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Unique Solution for a General Coupled System of
Fractional Differential Equations™

Mengjiao Zhao'!, Chengbo Zhai*1

Abstract This paper discusses a new coupled system of Riemann-Liouville
fractional differential equations, in which the nonlinear terms include the
Riemann-Liouville fractional integrals and the boundary value problems in-
volve three-points. We seek also for the existence and uniqueness of solutions
for this new system. We first get some useful properties of the Green’s func-
tion generated by the system, and then we apply a fixed point theorem of
increasing o-(h, e)-concave operators to this new coupled system. Finally, we
gain the existence and uniqueness results of the solution for this problem. In
the end, a concrete example is structured to illustrate the main result.
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1. Introduction

This paper considers the existence and uniqueness of solutions for a new coupled
system of fractional differential equations:

u(t

/—\
~—

+ f(t,v(t), [Mv(t)) = a,t € (0,1),
DBv(t) + g(t,u(t), Pu(t)) = b,t € (0,1),
u(0) = u'(0) = 0,u'(1) = pu'(§),
v(0) = v'(0) = 0,v'(1) = w'(§),

where2 < o, 3<3,1<7,6<2,anda—0>1,8—7>1,0<&<1,0 < pué2 <1,
0 < p&P=2 < 1, a,b are nonnegative constants. D® and D” are the standard
Riemann-Liouville fractional derivatives, and f,g : [0,1] x [0,400) x [0, +00) —
[0,4+00) are continuous functions. We employ a fixed point theorem of increasing
-(h, e)-concave operators by Zhai and Wang to study the system (1.1).

In recent decades, fractional calculus has been widely used as a tool to study
many problems in different research fields, such as engineering, biology, physics,
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and so on. Because the extensive development and application of fractional cal-
culus equation theory, the theme of fractional differential equation system has
developed into a crucial research field. Based on it, the theoretical research on
the existence of solutions for fractional problems has attracted widespread atten-
tion. For some gained studies on fractional differential equations, we can refer
to [3,7-13,19-23,27-39] and others. Many problems of coupled systems involving
fractional differential equations have been investigated extensively, see [9,15,22,24]
and others. From literature, we know that the mathematical definition of the differ-
integral operator of fractional order has been the subject of different approaches,
and the most used are the Riemann-Liouville (RL), the Grinwald-Letnikov (GL),
and the Caputo’s (C) definitions. Although they are different in differential equa-
tions, some fixed methods can be used to study these problems and some similar
results under different conditions are also obtained. Based upon this reason, here
we consider (1.1) only involving Riemann-Liouville fractional derivative rather than
other derivatives.

Nowadays, many researchers devoted themselves to determining the solvability
of system of fractional differential equations with different boundary conditions,
specifically to the study of existence of solutions to some systems of fractional dif-
ferential equations, see [4-6,9-14,16-21,23] for example and the references therein.
The usual methods used are Schauder’s fixed point theorem, Banach’s fixed point
theorem, Guo-Krasnoselskii’s fixed point theorem on cone, monotone iterative tech-
nique, the method of lower and upper solutions, nonlinear differentiation of Leray-
Schauder type and others. In [10], the authors considered a system of fractional
differential equations:

Deu(t) + f(t,v(t), D7v(t)) = 0,0 < t < 1,
DPu(t) + g(t,u(t), Dou(t)) = 0,0 < t < 1,
u(0) = v/ (0) = 0,u'(1) = pu'(€),

0
v(0) = v'(0) = 0,0(1) = pv'(§),

where, 2 < a,8<3,1<y,6<2,anda—6>1,8—7>1,0<E<1,0< ué* 2 <
1, 0 < puéf=2 < 1. D* and DP are the Riemann-Liouville fractional derivatives,
and f,g : [0,1] x [0,400) X (—o00,400) — [0,+00) are continuous functions and
depend on the unknown functions as well as their lower order fractional derivatives.
The authors got the existence and uniqueness of positive solutions for the system
by utilizing fixed point theorems due to Schauder and Banach.

