = aTh(®)) < —Bx (alt) = aTi(t)), € [to, D). (3.25)
By Lemmas 2.1 and 2.2, it follows from (3.25) that
Tu(t) = aTu() < (Talto) = aTe(to)) Bal—Brst —to). tElto D). (326)
Let ¢t 1 ¢, from (3.23) and (3.26), we readily obtain

0="T,{) — qTu(@ < (Tk(to) - qu(to)) Eo(—B, T — to) < 0.

t) for all t > to. Letting ¢ | 1 we get

This contradiction shows that Y(t) < ¢
k < m can be proved by similar arguments.

T(t) < T(t), t > to. The case 1 <
Finally, from (3.20), we have

IX(#) = X lloo = IT(B)[loo

by which we can conclude the fractional exponential stability of the EP x..

(d) Uniqueness of the positive EP: Assume that X = vec(%., §.) is also a positive
EP of system (1.1). Then, X; can be regarded as a stationary solution of (1.1) with
constant initial condition ¢ = ¥}. By Step (c), we have

X5 =X oo < CEONENsolIXE = X NlocBal=At = to) = 0

as t — +oo. Thus, ¥7 = x;. This indicates the uniqueness of x;. The proof is
completed. O

Remark 3.3. The result of Theorem 3.3 encompasses those of Theorem 3 in [18§]
and Theorem 1 in [31] as some special cases. More specifically, since system (1.1)
describes a class of fractional BAM neural networks, which include the nominal
model of BAM neural networks [18] and Hopfield neural networks [31], the results
of [18,31] are critical cases of Theorem 3.3 and can be revoked by significantly
simplifying the derivation process of Theorem 3.3.

3.4. An application to fractional linear systems with delay

Consider the following fractional linear system with delay

“Dix(t) = Ax(t) + Agx(t — 7(1)), t > to,

3.27
x(to + s) = &(s), s € [-T,0], (3:27)
where A, Ag € R™*™ are given real matrices, and 7(¢) € [0,7] is the time-varying
delay.
Similar to the proof of Theorem 3.3, it can be verified from (3.27) that any
solution (¢, to, @) of system (3.27) satisfies

|x(t7 th ¢)| j ‘i(ta t07 |¢D7 t Z t07 (328)
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where (¢, to, |¢|) is the corresponding solution of the following problem

Dy a(t) = APa(t) + |Aal2(t — (1)), t > to,
E(to + 5) = [é(s)], s € [-7,0], (3:29)

where the matrix AP = (a) is determined as

ij
D a;; if i =j,
ai; = e .
lag;| if © # j.
Clearly, M = AP +|Ay| is a Metzler matrix. Thus, if the matrix M is Hurwitz,

then system (3.29), and hence system (3.27), are GFES. We summarize this result
in the following proposition.

Proposition 3.1. Assume that one of the following equivalent conditions is satis-
fied.

(i) The matriz M = AP + |A4| is Hurwitz.

(ii) There exists a vector £ € R™, £ = 0, such that

(AD + |Ad|)f < 0.

Then, system (3.27) is GFES. More precisely, there exists a positive scalar 0 such
that any solution x(t,tg, ) of system (3.27) satisfies the fractional exponential es-
timate

||x(t»t07¢)”oo §5”¢HCE04(_)‘7t_t0)7 t > to,
where the mazimum allowable decay rate X > 0 can be determined by the following
generic procedure

maximize A >0 s.t.

ai; + E |aij|§ + E |adij|Ea()\v7)§ <0, 1€ [n].

B et &i
i

4. Simulations

Example 4.1. Consider system (1.1) with Sigmoidal-Boltzmann nonlinear func-
tions f;(y;) = Spr(ys), 9i(w:) = Sps(wi), where 9;, 07 (i,j = 1,2,3) are given

positive scalars and weighted sigmoid function Sy(x) is defined as

_ l—exp(=%)

Sy(x) = Trow(—2)

, 0>0,zecR. (4.1)

It can be verified by simple calculation from (4.1) that

and

1
sup —.
te(0,400) (1 + t)2 4
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Thus, Assumption (A) is satisfied with l; = % and [ = ﬁ.