This paper considers the existence and uniqueness of solutions for system (1.1).
As is well known, no papers have considered the solutions of system (1.1) from
literatures. So it is worthwhile to investigate (1.1).

2. Preliminaries and previous results

Definition 2.1. [1,2] The Riemann-Liouville fractional integral of order a > 0,
for a function f : (0, +00) = (—o00, +00), is given by

°f(t) = ﬁ/o (t = $)* 1 f(s)ds,t > 0,

provided the integral exists.
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Definition 2.2. [1,2] For a function f : (0,+00) — (—00,+00), the Riemann-
Liouville fractional derivative of order o > 0 is defined by

D7) = ()00 = g ()" [ =9 st >0,

where n = [a] + 1, in which [a] denotes the integer part of the number a.

Lemma 2.1. [1] Ifu € C(0,1)NL(0,1) with a fractional derivative of order a > 0
belongs to C(0,1) N L(0,1), then

I°Du(t) = u(t) + C1t* 1 + Cot* 2 4. 4 Cpt* N,
for some C; € (—o00,+0),i=1,2,...,N, where N = [a] + 1.
Lemma 2.2. [10] Let y; € C[0,1] and o € (2,3], then the problem

Deu(t) +yi(t) = 0,0 <t < 1,
u(0) =4/ (0) = 0,u' (1) = pu/(§),
has a unique solution u(t) = fot G1(t, s)y1(s)ds, where

(1=9)* 2671 pu(E=9)" 2% (1=9)* " (1—pg™

—p&= ) (a)

(1—8)>~ 2401 _(4_g)o~1(1_peo—2)
(—&"=2)I (@)

Do<s<t<ls<E,

0<E<s<t<l,

Gl(t,s) = a1 P
(A=8)* 7"t —p(€—s)* "t
(I—p€a2)T(a) ,0<t<s <<,
S 0<t<s<LE<s
(2.1)
Lemma 2.3. The above Green’s function G1(t,s) defined by (2.1) has some prop-
erties:

(i) Gi(t,s) >0, fort,s € (0,1);

a=10]_ ya—2
(ii) t*71G1(1,5) < Gi(t,8) < fayiga=sy s € (0,1).

Proof. From Lemma 4 in Reference [10], we know that the condition (i) is true.
In addition, when 0 < s <t < 1,s < ¢, there is

tail a—2 a—2 S a—1 a—2
ta_l a—2 —s a—2 —s a—1/1 _ a—2
> (1 — ILLEO‘*Q)F(O[) [(1 - S) /1’(5 ) (1 ) (1 ,U/f )]
= tailGl(].,S).
When 0 < ¢ < s <t <1, we have
o=l a—2 a—2 Sya—1 a—2
Gl<t7 S) = (1 — ‘UJEO‘*Q)F(O[) [(1 - S) - M(g - S) - (1 - g) (1 - :ué )]
a—1
> (=) (1= ) h (1= g 2]

(1— pé2)I(a)
= tailGl(l, S)
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Therefore, G1(t,s) > t*~1G4(1, s), where

(1= 872 € = 5" = (L= 5)" (1 = g™ ?)
for 0 <s<E,
(1= 5)%2 = (1= ) 1 (1 - p€o~2) for €< s <1,

1
(1 — p&=2)l(e)

Gi1(1,s) =

Obviously, by 1e2.2, there is G1(t, s) < %,t, s € (0,1).

That is, the condition (i) is true. O
Remark 2.1. [10] The Green’s function G(t, s) has the same properties as G1(t, s),
where

(1=) 2087 u(e—s)" 208 (1-5)° " (1”2

(—RE7—2)T(B)

(1=9)" 281 (1-5)° "1 (1—pe?~
(EmEEING)

,0<s<t<1,s<¢,

Do<e<s<t<i,

Gg(t,s) = NB—2,8-1 NB—2,6—1
o o e a
#ﬁ%g%%yOStSSSLES&
(2.2)
Let (E,| - |lg) be a real Banach space, and it is partially ordered by a cone

P C E. By 0 it denotes the zero element of E. For Vx,y € E, § < x <y and
3N > 0, such that ||z]|z < N|y||g, then P is called normal. For h > 6, we define
aset P, ={x € E| Ah <z <ph X\ p>0} Obviously, P, C P. Take e € P with
0 < e < h, we define P, . = {x € E|lzt +e € P,}. Let a vector h = (hq, ha), and
hyi,ho € P with hy,hy # 0, then h € P:=PxP. Obviously, if P is normal, then
P is also normal. Take § < e; < hy,0 < ey < ho, and let 6 = (0,0), e = (e1,e3),
then 6 = (0,0) < (e1,e2) < (h1,he) = h. That is, < e < h.

Definition 2.3. [26] Suppose that T : P, . — E is an operator and it satisfies:
for x € Py and 0 < 7 < 1, there exists ¢(7) > 7, such that T'(rz + (7 — 1)e) >
o(T)Tx + (o(1) — 1)e. Then T is called a -(h, e)-concave operator.

Lemma 2.4. [26] Let P be normal and T be an increasing ¢ — (h, e)—concave
operator satisfying Th € Py c,then T has a unique fized point x* € Py, .. For wy €
Py, ., defining a sequence w, = Twp_1,n=1,2,..., then ||lw, — z*|| = 0(n = o00).

Lemma 2.5. [25] B, = {(z,y) : © € P,y € Pu,}, Py = Py, X Pp,.
Lemma 2.6. [9] Py = Py, e, X Phyecy-

3. Main results

We consider a Banach space E = C0, 1], equipped with the norm
||| = max{| u(t) |: t € [0,1]}.

Let ||(u, v)||g = max{||u||, [|v||}, for (u,v) € EX E,so (Ex E,||(-,-)||g) is a Banach
space. Let P be the cone in E given by

P={uc Eu(t)>0,t<[0,1]},



750 M. Zhao & C. Zhai

then
P ={(u,v) € E x Elu(t),v(t) > 0,t € [0,1]},

is also a cone. Obviously, P=PxPCEXEis normal, and we get
(u1,v1) < (ug,v2) <= u1(t) < ua(t) andvy(t) < weo(t),t € [0,1].

By Lemma 2.2 and the reference [10], we can obtain the following results.

Lemma 3.1. Assume that f,g are continuous, then (u,v) € E X E is a solution of
system (1.1) if and only if (u,v) € E x E is a solution of the following equations:

{u(t) = foi Gi(t,s)f(s,v(s), Mv(s))ds — af?l Gi(t, s)ds
v(t) = fo Ga(t, s)g(s,u(s), IPu(s))ds — bfo Ga(t, s)ds.

For (u,v) € E X E, define operators Ty : E - E,T5: E > Fand T: EX E —
FE x E as follows:

Tyu(t /Glts)f(sv()lvv s—a/ G1(t,s)d

Too(t) /ths) (s,u(s), I°u(s s—b/ Ga(t

T(u,v)(t) = (Tru(t), Tov(t)).
Thus, from le3.1, the solution of (1.1) is a fixed point of the operator T Let

—a/Gltsds ea(t) —b/ths (3.1)
hi(t) = Lt ho(t) = LatP™1,

With L1 Z L2

a > b
(I—pg>=?)(a)(a-1)” = (1—pgf=2)r(B)(B-1)"

Theorem 3.1. Let 2 < o, 8 < 3, a,b > 0 and ey, es, hy, hy be given as in (3.1).
Suppose that the following assumptions holds:

(Hy) f :[0,1] x [—e4,+00) X [—eh, +00) — [0,+00), g : [0,1] X [—eF, +00) X
[—e7,+00) — [0,400) are increasing with respect to the second and third variables
and continuous, where e = max{ea(t) : t € [0,1]}, ef = max{e1(¢) : t € [0,1]};
(Hs) for 0 < 1T < 1, there exists (1) > T such that

f, 721 + (7 = Dyr, 722 + (1 = Dy1) > o(7) f(E, 21, 22),

g(t, o1 + (1 — D)ya, T2 + (1 — D)y2) > (7)g(t, x1,22),

le [07 1]ax17x2 € (—OO,+OO),y1 € [0,65]7y2 € [anﬂ;