obtained theoretical results, we specify the system parameters as follows

To illustrate the

0f =1.75, 07 = 1.6 (i,j = 1,2,3),
Dy = I3, D, =~I3, B =2.05, v =186,

[2.05 1.12 0.68] [0.52 1.18 1.35 |
0.851.210.66|, B = |1.460.950.88
1.12 1.35 0.98 | 0.64 0.78 1.23
[0.62 1.38 1.22] [1.15 0.56 0.72]
C = 10.860571.15|, D= [0.451.230.92
1.25 0.68 0.94) 1.14 0.87 0.79
Then, we have
0.3582 0.3206 0.2829 | 0.2974 0.2201 0.4015
Mo = 0.3220 0.3010 0.2146 | , 51 = |0.3259 0.3024 0.2604
0.2453 0.2969 0.3080 | 0.3259 0.3478 0.2907
and
0.3032 0.2742 0.3095
H = 7,56 = |0.2638 0.2365 0.2701
0.2701 0.2509 0.2653
Clearly,

2.6492 1.4993 1.6673
1.4331 2.3009 1.4496
1.4634 1.3370 2.4692

(13—ﬁ>_ = = 0.

By Proposition 2.5, I3 — His a nonsingular M-matrix. Thus, the derived con-
ditions in Theorem 3.3 are fulfilled. By Theorem 3.3, for a given input vector
F =vec(l,J), where I,J € R}, system (1.1) has a unique positive EP ., which
is GFES for any bounded time-varying delays 7;(t), o;(¢).

For given input vectors

0.5 1.2
I=]110| andJ=108],
0.75 1.5

by solving system (2.5) with Matlab Symbolic Toolbox, we obtain a unique positive
EP x. = vec(xy,y« ), where

2.2255 2.4457
Ty = | 2.2051 | and y, = | 2.0775
2.1205 2.6167

The behavior of nonlinear functions f;(y;) and g;(z;) is presented in Fig. 1.
Simulation results for state trajectories z;(¢) and y;(¢) with various values of order
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a € (0,1), initial conditions zo(s) = (2.0,1.5,2.5)7, yo(s) = (2.0,1.5,3.0)7, s €
[—5,0] and time-varying delays 7;(t) = 1 4 4|sin(10nt)|, o;(t) = 5|cos(5nt)| are
presented in Fig. 2 and Fig. 3, respectively. Clearly, the conducted state trajectories
of the system are positive and converge to the unique positive EP x,, which validates

the obtained theoretical results.
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Figure 1. Behavior of nonlinear functions
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Figure 2. State trajectories x(t) with delays 7;(¢t) = 1 + 4| sin(107t)| and o, (t) = 5| cos(57t)|
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Figure 3. State trajectories y(t) with delays 7;(t) = 1 + 4| sin(107t)| and o;(t) = 5| cos(5t)|
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Example 4.2. Consider system (3.27) with the system matrices

—1.0 0. 201
A 0 0.5 A= 0.20 -
0.5 —1.2 0 0.3
It is easy to verify that the matrix

08 0.6
M= AP 4 (A, =
+ 4l (0.5 —0.9)

is Metzler and Hurwitz. By Proposition 3.1, system (3.27) is GFES for bounded
delay 7(t) € [0,7]. We now apply Proposition 3.1 to determine the decay rate .
By direct computation, it is found that the condition

—&1 + 0.5 + (0.26; +0.16) Eo (A, 7) <0
0.5 — 1.265 + 0.352Ea()\,?) <0

is feasible for a vector § = (€1,&) T = 0 if and only if E,()\,7) < 2.0287. By this,
the critical decay rate A can be obtained as
< @
A = — In(2.0287). (4.2)
T
Figure 4 demonstrates the correspondence of delay rate A\ to the distribution of
order o € (0,1) and upper bound of delay 7. It can be seen from Fig. 4 that the

decay rate decreases when the delay goes larger. In addition, for a fixed range of
delay, there exists an order « such that the decay rate A\ attains its maximal value.
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Figure 4. Decay rate \

5. Conclusion

In this paper, the positivity of solutions and fractional exponential stability of pos-
itive steady states have been studied for a class of nonlinear time-delay differential
equations in a model of conformable fractional BAM neural networks. Based on
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some newly derived comparison techniques via fractional differential and integral in-
equalities, tractable conditions in terms of linear programming problems have been
formulated to ensure that, for each nonnegative input vector, the system possesses
a unique positive equilibrium point, which is fractional exponentially stable for any
bounded delays. As an application, fractional exponential estimate for linear time-
delay systems has also been discussed. The efficacy of the obtained results has been
demonstrated by numerical numerical examples with simulations.
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