(Hs) fort €[0,1], f(¢,0,0) > 0,9(¢,0,0) > 0 with f(¢,0,0) #0, g(,0,0) # 0.
Then ~

(1) system (1.1) has a unique solution (u*,v*) € Py, ., where

e(t) = (ex(t), e2(t)), h(t) = (ha(t), ha(t)),t € [0,1];
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(2) for any point (ug,vy) € JSh,e, construct the following sequences:

1 1
Un+1(t) = /0 G1(t, 8)f(s,vn(8), vy (s))ds — a/o G1(t,s)ds,n=0,1,2---,

1 1
Unt1(t) = / Go(t, 5)g(s,un(s), Pun(s))ds — b/ Ga(t,s)ds,n=10,1,2---,
0 0
we have
tns — [ = 0, [z — v = 0,7 = co.

Proof. By le2.3, for ¢ € [0, 1], we have

1 1
eil(t) = a/ G1(t,s)ds > 0,e2(t) = b/ Ga(t,s)ds > 0,
0 0

and

B 1 1 (1— s)a—2ga—1
e1(t) = a/o Gi(t,s)ds < a/o 1= &0 ds
ate 1 L a2, _ ate 1
- T J, 0 = e
< Lyt = hy(t);

) =b [ ot syas <p [ L=
egt:/ 2(t, s sg/—s
0 o (1—ugf=2)r(p)
b1 ! b1
- B—2 / (1—5)""%ds = A2
(L= p&P=2)L(B) Jo (1—pg?=2)0(B)(B - 1)
< Lot®™! = ho(1);
So,0< e <hy, 0<es < ho.
Firstly, we prove that T': P, . — E x E is a ¢-(h, e)-concave operator.
For (u,v) € Phe, 0 <7 <1, we have

T(r(u,v) + (1 = 1e)(t) = T((u,v) + (7 — 1)(e1, €2))(?)
=T(ru+ (7t — Deg,7v+ (7 — 1)e2)(t)
= (Ti(tu+ (7= 1ey), To(rv + (7 — 1)ea))(¥).

By (H;) and the continuity of Riemann-Liouville fractional integral I and I?,

Ti(tu+ (1 —1)ey)(t) = /0 G1(t,s)f(s,Tv(s) + (T — 1)eg, I"(Tv(s)

+ (7 —1)ez))ds — ex(t)



752 M. Zhao & C. Zhai

To(tv + (T — 1)ea)( / Gao(t,s)g(s, Tu(s) + (1 — 1)ey, I (Tu(s)
+ (1 —1)e1))ds — eat)

/ths s, u( IJ())dS—eg()

() ; G2 t,s)g Su(s))ds — es(t)]

+ () — 1ea(t)
p(T)T20(t) + [o(T) — 1]ex(t).

(Thu(t), Tov(t) + (@(1) — 1)(ex(t), e2(t))

That is,
T(r(u,v) + (1 — 1e) > p(7)T (u,v) + (¢(1) — e, (u,v) € ISh,E,T € (0,1).

Therefore, T : ]3;%6 — E X E is a ¢-(h, e)-concave operator.
Secondly, we prove that T': P, . — E x E is increasing.
For (u,v) € Pp e, we have (u,v) + e € Py. From 1€2.5, (u+e1,u+e3) € P, X Pp,.
So, there exists 71,75 > 0 such that
u(t) +e1(t) > mhi(t), v(t) + ea(t) > mha(t),t € [0, 1].

Thus, u(t) > mhi(t) —e1(t) > —e1(t) > —ef, v(t) > Taha(t) —ea(t) > —ea(t) > —es.
By (H;) and the monotonicities of I7 and I, operator T is increasing.
Next, we show that Th € Py, ., that is Th+e € Py,. For t € [0, 1],

Th(t) +e(t) = T(hy, ha)(t) + e(t)
= (T1h(t), Toha (1)) + (e1(t), e2(t))
= (T1h1 (t) + €1 (t), Tghg(t) + eg(t)).
By 1€2.3 and (H,), (H3),

Tlhl( )+€1 / G1 t S f(S hg( ) I hg( ))d

G1(1,8)t* 1 f(s, ha(s), "hy(s))ds

0
1
zta—l/ Gi(1,8)f(s, LatP =1 IV LotP~1)ds
0
1
>t 1/ G1(1,5)f(s,0,0)ds

7]11 /G118 SOO
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Toha(t) + ex(t) = /O Gr(t, 5)f(s, ha(s), "ha(s))ds

1 a—1 a—2
(1 —s) _ _
< f(s, Lot?~1 I7Lot?~Y)ds

/o (@)1 — pea-n)! (512 #)

L a-1(] — g)a=2 i

S /O F(O[)(l — ’u/é'ot—Z)f(&L%I Lg)ds
! to‘_1<1 —_ S)oz—2

= /0 T(a)(1 - u§a72)f(s>L27 Ly)ds

_ 1 h(t)/l(lg)C‘Zf(sL Ly)ds

T T(a)(1—pge )Ly Ly, Ly)ds.

By (H1), (Hs) and le2.3,

1 (1 _ S)an 1
/0 (o) (1 — Mga_2>f(s,L2,L2)ds > /0 G1(1,5)f(5,0,0)ds > 0.

Let 1
1
l, = 7/ G1(1,5)f(s,0,0)ds,
L1 Jy
) 1

R O /0 (1— )" (s, La, Ly)ds,

and from le2.3 and (Hg), 0< l1 S l2. That iS, llhl(t) S Tlhl(t) + 61(t) S lghl(t).
So, Thhy + ey € Phl- Similarly, we have Toho + €9 € th.
Therefore, by le2.6,

Th+e= (Tlhl + 61,T2h2 + 62) € ﬁh.

Finally, by 1le2.4, T has a unique fixed point (u*,v*) € ]Sh,e. That is, (1.1) has a
unique solution (u*,v*) € Py, .. In addition, taking any point (ug,vo) € Py, define
the sequences:

1 1
Upt1(t) = ; Gi(t,s)f(s,vn(8), [Mv,(s))ds —a ; G1(t,s)ds,n=10,1,2,...,

1 1
Un+1(t) = /0 GZ(tvs)g(saun(s)ajaun(s))ds - b/O GQ(tas)dsan =0,1,2,...,

we must have
Jtmss — | = 0, o — v*| = 0,7 = oo,

O
Example 3.1. We consider the following system:
D3u(t) + f(t,v(t), I5v(t)) = 1,t € (0,1),
DSu(t) + g(t, u(t), ITu(t)) = 1,t € (0,1), 52)
u(0) = u/(0) = 0,u/(1) = s/ (1)dt, '
v(0) =/(0) = 0,0'(1) = v/(3)dt,
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Where,af%,ﬁzg,fy:%,5:§,a:b:1, :%,Ezland
1 7 18v/2 -3 i1
ft,z1,20) =4 (—Azq — 1)t3 + —(Axl +1)t3}s

L) (242 - 8)I'()
1 7 1 18v2-3 i1
+ —Axy — 1)t3 + Axg + 1)t3}3,
1 2—-1

5 6\[ (Ayzq + 1)t2}3

g(t,x1,m0) = {F(%)(_Awl -1tz + (9\[_—3)(%)
1 6v2 -1 (Ayzo + 1)t%}%a

+ — Ay — )83 4 —
T R AR OV BTN E]
A= — - >A1:ﬁ-

18 V2—3 _ 1
r(f)avz-g) T()

r(3)(ov2-3) T(%)

/Glts

5 6v2 -1 :
v2 t2 >0

r@f TG ovE-3)

I 18V2-3 4
ST ez 0"
ei = max{e:(t), 1 € [0,1]} = r(17) ! r(;})gx;l—?»)’
2 2
63 = maX{GQ(t),t S [Oa 1]} = 110 + F<71)8(;{1§\3/_§3_ 8)
3

Set hy(t) = L1t?, ho(t) = Lat3, where
Y. S B
FEEVE-1) 27 T(E)(1293 - 1)

o 6v2-1 s 1 s 6v2—-1 s 2v/2
“O=rmevz s TD “TEova-3 TEEvEoD

= Lit? = hy(t),

. 18V2-3 R B 18V2-3 4 9v2 -3
0= rhenz—y O “TO@E-s ~TO02z-1)

= LQtS = h2( ),
and NZ)
1 7 18v/2 -3 4.1
F(£,0,0) = {~ NE r(g)(24€f—8)t3}3
]i T 18\:7>_ 3 t%}% = 2(62(t))% 2 07

TR r(D)@4v2 —8)

Wl
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1 s 6v2—1 3
g(t,o,o)z{—r(g)m+F(5)‘(9ff_3)tz}
1 s 6v2 -1

OB VECNE

with f(¢,0,0) £ 0, ¢(¢,0,0) #Z 0. Obviously,

Wl

=2(ex(t))? > 0,

ol

3}

ol

F(t 1, 22) = {Aea(t)ar + ea(t)}7 + {Aea(t)wa + ea(t)} 7,

g(t,z1,m2) = {Arer(t)m1 + e1(£)}5 + {Arer (t)aa + e1(£)}5.

For 7 € (0,1), 1,22 € (—00,+00), y1 € [0,€3], y2 € [0, e}], taking (1) = T3, we
have

ft, 7o+ (7 — Dy, 72 + (7 — D)y1)
= {Aex(t)(ta1 + (1 — yn) + ea(8)}5 + {Aea(t) (122 + (1 — D)y1) + e2(t)}3

ol

= 74 {Aea(B)(w1 + (1= D)) + ~ea(D} + T {Aea(0)(w2 + (1= D) + S ea(t))

= T%{Aez(t):m + Aea(t) (T — D)y1 + %62(75)}% + 7%{A62(t)562

Wl

+ Aes(t)(T— Dy + %62(75)}

W=

2 {4 (L= Dot Zea0) 474 (Aeafas + (= Dt Zealt)
=73 f(t,21,22) = (1) f(t, 1, 22),

SimilarIY7 g(t,Txl + (T - 1)y2,7x2 + (T - 1)y2) > @(T)g(t,j/ﬂl,l’g).
By th3.1, problem (3.2) has a unique solution (u*,v*) € P, ., where

e(t) = (ex(t), ea(t) = (— gt + 6V2-1 3 1 g, 1832-3

) T(2)(9v2-3) F(go)t +F(§)(24\‘°f—8)t§)’

h(t) = (ha(t), ha(t) = (Lit?, Lot¥),t € [0, 1],
For V(ug,vo) € }Shﬁ, construct the following two sequences:

5 6v/2—1

Up41(t) :/o Gi(t,8) f(5,0n(5), IS0, (s))ds + 1“(17)t2 OrE 3)15%,
2 2
ni1(0)= [ Galt ) (s (6). T (o)) 4 st = (1;2@;?: St
3 3

n=20,1,2,.... Then,

lunt1 — u*]| = 0, ||vptr — 0™ = 0,n — oo.



756

M. Zhao & C. Zhai

References

[1]

8]

[9]

[10]

[11]

[12]

[13]

A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and Applications of
Fractional Differential Equations, FElsevier, Amsterdam, 2006.

I. Podlubny, Fractional Differential FEquations, Academic Press, New York,
1993.

C. Zhai, R. Jiang, Unique solutions for a mew coupled system of fractional
differential equations, Adv. Differ. Equ, 2018, 2018: 1.

C. Yang, C. Zhai, L. Zhang, Local uniqueness of positive solutions for a coupled
system of fractional differential equations with integral boundary conditions,
Adv. Differ. Equ, 2017, 2017: 282.

S. K. Ntouyas, H. H. Al-Sulami, A study of coupled systems of mized order
fractional differential equations and inclusions with coupled integral fractional
boundary conditions, Adv. Differ Equ., 2020, 2020: 73.

J. Jiang, D. O’Regan, J. Xu, et al, Positive solutions for a system of nonlinear
Hadamard fractional differential equations involving coupled integral boundary
conditions, J. Inequ. Appl, 2019, 2019: 204.

A. Lachouri, A. Ardjouni, A. Djoudi, Positive solutions of a fractional integro-
differential equation with integral boundary conditions, Commun. Optim. The-
ory, 2020, 2020(1): 1-9.

R. Sevinik-Adigiizel, i. Aksoy, E. Karapinar, et al, Uniqueness of solution
for higher-order nonlinear fractional differential equations with multipoint and
integral boundary conditions, Racsam. Rev. R. Acad. A, 2021, 115(3): 155.

A. Salem, F. Alzahrani, M. Alnegga, Coupled system of nonlinear fractional
Langevin equations with multipoint and nonlocal integral boundary conditions,
Math. Probl. Eng, 2020, 2020: 7345658.

H. Feng, X. Zhang, Fxistence and uniqueness of positive solutions for a cou-
pled system of fractional differential Equations, Discrete. Dyn. Nat. Soc, 2022,
2022:7779977.

A. Boutiara, M. Benbachir, Fzistence and uniqueness results to a fractional
g-difference coupled system with integral boundary conditions via topological
degree theory, Int. J. Nonlinear. Anal, 2022, 13(1): 3197-3211.

M. Awadalla, Some existence results for a system of nonlinear sequential frac-
tional differential equations with coupled nonseparated boundary conditions,
Complexity, 2022, 2022:8992894.

X. Zhang, L. Liu, Y. Wu, et al, Existence and uniqueness of solutions for sys-
tems of fractional differential equations with Riemann-Stieltjes integral bound-
ary condition, Adv. Differ. Equ, 2018, 2018:204.

B. A. Ahmed Alsaedi, A. Assolami, S. K. Ntouyas, On a nonlinear cou-
pled system of differential equations involving Hilfer fractional derivative and
Riemann-Liouville mized operators with nonlocal integro-multi-point boundary
conditions, AIMS Mathematics, 2022, 7(7): 12718-12741.

A. Ghanmi, S. Horrigue, Fxistence of positive solutions for a coupled system of
nonlinear fractional differential equations, Ukr. Math. J, 2019, 71: 39-49.



A General Coupled System of Fractional Differential Equations 757

[16]

[25]

[26]

[27]

A. Boutiara, J. Alzabut, M. Ghaderi, et al, On a coupled system of frac-
tional (p, q)-differential equation with Lipschitzian matriz in generalized metric
space, AIMS Mathematics, 2023, 8(1): 1566-1591.

X. Su, Boundary value problem for a coupled system of monlinear fractional
differential equations, Appl. Math. Letters, 2009, 22(1): 64-69.

B. Ahmad, J. Nieto, Existence results for a coupled system of nonlinear frac-
tional differential equations with three-point boundary conditions, Comput.
Math. Appl, 2009, 58(9): 1838-1843.

B. Ahmad, M. Alblewi, S. K. Ntouyas, et al, Ezistence results for a coupled sys-
tem of nonlinear multi-term fractional differential equations with anti-periodic
type coupled nonlocal boundary conditions, Math. Method. Appl. Sci, 2021,
44(11): 8739-8758.

Y. Arioua, M. Titraoui, Boundary value problem for a coupled system of non-
linear fractional differential equations involving Erdélyi-Kober derivative, Appl.
Math. E-Notes, 2021, 21: 291-306.

D. Zhao, Y. Liu, Positive solutions for a class of fractional differential coupled
system with integral boundary value conditions, J. Nonlinear Sci. Appl, 2016,

9(5): 2922-2942.

D. Zhao, J. Mao, Positive solutions for a Class of nonlinear singular fractional
differential systems with Riemann-Stieltjes coupled integral boundary value con-
ditions, Symmetry, 2021, 13(1): 107.

H. Wang, J. Jiang, Ezistence and multiplicity of positive solutions for a system
of monlinear fractional multi-point boundary value problems with p-Laplacian
operator, J. Appl. Anal. Comput, 2021, 11: 351-366.

W. Yang, Three-point boundary value problems for a coupled system of non-
linear fractional differential equations, J. Appl. Math. Inform, 2012, 30(5-6):
773-785.

C. Zhai., J. Ren, Some properties of sets, fixed point theorems in ordered product
spaces and applications to a nonlinear system of fractional differential equations
, Topol. Methods. Nonlinear Anal, 2017, 49(2): 625-645.

C. Zhai, L. Wang, o-(h, e)-concave operators and applications, J. Math. Anal.
Appl, 2017, 454: 571-584..

B. Ahmad, S.K. Ntouyas, A fully Hadamard type integral boundary value prob-
lem of a coupled system of fractional differential equations, Fract. Calc. Appl.
Anal, 2014, 17(2):348-360.

J. Wang, M. Feckan, Y. Zhou, A survey on impulsive fractional differential
equations, Fract. Calc. Appl. Anal, 2016, 19: 806-831.

J. Wang, M. Feckan, Y. Zhou, Fractional order differential dwitched dystems
with coupled nonlocal initial and impulsive conditions, B. Sci. Math, 2017, 141:
T27-746.

D. Luo, Z. Luo, Existence and Hyers-Ulam stability results for a class of
fractional order delay differential equations with non-instantaneous impulses,
Math. Slovaca, 2020, 70: 1231-1248.



758

M. Zhao & C. Zhai

[31]

[32]

[33]

[34]

[39]

J. Xu, L. Liu, S. Bai, Y. Wu, Solvability for a system of Hadamard fractional
multi-point boundary value problems, Nonlinear Anal. Model. Control, 2021,
26(3): 502-521.

H. Wang, L. Zhang, Uniqueness methods for the higher-order coupled fractional
differential systems with multi-point boundary conditions, B. Sci. Math, 2021,
166 : 102935.

W. Wang, Unique positive solutions for boundary value problem of p-Laplacian
fractional differential equation with a sign-changed nonlinearity, Nonlinear
Anal. Model. Control, 2022, 27(6) : 1110-1128.

J.E. Lazreg, S. Abbas, M. Benchohra, E. Karapinar, Impulsive Caputo-Fabrizio
fractional differential equations in b-metric spaces, Open Mathematics, 2021,
19(1): 363-372.

A. Salim, M. Benchohra, E. Karapinar, et al. FExistence and Ulam stability for
impulsive generalized Hilfer-type fractional differential equations, Adv Differ
Equ 2020, 601 (2020).

R.S. Adiguzel, U. Aksoy, E. Karapinar, .M. Erhan, On the solution of a
boundary value problem associated with a fractional differential equation, Math.
Meth. Appl. Sci., 2020,1-12.

R.S. Adiguzel, U. Aksoy, E. Karapinar, .M. Erhan, On the solutions of frac-
tional differential equations via Geraghty type hybrid contractions, 2021, 20(2):
313-333.

S. Krim, A. Salim, M. Benchohra, on implicit Caputo tempered fractional
boundary value problems with delay, lett. nonlinear anal. appl., 2023, 1(1):12-
29.

V. Roomi, H. Afshari, M. Nosrati, Fzxistence and uniqueness for a fractional
differential equation involving Atangana-Baleanu derivative by using a new con-
traction, lett. nonlinear anal. appl., 2023, 1(2):52-56.



	Introduction 
	Preliminaries and previous results
	Main results

